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Preface 



This book is devoted to two separate, but related, topics: (1) the synthesis and 
simplification of switching and logic circuits, and (2) the theory of Boolean algebras. 

Those people whose primary interest is in switching and logic circuits can read 
Chapter 4 immediately after a quick perusal of Chapter 1. We have confined our 
treatment of switching and logic circuits to combinational circuits, i.e. circuits in 
which the outputs at a given time depend only on the present value of the inputs and 
not upon the previous values of the inputs. The extensive theory of sequential circuits, 
in which the outputs depend also upon the history of the inputs, may be pursued by 
the reader in IntrodtLction to Switching Theory and Logical Design by F. J. Hill and 
G. R. Peterson (reference 34, page 202), Introduction to Switching artd Automata 
Theory by M. A. Harrison (ref. 33, page 202), and other textbooks on switching theory. 

The treatment of Boolean algebras is somewhat deeper than in most elementary 
texts. It can serve as an introduction to graduate-level books such as Boolean Algebras 
by R, Sikorski (ref. 148, page 207) and Lectures on Boolean Algebras by P. R. Halmos 
(rel 116, page 207). 

There is no prerequisite for the reading of this book. Each chapter begins with 
clear statements of pertinent definitions, principles and theorems together with illus- 
trative and other descriptive material. This is followed by graded sets of solved and 
supplementary problems. The solved problems serve to illustrate and amplify the 
theory, bring into sharp focus those fine points without which the student continually 
feels himself on unsafe ground, and provide the repetition of basic principles so vital 
to effective learning. A few problems which involve modem algebra or point-set 
topology are clearly labeled. The supplementary problems serve as a complete review 
of the material of each chapter. Difficult problems are identified by a superscript ^ 
following the problem number. 

The extensive bibliography at the end of the book is divided into two parts, the 
first on Switching Circuits, Logic Circuits and Minimization, and the second on 
Boolean Algebras and Related Topics. It was designed for browsing. We have listed 
many articles and books not explicitly referred to in the body of the text in order to 
give the reader the opportunity to delve further into the literature on his own. 



Queens College 
July 1970 



Elliott Mendelson 



CONTENTS 



t Page 

Chapter 1 THE ALGEBRA OF LOGIC 

1.1 Truth-Functional Operations 1 

1.2 Connectives 4 

1.3 Statement Forms 4 

1.4 Parentheses 5 

1.5 Truth Tables 6 

1.6 Tautologies and Contradictions 7 

1.7 Logical Implication and Equivalence ...» 9 

1.8 Disjunctive Normal Form 12 

1.9 Adequate Systems of Connectives 15 



Chapter 2 THE ALGEBRA OF SETS 

2.1 Sets 30 

2.2 Equality and Inclusion of Sets. Subsets 31 

2.3 Null Set. Number of Subsets 31 

2.4 Union 32 

2.5 Intersection 33 

2.6 Difference and Symmetric Difference 34 

2.7 Universal Set. Complement 35 

2.S Derivations of Relations among Sets 36 

2.9 Propositional Logic and the Algebra of Sets 3? 

2.10 Ordered Pairs. Functions 38 

2.11 Finite, Infinite, Denumerable, and Countable Sets 39 

2.12 Fields of Sets 39 

2.13 Number of Elements in a Finite Set 40 



Chapter 3 BOOLEAN ALGEBRAS 

3.1 Operations , 52 

3.2 Axioms for a Boolean Algebra 62 

3.3 Subalgebras 56 

3.4 Partial Orders 57 

3.5 Boolean Expressions and Functions. Normal Forms 60 

3.6 Isomorphisms 62 

3.7 Boolean Algebras and Propositional Logic 63 



CONTENTS 



- Page 

Chapter 4 SWITCHING CIRCUITS AND LOGIC CIRCUITS 

4.1 Switching Circuits 71 

4.2 Simplification of Circuits 72 

4.3 Bridge Circuits 74 

4.4 Logic Circuits 75 

4.5 The Binary Number System 77 

4.6 Multiple Output Logic Circuits 78 

4.7 Minimization 80 

4.8 Don't Care Conditions 82 

4.9 Minimal Disjunctive Normal Forms 84 

4.10 Prime Implicants 84 

4.11 The Quine-McCluBkey Method for Finding All Prime Implicants 86 

4.12 Prime Implicant Tables 90 

4.13 Minimizing with Don't Care Conditions 93 

4.14 The Consensus Method for Finding Prime Implicants 94 

4.15 Finding Minimal Dnf's by the Consensus Method 96 

4.16 Karnaugh Maps 98 

4.17 Karnaugh Maps with Don't Care Conditions 106 

4.18 Minimal Dnf's or Cnf's 107 



Chapter 5 TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS 

5.1 Lattices 133 

5.2 Atoms 135 

5.3 Symmetric Difference. Boolean Rings 137 

5.4 Alternative Axiomatizations 140 

5.5 Ideals 143 

5.6 Quotient Algebras 146 

6.7 The Boolean Representation Theorem 148 

5.8 Infinite Meets and Joins 149 

5.9 Duality 151 

5.10 Infinite Distributivity 151 

5.11 tn-Completeness 153 



Appendix A ELIMINATION OF PARENTHESES 190 



Appendix B PARENTHESIS-FREE NOTATION 195 



Appendix C THE AXIOM OF CHOICE IMPLIES ZORN-S LEMMA 198 



Appendix D A LATTICE-THEORETIC PROOF OF THE SCHRODER-BERNSTEIN THEOREM 200 
BIBLIOGRAPHY 201 



INDEX 209 



INDEX OF SYMBOLS AND ABBREVIATIONS 213 



chapter 1 



The Algebra of Logic 

1-1 TRUTH-FUNCTIONAL OPERATIONS 

There are many ways of operating on propositions to form new propositions. We shall 
limit ourselves to those operations on propositions which are most relevant to mathematics 
and science, namely, to truth-functional operations. An operation is said to be truth- 
functional if the truth value (truth or falsity) of the resulting proposition is determined 
by the truth values of the propositions from which it is constructed. The investigation of 
truth-functional operations is called the propositional calculus, or, in old-fashioned 
terminology, the algebra of logic, although its subject matter forms only a small and 
atypically simple branch of modem mathematical logic. 

Negation 

Negation is the simplest common example of a truth-functional operation. If A is a 
proposition, then its denial, not-A, is true v/hen A is false and false when A is true. We shall 
use a special sign 1 to stand for negation. Thus, 1 A is the proposition which asserts the 
denial of A. The relation between the truth values of T A and A can be made explicit by a 
diagram called a truth table. 

A , TA 

T F 
F T 

Fig. 1-1 

In this truth table, the column under A gives the tv/o possible truth values T (truth) 
and F (falsity) of A. Each entry in the column under 1 A gives the truth value of 1 A 
corresponding to the truth value of A in the same row. 

Conjunction 

Another truth-functional operation about which little discussion is necessary is cow- 
junetion. We shall use A & B to stand for the conjunction (A and B). The truth table 
for & is 



A 


B 


A&B 


T 


T 


T 


F 


T 


F 


T 


F 


F 


F 


F 


F 



Fig. 1-2 
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There are four possible assignments of truth values to A and B. Hence there are four rows 
in the truth table. The only row in which A & B has the value T is the first row, where each 
of A and B is tn&e. 



Disjunction 

The use of the word "or" in English is ambiguous. Sometimes, "A or B"t means that 
at least one of A and B is true, but that both A and B may be true. This is the inclusive 
usage of "or**. Thus to explain someone's success one might say "he is very smart or he 
is very lucky", and this clearly does not exclude the possibility that he is both smart and 
lucky. The inclusive usage of ''or" is often rendered in legal documents by the expression 
"and/or". 

Sometimes the word "or" is used in an exclusive sense. For example, "Either I will go 
skating this afternoon or I will stay at home to study this afternoon" clearly means that I 
will not both go skating and stay home to study this afternoon. Whether the exclusive usage 
is intended by the speaker or is merely inferred by the listener is often difficult to determine 
from the sentence itself. 

In any case, the ambiguity in usage of the word "or" is something that we cannot allow 
in a language intended for scientific applications. It is necessary to employ distinct s3anbols 
for the different meanings of "or", and it turns out to be more convenient to introduce 
a special symbol for the inclusive usage, since this occurs more frequently in mathematical 

assertions.** 

"A V B" shall stand for "A or B or both". Thus in its truth table (Fig. 1*3) the only case 
where A v B is false is the case where both A and B are false. The expression Av B will be 
called a disjunction (of A and B). 



A 


B 


AvB 


T 


T 


T 


F 


T 


T 


T 


P 


T 


F 


P 


P 



Fig. 1-3 



Conditionals 

In mathematics, expressions of the form "If A then B" occur so often that it is necessary 
to understand the corresponding truth-functional operation. It is obvious that, when A is T 
and B is F, "If A then B" must be F. But in natural languages (like English) there is no 
established usage in the other cases (when A is F, or when both A and B are T). In fact 
when the meanings of A and B are not related (such as in "If the price of m.ilk is 25^ per 
quart, then high tide is at 8:00 P.M. today"), the expression "If A then B" is not regarded 
as having any meaning at all. 

t Strictly speaking, we should employ quotation marks whenever we are tslWng about an expression 
rather than using it. However, this would sometimes get the reader lost in a sea of quotation marks, 
and we adopt instead the practice of omitting quotation marks whenever misunderstanding is improbable, 
ttin some natural langruages, there are different words for the inclusive and exclusive "or". For example, 
in Latin, "vel" is used in the inclusive sense, while "aut" is used in the exclusive sense. 
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Thus if we wish to regard "If A then B" aa truth-functional (i-e. the truth value must 
be determined by those of A and B), we shall have to go beyond ordinary usage. To this 
end we first introduce as a symbol for the new operation. Thus we shall write "A -> B" 
instead of "If A then B'\ A -* B is called a conditional with antecedent A and consequent B. 
The truth table for -* contains so far only one entry, in the third row. 



A 


B 




T 


T 




P 


T 




T 


P 


p 


P 


P 





Fig. 1-4 



As a guideline for deciding how to fill in the rest of the truth table, we can turn to 
"If (C & D) then C", which seems to be a proposition which should always be. true. When 
C is T and D is F, (C & D) is F, Thus the second line of our truth table should be T (since 
(C & D) is F, C is T, and (If (C & D) then C) is T). Likewise when C is F and D is F, 
(C & D) is F. Hence the fourth Ime should be T. Finally, when C is T and D is T, (C & D) 
is T, and the first line should be T* We arrive at the following truth table: 



A 


B 


A-* B 


T 


T 


T 


P 


T 


T 


T 


F 


F 


F 


P 


T 



Fig. 1-5 

A B is F when and only when A is T and B is F.. 

To make the meaning of A B somewhat clearer, notice that A B and (T A) v B always 
have the same truth value, (Just consider each of the four possible assignments of truth 
values to A and B.) Thus the intuitive meaning of A-* B is "not-A or B". This is precisely 
the meaning which is given to "If A then B" in contemporary mathem.atics, 

A proposition A B is T whenever A is F, irrespective of the truth value of B. Notice 
also that A B is automatically T whenever B is T, without regard to the truth value of A. 

In these two cases, one sometimes says that A B is trivially true by virtue of the falsity 
of A or the truth of B. 

Example 1.1. 

The propositions 2 + 2 = 5 1?*1 and 2 + 2 = 5-* 1 = 1 are both triviaily true, since 2 + 2 = 5 
is false. 



Biconditionals 

At this time we shall introduce a special symbol for just one more truth-functional 
operation: A if and only if B. Let A B stand for "A if and only if B", where we under- 
stand the latter expression to mean that A and B have the same truth value (i.e. if A is T, 
so is B, and vice versa). This gives rise to the truth table: 
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A 


B 


A^B 


T 


T 


T 


P 


T 


F 


T 


F 


F 


F 


P 


T 



Fig. 1-6 



A proposition of the form A B is called a biconditional. Notice that A B always takes 
the same truth value as (A ^ B) & (B A); this is reflected in the mathematical practice of 
deriving a biconditional A B by proving A B and B A separately. 

1.2 CONNECTIVES 

Up to this point, we have selected five truth-functional operations and introduced special 
symbols for them: &, Of course if we limit ourselves only to two variables, 

then there are 2* = 16 different truth-functional operations. With two variables, a truth 
table has four rows: 



A 


B 




T 


T 




F 


T 




T 


F 




F 


F 




Fig. 1-7 



A truth-functional operation can have either T or F in each row. Hence there are 2 • 2 • 2 • 2 
possible binary truth-functional operations. 

Corresponding to any truth-functional operation (i.e. to any truth table) we can introduce 
a special symbol, called a connective, to indicate that operation. Thus the symbols 
T, &, V, ^, are connectives. These five connectives will suffice for all practical purposes. 

Example 1.2. 

The operation corresponding' to the occlusive usage of "or'* eould be desigTiated by a connective + 1 
having as its truth table: 



A 


B 


A + B 


T 


T 


F 


F 


T 


T 


T 


F 


T 


F 


F 


F 



Fig, 1-8 



1J3 STATEMENT FORMS 

To study the properties of truth-functional operations we introduce the following notions. 

By a statement form (in the connectives "I, &, v, .t^) we mean any expression built 
up from the statement letters A,B,C,,.., Ai, Bi, Ci, ... by a finite number of applications 
of the connectives T , &, v, -»■, More precisely, an expression is a statement form if it 
can shown to be one by means of the following two rules: 
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(1) All statement letters (with or without positive integral subscripts) are statement 
forms. 

(2) If A and B are statement forms, so are (TA), (A&B), (AvB), (A-> B), and (A«B),t 

Example 1.3. 

Example of statement forms: 
(i) (A -*(5v(C&(-|A)))); (ii) (Hi) (( l( lAJ) (Ag -* Aj)). 

Clearly we can talk about statement forms in any given set of connectives (instead of 
just "1 , &, V, -f, by using the given connectives in clause (2) of the definition. 



1.4 PARENTHESES 

The need for parentheses in writing statement forms seems obvious. An expression 
such as A V J5 & C might mean either ((A v B) & C7) or (A v (B & C)), and these two statement 
forms are not, in any sense, equivalent. 

While parentheses are necessary, there are many cases in which some parentheses may 
be conveniently and unambiguously omitted. For that purpose, we adopt the following 
conventions for omission of parentheses. 

(1) Every statement form other than a statement letter has an outer pair of parentheses. 
We may omit this outer pair without any danger of ambiguity. Thus instead of 
((A V J5) & (T O), we write (A v B) & (T Q. 

(2) W^omit the pair of parentheses around a denial (T A). Thus instead of (HA) v C, we 
write 1 A V C. This cannot be confused with T (A v C), since the parentheses will not 
be dropped from the latter. As another example consider (A &B) v (H [1 {1 B))). This 
becomes {A&B)v 

(3) For any binary connective, we adopt the principle of association to the left. For 
example, A & B & C will stand for (A & B) & C, and A B C will stand for (A^B)-* C. 



Example 1.4. 

Applying* (l)-(3) above, the statement forms in the column on the left below are reduced to the equiva- 
lent expressions on the rieht. 

((1(T{A&C))) V (lA)) n{A&Ov lA 

HAv{-lB)) & (C&(lA))) (Av lB)&(C& HA) 

(((A V ( IB}) & C) & ( HA)) {Ay/ IB) & C & 1A 

((nA)-(fl-*(n(AvC)))) iA-(5^ KAvQ) 



More far=reaching conventions for omitting parentheses are presented in Appendix A. 
In addition. Appendix B contains a method of rewriting statement forms so that no 
parentheses are required at all, 

tAn even more ri^rous definition is: B is a statement form if and only if there is a finite sequence At, . . 
A„ such that 

(1) a; is B; 

(2) if 1 ^ n, then either A( is a statement letter or there exist j^k < i such that A^ is (TAj) 
or Aj is (Aj&Ajt) or Af is (AjV A^) or A{ is (Aj A^) or A^ is (Aj^^A^). 
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US TRUTH TABLES 

Every statement form A defines a truth-function: for every assignment of truth values 
to the statement letters in A, we can calculate the corresponding truth value of A itself. 
This calculation can be exhibited by means of a truth table. 

Example 1.5. 

The statement form ( 1 A v J?) A has the truth table 



A 


S 


1A 


tAv5 


(-.A v5) ^ A 


T 


T 


F 


T 


T 


P 


T 


T 


T 


F 


T 


P 


P 


F 


F 


P 


P 


T 


T 


P 



Fig. 1-9 

Each row corresponds to an assignment of truth values to the statement letters. The columns grive the 
correspond iner truth values for the statement forms occurring in the step-by-step construction of the 
given statement form. 

Esansple 1^. 

The statement form (A v (B & C)) B has the truth table 



A 


B 


C 


B&C 


A V (B & Q 


(A V (B & Q) -» B 


T 


T 


T 


T 


T 


T 


F 


T 


T 


T 


T 


T 


T 


F 


T 


F 


T 


F 


F 


F 


T 


F 


F 


T 


T 


T 


F 


F 


T 


T 


F 


T 


F 


F 


F 


T 


T 


F 


F 


P 


T 


F 


F 


P 


F 


F 


F 


T 



Fig.l-IG 



When there are three statement letters, notice that the truth table has eight rows. In 
general, when there are n statement letters, there are 2*^ rows in the truth table, since 
there are two possibilities, T or F, for each statement letter. 

Abbreviated Truth Tables 

By the principal connective of a statement form (other than a statement letter), we mean 
the last connective used in the construction of the statement form. For example, (Av B)^C 
has as its principal connective, A v (J? -* C) has v as its principal connective, and T {A v B) 
has T as its principal connective. 

There is a way of abbreviating truth tables so as to make the computations shorter. 
We just write down the given statement form once, and, instead of devoting a separate 
column to each statement form forming a part of the given statement form, we write the 
truth value of every such part under the principal connective of that part. 

Example 1.7. 

Abbreviated truth table for (lAvB)4->A. We begin with Pi^. 1-11. Notice that each occurrence 
of a statement letter requires a repetition of the truth assignment for that letter. 
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Then the negation is handled: 



(1 A V B) <-» A 

T T T 
FT F 
T F T 
F F F 

Fig. 1-11 

(tA V <-» A 

F T T T 
TFT F 
F T F T 
T F F F 

(lA V g) <-> A 

F T T T T 
T F T T F 
F T F F T 
T F T F F 

(lA V g) <-» A 

F T T T T T 

T F T T F F 

F T F F FT 

T F T F F F 

Of course our us© of four separate diagrams was only for the sake of illustration. In practice all the 
work can be carried out in one diagram. 



followed by the disjunction 



andp finally^ the biconditional 



1.6 TAUTOLOGIES AND CONTRADICTIONS 

A statement form A ia said to be a tautology if it takes the value T for all assignments 
of truth values to its statement letters. Clearly A is a tautology if and only if the column 
under A in its truth table contains only T's. 

Example 1^. A A is a tautology. 

A \A^A 

T T 
P T 

Fig. 1-12 

Example IS. Av nA is a tautology. 



A 


-!A 


Av lA 


T 


F 


T 


P 


T 


T 



Fig. 1-13 
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EicampU IJO. {A v B) (B \/ A) is a tautolosry* 



A 


B 




5vA 


(AvB) <^ [BvA) 


T 


T 


T 


T 


T 


F 


T 


T 


T 


T 


T 


F 


T 


T 


T 


F 


P 


F 


F 

Fig. 1 14 


T 



Exagiple LIL [A & (B v O) [(A & B) v (A & O] is a tautology.t 



A 


B 


C 


BvC 


A&(BvC) 


A&B 


A&C 


(A&B)v(A&0 


A 


T 


T 


T 


T 


T 


T 


T 


T 


T 


F 


T 


T 


T 


F 


F 


P 


F 


T 


T 


F 


T 


T 


T 


F 


T 


T 


T 


F 


F 


T 


T 


F 


F 


F 


F 


T 


T 


T 


F 


T 


T 


T 


F 


T 


T 


F 


T 


F 


T 


F 


F 


F 


F 


T 


T 


F 


F 


F 


F 


F 


F 


F 


T 


F 


F 


F 


F 


F 


F 


F 


F 


T 



Fig. 1-15 



Theorem la. If K is a tautology, and statement forms A, C, ... are substituted for the 
statement letters A,B,C, . of K (the same statement form replacing all 
occurrences of a statement letter), then the resulting statement form is 
a tautology. 

Example 1J2. 

{A\/ B)^{BvA) is a tautolofiry. Replace A by (BvC) and simultaneously replace B by A, The 
new statement form [(B v C) v A] [A v (B v O] is a tautologry. 

Proof of Theorem 1,1. K determines a truth-function f{A, B^C^ which always takes 
the value T no matter what the truth values of A, B,C, , , . may be. Let gi, 9z, ^s, - - - be the 

truth-functions determined by A, B, C, Then the truth-function determined by K* 

must have the form /* = f{gi{ . . . ), 5f2( . . . )» 4?3( • . . ), . . . si"Ce / always takes the value 

T, /* also always takes the value T, ^ 

A contradiction is a statement form which always takes the value F. Hence A is a 
contradiction if and only if 1 a iq a tautology, and A is a tautology if and only if 1 A is a 
contradiction. 

Example 1J3. A & lA is a contradiction. 



A 


TA 


A & TA 


T 


P 


F 


F 


T 


F 



Fig.M6 



tin writing' this statement form, we have replaced some parentheses by brackets to improve legibility. 
For the same purpose, we also shall use l^^ces. 
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Example A lA is a contradiction. 



A 




A<^-\A 


T 


P 


F 


P 


T 


P 



Fig.!»l? 

Example US. {A vB) & lii & IB is a contradiction. 



A 


B 


i4 vS 


1A 




(A vB) & TA 


lAvB) & IASl-iB 


T 


T 


T 


P 


P 


F 


F 


F 


T 


T 


T 


F 


T 


P 


T 


F 


T 


F 


T 


F 


F 


F 


F 


F 


T 


T 


P 


F 



Fig. 1-18 



1.7 LOGICAL DUPLICATION AND EQUIVALENCE 

We say that a statement form A logically implies a statement form B if and only if every 
assignment of truth values making A true also makes B true. 

Example 1.16. A logically implies A. 

Example lAl, A logically implies A v i. For, whenever A is true, A v i also must be true. 
Example US. A & B logically implies A. 

Theorem 1^, A logically implies B if and only if A -* B is a tautology. 

Proof. A logically implies B if and only if, whenever A is true^ B m.ust also be true. 
Therefore A logically implies B if and only if it is never the case that A is true and B is 
false. But the latter assertion means that A B is never false, i.e. that A B is a tautology. ► 

Since we can effectively determine by a truth table whether a given statement form is a 
tautology. Theorem 1.2 provides us with an effective procedure for checking whether A 
logically implies B. 

Example 1.19. Show that (A =^ B) A logically implies A. 

Proof. Pig. 1-19 shows that ((A -» B) A) -* A is a tautology. 



A 


B 


A-*B 


{A^B)-*A 


({A -^B)^A)^A 


T 


T 


T 


T 


T 


P 


T 


T 


F 


T 


T 


P 


F 


T 


T 


F 


F 


T 


P 


T 



Fig. 1-19 



Statement forms A and B are called logically equivalent if and only if A and B always 
take the same truth value for any truth assignment to the statement letters. Clearly this 
means that A and B have the same entries in the last column of their truth tables. 
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Example 1^0. A B is logically equivalent to (A B) & (B A), 



A 


B 




A^B 


B-^A 


(i4-B)&(B-A) 


T 


T 


T 


T 


T 


T 


F 


T 


P 


T 


P 


P 


T 


P 


F 


F 


T 


P 


F 


F 


T 


T 


T 


T 



{ t 



Fig. 1-20 

Theorem 1^. A and B are logically equivalent if and only if A ^ B is a tautology. 

Proof. A B is T when and only when A and B have the same truth value. Hence 
A B is a tautology (i.e. always takes the value T) if and only if A and B always have the 
same truth value (i.e. are logically equivalent). ^ 



Example 1.21. A (B C) is logically equivalent to (A&B)^ C. 

Proof. [A -* (B O] ^[{A&B)^C] is a tautology as shown in Fig. 1-21, 
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Fig. 1-21 



Corollary 1*4. If A and B are logically equivalent and we replace statement letters in A 
and B by statement forms (all occurrences of the same statement letter being 
replaced in both A and B by the same statement form), then the resulting 
statement forms are also logically equivalent. 

Proof, This is a direct consequence of Theorems 1.3 and 1,1* ^ 
Example IM, 

A (B -» O and (A & B) C are logically equivalent. Hence so are {C v A) (B (A \/ B)) and 

({C^ A) & B) (A\/ B) (and, in general, so are A (B C) and (A&B)-»e for any statement forms 
A, B, C). 

Theorem 1.5 (Replacement)* If B and C are logically equivalent and if, within a statement 
form. A, we replace one or more occurrences of B by C, then the resulting 
statement form A* is logically equivalent to A, 

Proof, In the calculation of the truth values of A and A*, the distinction between B 
and C is unimportant, since B and C always take the same truth value. ^ 

Examine 1.23. 

Let A be (A vB) -» C. Since A v B is logically equivalent to B v A, A is logically equivalent to 
(BvA)-C. 
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The followingr examples of logically equivalent pairs of statement forms will be extremely 
useful in the rest of this book, for the purpose of finding, for a given statement form, 
logically equivalent statement forms which are simpler or have a particularly revealing 
structure. We leave verification of their logical equivalence as an exercise. 

Example 1^. m A and A (Law of Double Negation) 

Example 1.25/ (a) A & A and A 

(6) Av A and A (Idempotence) 

Example 1.26. (a) A & B and B & A 

A ■ J ■ A (Commutativity) 
(6) A V B and B v A 

Example IJ7. (a) (A&B) & C and A & (B&C) 

(6) (A V B) V C and A V {B V C) (Associativity) 

As a result of the associative laws, we can leave out parentheses in conjunctions or dis- 
junctions, if we do not distinguish between logically equivalent statement forms. For 
example, A v JS v C v D stands for ((A v J5) v C) v D, but the statement forms (A v (B v C}) v D, 
A V ((B V f7) V D), (A V B) V (C V D) and A v (B v (C v D)) are logically equivalent to it. 

Terminology: In Ai v A2 v • • • v A„, the statement forms At are called disjuncts, while 
in Ai & A2 & . . . & An the statement forms Af are called conjuncts. 
Example 1.28. De Morgan's Laws. 

(a) n(AvB) and TA&TB 

(6) T(A&B) and lAv IB 

Example 1^. Distributive Laws (or Factoring-out Laws). 

(a) A&(8vC) and (A&5)v(A&C) 
(6) Av(B&C) and (AvB)&(AvC) 

Notice that there is a distributive law in arithmetic: a*(6+c) = (a*&) H-(a*c); but 
the other distributive law, a + (6 • c) = (a + 6) • (a -h c) is false. (Take a = 6 = c = 1.) 

Example IM. Absorption Laws. 

(I) (a) A V (A & B) and A 
(6) A& (AvB) and A 

(II) (a) (A&B)v TB and Av ns 
(6) (AvB)& IB and A & IB 

(III) If T is a tautology and F is a contradiction, 
(a) (T&A) and A (c) (F&A) and F 
(6) (TV A) and T (d) (FvA) and A 

We shall often have occasion to use the logical equivalence between (A & 1 B) v B and 
AvB, andi>etween (A v T B) & B and A & B. We shall justify this by reference to Example 
1.30(11), since it amounts to substituting IB for B in Example 1.30(11) and then using 
Example 1.24. 

Example i.31. A-»B and TB-*TA (Contrapositive) 

Example 1:^2. Elimination of conditionals. 

(a) A-* B and lA v B 

(&) A-* B and 1(A& IB) 



12 



THE ALGEBRA OP LOGIC 



[CHAP- r 



Example 1^3. Elimination of biconditionals. 

(a) A^B and (A & B) v (lA & IB) 
(6) A^B and (HA v B) & (TB v A) 



Examples 1.32 and 1.33 enable us to transform any given statement form into a logiea^T 
equivalent statement form which contains neither -* nor 



1,8 DISJUNCTIVE NORMAL FORM 

By literals we mean the statement letters A, B, C, ... and the denials of stat^msrr 
letters T A, T B, T C, . . . , By a fundamental conjunction we mean either (i) a literal cr 
(ii) a conjunction of two or m.ore literals no two of which involve the same statement letter. 
For instance, A2, IB, A&B, lAi&A&C are fundamental conjunctions, while TTA, 
A & B & Ay B & Am, & C & IB are not fundamental conjunctions. 

One fundamental conjunction A is said to be included in another B if all the literals cf 
A are also literals of Bt. For example, A & B is included in A & B, B&{1C) is included 
in ("I C) & B, B is included in A & B, and "I C & A is included in A&B&IC, while B is 
not included in A & T B. 

A statement form A is said to be in disjunctive normal form (dnf) if either (i) A is a 
fundamental conjunction, or (ii) A is a disjunction of two or more fundamental conjunctions, 
of which none is included in another. 

Example 1.34. The following statement forms are in dnf. 



(a) B 

(5) nCvC 

(c) A V (TB&C) 

id) (A& 15) V (1A& na&C) 

(c) {B&iA)s/ nA&^B&D)^/ Av (B&C&'^D). 



Replacing statement forms by logically equivalent ones, we can transform a statement 
form into one in disjunctive normal form. 

Example 1.36. (A v B) & (A v C v n fi) 



Example 1.35. 



The following: statement forms are not in dnf. 
(a) C& iC 
(5) (CvZ>)&A 

(0) (C&A& iB) V (tC&>4) V (C&nB). 



A V (5&(Cv TB)) 
A V {B&C) 



(Distributive Laws, Example 1.29) 

(Absorption Law» Example 1.3G(II&)) 



Example 1.37. 



1(A vC) V (A^B) 

1 (A V C) V ( lil V B) (Example 1.32(a)) 
(nA & IC) V nA V 5 (Example 1.28(o), De Morgan's Laws) 



TA V 5 (Example 1.30(Ia)) 



tMore precisely, if all literals of A which do not occur within another literal of A are also literals of ■ 
which do not occur withir another literal of Thus B& A is not included in C&A itlB, and IB & A is 
not included in B&A. 
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Example 1^. (A & IB) <^ (B \/ A) 

[(A & IB) & (B V A)) V [ n(A & IB) & T (B V A)] Example 1.33(a) 

Examples 1.27(a), I Examples I | . ««/^. 

1.30(116) I 1.28(6), 1.24 | | Example 1.33(a) 

[A&IB&A] V [(nAvB)&(lB&TA)] 

Example 1.25 | j Example 1.30(116) 

[A&IB] V [(iA&nB)&nA) 

I Example 1.25(a) 

[A & -IB] V [TA & IB] 

This is in disjunctive normal form. However, it is logically equivalent to 

(A V n A) & IB (Example L29(a)) 

nB (Example 1.30(IIIa)) 

This example shows that there are two logically equivalent statement formsj both of which are in 
disjunctive normal form. 

The fact illustrated in Examples 1.36-1.38 is codified in the following proposition. 

Theorem 1.6. Every statement form which is not a contradiction is logically equivalent 
to a statement form in disjunctive normal form. 

Proof. By Examples 1.32 and 1,33 we may find a logically equivalent statement form 
in the connectives T , &, v, and then, by De Morgan's Laws (Example 1.28) we can move the 
negation signs inward so that negation signs apply only to statement letters. Thus we may 
confine our attention to statement forms built up from literals by means of & and v. The 
proof proceeds by induction on the number n of the connectives & and v in the given state- 
ment form A. If n = 0, A is a literal, and ^very literal is already in dnf . Assume now 
that A contains k of the connectives & and v, and that the theorem is true for all natural 
num_bers n < k. 

Case 1: A is B v C. By inductive hypothesis, B and C are logically equivalent to state- 
ment forms B* and C*, respectively, in dnf. Hence A is logically equivalent to B* v C*. 
Now if any disjuncts Di of B* or of C* are included in any other disjuncts D2 of B* or of 
C*, then we drop the disjuncts D2 {by Example 1.30(Ia)). The resulting statement form is 
in dnf and is logically equivalent to A. 

Case 2: A is B & C. By inductive hypothesis, B and C are logically equivalent to state- 
ment forms B* and C*, respectively, in dnf. Hence A is logically equivalent to B* & C*. 
Let us assume that B* is (Bi v • • • v Br) and C* is (Ci v • • • v C3), where the Bi's and C/s 
are fundamental conjunctions, and r ^ 1, s ^ 1. Then B* & C* is 

(Bi V • * ' V Br) & (Ci V * • • V Cs) 

which by a Distributive Law (Example 1.29(&)) is logically equivalent to 

[(Bi V • ■ • V Br) & Ci] V • • • V [(Bi V • ■ * V Br) & Cs] 

and, again by a Distributive Law (Example 1.29(a)), each (Biv vBr)&Cj is logically 
equivalent to (B, & C.) v • • • v (Br & C;). Thus we obtain the disjunction of all B. & C;, where 
1 — f — r, l^j^s. Each Bi & Cj is a conjunction of literals. We can omit repeated literals 
in Bi & Cj (by Exam.ple 1.25(a)), and, if both a statement letter and its denial occur as con- 
juncts in^ Bi & Cj, then the latter is a contradiction and can be dropped (by Example 
1.30(IIId)). (Not all the Bj & Cj will be dropped, since, in that case, A would be logically 
equivalent to a disjunction of contradictions and hence, would be a contradiction itself.) The 
resulting disjunction is in dnf. ^ 
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Remark (J) on Theorem 1,6. A statement form in dnf cannot be a contradiction. For, 
if Li & . . , & Lfc is one of its disjunctions, where each In is a literal, then we assign to the 
statement letter appearing in Li the value T if Li is the statement letter itself, and the value 
F if li is the denial of the statement letter. This assignment of truth values makes each Li 
true and hence Li & . . . & Lk true, and therefore the whole disjunction must be true (since 
one of its disjuncts is true). Thus the disjunction cannot be a contradiction. 

Example 1.39. 

In {A&lB&C)v [']A&1B&0, if we make A true, B false and C true, then the first disjunct 
A& iB&C is true (and, alternatively, if we make A false, B false and C true, then the second disjunct is true). 

Remark (2) on Theorem 1.6. From the proof it is clear that the logically equivalent 
statement form in dnf may be chosen so that its statement letters already occur in the given 
statement form, i.e. no new statement letters are introduced. 

There is a special type of dnf which will be very useful. A statement form A in dnf is 
said to be in fuU disjunctive normal form (with respect to the statement letters Si, . . . , Sk) if 

(i) any statement letter in A is one of the letters Si, . . Sfe, and 

(ii) each disjunct in A contains all the letters Si, . « Sk. 

Example 1.40. 

The statement forms {A & B & IC) v (lA & B &C) \/ (A & IB & "^Q and IB & IC are in full dis- 
junctive normal form (with respect to A, B, C), However, (A&B)v (']A&B &C) and 1A\/ (A & 1B & 'iQ 
are not in full disjunctive normal form with respect to A, B, C* 

Example 1.41. 

The statement form iS is in full dnf with respect to B, but not with respect to A and B. The state- 
ment form [A &'\B) v {A&B) is in full dnf with respect to A and B, but not with respect to any other 
collection of letters. 

Theorem 1.7* Every non-contradictory statement form A containing Si, ...,Sic as its 
statement letters is logically equivalent to a statement form in full dnf (with 
respect to Si, .. .,Sfc). 

Proof, A is known by Theorem 1.6 to be logically equivalent to a statement form B in 
dnf, and the statement letters of B already occur in A. Now assume that some statement 
letter Si is missing from a disjunct of B. However, Dj is logically equivalent to 
Dj&(Siv~ISi) (by Example 1.30(IIIa)), which in turn is logically equivalent to (D. &S{)v 
(Dj & 1 Si) (by Example 1.29(a)). Hence we replace D, by (D; & S() v (D, & "I S,). In this way 
we can introduce the letters Si, . . . , S^ into any of the disjuncts from which they are m^issing. 
The final result is in full dnf with respect to Si, . . . , Sk. ^ 

Example 1.42. 

(A&l5)vBv(nA&TB&-lC) is in dnf, but not in full dnf with respect to A, B, C. We obtain 
a logically equivalent full dnf as follows: 

(A&^B&C) V (A& nB& TC) V B V llA&^B&lC) 

{A& IB&C) V U & 1B& TC) V (B&A) v (B -\A) v (lA & TB& lC) 

(A & IS&O V (A& iB& TC) V (B&A&C) V {B&A & lC) v {B& lA&C) 

V {B&^A&lQ V (1A& nB& TO 
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In general, the method indicated in Theorem 1.7 can be summarized in the following 
way. If letters S;^, . . Sj^ are missing from a disjunct Di, we add as conjuncts to D/ all of 
the 2"" possible combinations of Sj^, . . . , S^^ or their denials. For example, to obtain a state- 
ment form in full dnf (with respect to A,B,C) logically equivalent to 15, we construct 

nB&A&O V (IB&A&IC) V (IB&IA&C) v (TB&TA&TC) 



L9 ADEQUATE SYSTEMS OF CONNECTIVES 

As we have remarked earlier, every statement form determines a truth function, and 
this truth function may be exhibited by means of a truth table. The converse problem 
suggests itself: For any given truth function, is there a statem.ent form determining it? 

There are 2^^*^ truth functions of n variables. For, there are 2* truth assignments to 
the n variables, and, to each of these assignments, the truth function can associate the value 
T or the value F. 

Esample 1^. 

The four truth functions of one variable are 
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AviA 


A & "1A 
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F 



Fig. 1-22 

Example 1.44. 

The sixteen truth functions of two variables are 
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Pig. 1-23 



Theorem 1.8. JKvery truth function is determined by a statement form in the connectives 
Proof. The given truth function f{xu . * ar^) can be exhibited as a "truth table": 
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«1 


«2 
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T 





Fig. 1-24 



There are 2" rows in the table. In each row, the last column indicates the corresponding 
value f{xi, . . In constructing an appropriate statement form, we shall associate the 

letters At, . . ..An with the variables Xu . • -fXn. 

Case 1: The last column contains only F's. Then the statement form (Ai & T A) v • • • v 
(An & T An) determines /. (Of course, any contradiction also determines A) 

Case 2: There are some T's in the last column. For i^i^n and 1 ^ ^ 2", let 

r Ai if A I takes the value T in the kth row 
[ 1 Ai if Ai takes the value F in the /rth row 

Let Dk stand for the fundamental conjunction Aik & A^ & ... & Ank. In an obvious way, 
Dh is associated with the fcth row of the truth table. For, is T unda the truth assignment 
given in the /rth row (where At is assigned the value given to Xi), and Dk is F under the truth 
assignment given in any other row. (Notice that, in any other row, say the /th, some Ai 
will be assigned a value different from its value in the A^h row. Hence under the truth 
assignment corresponding to the yth row, Aoc will receive the value F and hence Dk will also 
receive the value F.) Now let fei, . . fcs be the rows in which the truth function / has the 
value T. Let A be the statement form D^^ v • • ■ v Z)k^. Then A determines the truth func- 
tion /. (For the feth row, / takes the value T; but Dk, also is T, and therefore so is A. For 
the ;th row, where ; is different from any of fci, . . fc*, the function / takes the value F; but 
each Dfcj also is F on the ;th row, and hence so is A,) Notice that A is a statement form in 
the connectives "I , v. ^ 

Remark on Theorem 1,8, If the given truth function is not always F (Case 2), the 
statement form A constructed in the proof is in full disjunctive normal form. This gives 
us a way of constructing a full dnf logically equivalent to a given non-contradictory state- 
ment form C. Just write down the truth table for C and then construct the corresponding 
statement form A as in the proof of Theorem 1.8. 



Example 1.45. 

Given the truth function 





X2 


«2) 


T 


T 


F 


F 


T 


T 


T 


F 


T 


F 


F 


T 



Fig. 1-25 



is Tili&Aa, Dgisili&n^ji P4 is lAj & T A2. Hence 
determines the given truth function. 
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Example 1.46. 

Given the truth function 
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Fig. 1-26 

The statement form having g as its truth function is 

(Ai&Aa&Aa) V (lAi&Ag&As) V (Aj&TAg&Ag) v ( lA, & lAg & T A3) 

Example 1.47. 

To find a statement form in fuii dni logicauy equivalent to (A v S) & (A v Cv TS), construct the 
latter's truth table: 
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Fig. 1-27 

Then the method of Theorem 1.8 yields 

(A&S&O V (lA&S&C) V (A& IS&Q V (A&5 & TC) v (A& -iSa nC) 

By an adeqtcate system of connectives we mean a collection ® of connectives such that 
every truth function is determined by a statement form in the connectives of V. Thus 
Theorem 1.8 asserts that (T, &, v} is an adequate system of connectives. 

Corollary Each of the following is an adequate system, of connectives: 

[a) {T,&}, (b) {T, v), (c) 

Proof. 

(a) By Theorem 1.8, v) is adequate. But, replacing any statement form A vB by 
the logically equivalent statement form n(nA&TB), we obtain for any statement 
form in {T, &, v} a logically equivalent statement fonn in {"i , &). 

(b) We proceed as in (a), but here we replace every A & B by T (1 A v T B). 

(c) We can replace every A v B by the logically equivalent (T A) B. ► 

There are two binary connectives such that each of them alone forms an adequate system. 

Let I be the connective corresponding to the truth-functional operation of alternative 
denial, given by the truth table 
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Fig. 1-28 



A\B means "not both A and B". The connective | is called the Sheffer stroke. {]} is 
adequate, since "I A is logically eQuivalent to A | A» and A v B is logically eauivalent to 
{A|A)|(B|B). 

Let i be the connective corresponding to the truth-functional operation of joint denial, 
given by the truth table 
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Fig, 1-29 



A J, B is read "neither A nor B'\ {1} is adequate, since T A is logically equivalent to 
A J, A, and A & B is logically equivalent to (A j A) J, (B^B). 

Theorem 1.10. The only one-element adequate systems of binary connectives are {|} and 

{!}. 

Proof, Let g{z, y) be the truth function of a binary connective # forming an adequate 
system. Clearly, g{^, T) = F. For, if gi^, T) were T, then any statement form in # alone 
would always take the value T when its statement letters all took the value T, and no such 
statement form could determine the negation operation. For the same reason (reversing 
the roles of T and F), g(¥\ F) = T. The situation at this stage is given by Fig. 1^0. 
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Fig. 1-30 



Case 1, The second row is F and the third row is T. Then A # B is logically equivalent 
to 1 B, and all the statement forms in # alone using the letters A and B would be logically 
equivalent to one of A, B, 1 A, 1J5. Then {#} would not be adequate. 

Case 2. The second row is T and the third row is F. This is handled in exactly the 
same way as Case 1, since A # B would be logically equivalent to ~i A. 

Case 3, The second and third rows are F. Then # is |. 

Case A, The second and third rows are T. Then # is |. ^ 
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Solved Problems 

1.1- Reduce the following sentences to statenient forms. 

(a) A necessary condition for x to be prime is that x is odd or x = 2. 

(6) A sufficient condition for / to be continuous is that / is differentiable. 

(c) A necessary and sufficient condition for Jones to be elected is that Jones wins 
75 votes, 

(d) Grass will grow only if enough moisture is available. 

(e) It is raining but the sun is still shining. 

if) He will die today unless medical aid is obtained. 

(g) If taxes are increased or government spending decreases, then inflation will not 
occur this year. 

Solution: 

(a) P (0 V D), where P is "x is prime", 0 is is odd", and D is "x = 2". 

(5) Z? -* C, where D is "/ is differentiable" and C is "/ is continuous", 

(c) E<r^V, where E is "Jones will be elected" and V is "Jones wiil win 75 votes" 

(a) G~* M, where G is "grass will grow", and M is "enough moisture is available". 

(e) R&S, where R is "it is raining", and S is ''the sun is still shining". 

(Note that "but" indicates conjunction, usually with an element of surprise.) 

if) 'iD-^M (or, equivalently, 1M D), where D is "he will die today", and M is "medical 
aid is obtained", 

[g) TvG-* T/, where T is "taxes are increased", G is "government spending decreases", and 
/ is "inflation will occur this year". 

1^. Eliminate as many parentheses as possible from: 

(a) {f(AvB)-*nC)] V [(((1B)&C)&B)]} 

(b) f[A&(1{1B))] « [B«(C v B)]} 

(c) [{B « (C V B)) ^{A&n n B)))] 
Solution: 

(a) [MvB)^TC] V [iB&C&B] 
(5) [A & TTB] [B (Cv B)] 
(c) B ^ (C\rB) ir^ {A& mB) 

1.3. Write the truth tables for (a) {Av'\B)^{C& A), (b) (A <^ 1 J5) v (J5 ^ A). 

Solution: 
(a) 



A 


B 


C 


TB 


A V -,B 


C&A 


(A v TB)-(C&A) 


T 


T 


T 


F 


T 


T 


T 


F 


T 


T 


F 


F 


F 


T 


T 


F 


T 


T 


T 


T 


T 


F 


F 


T 


T 


T 


F 


F 


T 


T 


F 


F 


T 


F 


F 


F 


T 


F 


F 


F 


F 


T 


T 


F 


F 


T 


T 


F 


F 


F 


F 


F 


T 


T 


F 


F 
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A 


B 


IB 






{A<->nB) V {B^A) 


T 


T 


F 


F 


T 


T 


P 


T 


P 


T 


F 


T 


T 


P 


T 


T 


T 


T 


P 


P 


T 


F 


T 


T 



Write abbreviated truth tables for 



(a) ((A - B) 




V 




(6) nA&1B)-^{B^C). 








Solution: 
















(a) ((A^B) 


-B) 


V 


T A 


(b) (-1 A & -1 B) -* 


(B 




C) 


T T T 


T T 


T 


F T 


F T P F T T 


T 


T 


T 


P T T 


T T 


T 


T F 


T P F F T T 


T 


T 


T 


T P F 


T P 


T 


F T 


P T F T F T 


P 


F 


T 


FTP 


P P 


T 


T F 


T P T T P F 


P 


P 


T 










F T F P T T 


T 


P 


P 










T F P F T T 


T 


P 


F 










P T F T F T 


P 


T 


P 










T F T T F T 


P 


T 


F 



1.5. Show that the following: are tautologies. 

(a) (A**(A&-IA))**-IA, 

(b) {{A ■*B)^C)^ ((C A) ^ (I> - A)). 

(c) (A-B)-((B-C)-(A-£7)). 
Solution: 



A 


TA 


A & lA 


A (A& TA) 


(A<->'(A& tA)) nA 


T 


F 


F 


F 


T 


P 


T 


F 


T 


T 



(5) Instead of using a truth table, we show that the statement form cannot be F. Assume that 
some assigmment makes it F. Then ((A B) C) is T while {(C A) (D A)) is P. Since 
the latter is F, C A is T but i) ^ A is F* Since the latter is F, is T and A is F. Since 
C -* A is T and A is F, C must also be F. Since ({A B) C) is T and C is F, it follows that 

A -» B is F, But this is impo^sible^ since A is P. 

(c) As in (&), we shall show that the statement form is a tautology by proving that the assumption 
that it is ever P leads to a contradiction. Assume that some assignment makes it F. Then 
A -* B is T, while {B C) -» (A C) is P. Since the latter is F, B C is T and A C is P. 
Since the latter is F, A is T and C is P. Since B C is T and C is F, it follows that B is P. 
Since A B is T and B is P, we know that A is F, contradicting the fact that A is T. 

L6. Show that the following are contradictions. 

(a) {AvB)&{Av^B)&{lAvB)&(1Av1B), 

(b) [(A&C) V (J5&TC)] ^ [(TA&C) v'("!J5&"!C)]. 
Solntion: 

(a) Any truth assignment to A and B makes one of the conjuncts false. 
(h) Let A stand for the statement form. 
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A 


B 


C 




IB 


IC 


A&C 


B& nc 


-|A &C 


T 


J. 


T 




f 


r 


1 


p 


p 
f 


f 


T 


J. 


T 


TT 
f 


17 
C 


T? 
i* 


r 


T 
1 


rp 
1 


r 


rp 
1 


TP 

r 


1 


F 


T 


F 


J* 


F 


F 


T 


T 


T 


P 


F 


P 


T 


T 


T 


F 


F 


F 


T 


F 


T 


F 


F 


T 


P 


T 


F 


T 


P 


T 


F 


T 


P 


F 


P 


T 


T 


F 


F 


F 


F 


F 


P 


T 


T 


T 


F 


P 


F 





(A&O V {B& IC) 


(TA&O V TO 


A 


F 


T 


F 


P 


F 


P 


T 


F 


P 


T 


F 


F 


F 


P 


T 


P 


F 


T 


F 


P 


F 


T 


F . 


F 


T 


F 


T 


F 


T 


F 


T 


P 



1.7. Prove that if A and A B are tautologies, then so is B. 
Soluticn: 

More generallyt any truth assignment making both A and A B true must also make B true. 
For, if B were fidse, then, «in€e A is true, A B would be false by virtue of the truth table for 

lA Prove: 

(a) If A logically implies B and B logically implies C, then A logically implies C. 

(b) If A is logically equivalent to B and B is logically equivalent to then A is 
logically equivalent to C. 

(c) A is logically equivalent to A. 
(a) A logically implies A. 

(e) If A is logically equivalent to B, then B is logically equivalent to A. 
Solution: 

(a) To show that A logically implies C, we shall shew that, whenever A is T, C must also be T. 
Assume A T. Since A logically implies B, B must be T. Since B logically implies C, C must 
also be T. 

(b) If A and B always take the same truth value, and B and C always take the same truth value, 
then A and C always take the same truth value. 

(c) A always takes the same truth value as A. 

(cZ) follows from (c). 

{e) This is clear from the definition of logical equivalence. 

1.9. For each pf the following, find a logically equivalent statement form in disjunctive 
normal form: 

(a) (AvB)&(TBvC), (6) lAv(B-*n(7). 
Soltttiou: 

(a) Mvff)&(T«vO (6) t.4v(R->.tO 

tB) V (A &0 V (B& IB) V (B&C) lA v (iBv iC) 

(A & nB) V- (A & O V {B & C) iA V tB V 
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1.10. For each of the following, find a logically equivalent statement form in full disjunctive 
normal form (with respect to all the variables occurring in the statement form): 

(a) (A&TB)v(A&0 (c) B->(AvTCr) 

(b) (AvB)«TC (d) (A-*B)-^((B->C)-^(A-*C)) 
Solution: 

(a) (A & T B) V f A & C) 

{i4& IB&C) V (A& nB&nO V (A&B&C) 

(6) (AvB) 1C 

({AvB)&lQ V (T(A vB)&C) 
(W&lC)v(B&TO)v (lA&nB&O 

(i4&B& TO V (A& 1B & TC) V (A &B& TO V (TA&B& TO v (Ti4& TB&O 

M&B& TO V (A& TB& TO V (TA&B& TO v (TA& TB&O 

(c) B-*(AvTO 
TB V (A V TO 

TB V A V TC 

(d) T(A-^B) V ((B-*0-»{A-0) 
TT(A& TB) V (T(B-*Ov(A-*0) 
(A & TB) V {TT(B & TO V TA V O 
(A& TB) v(B&TOv tAvC 

(A&TB&Ov (A&TB&TO V (A&B&TOv(TA&B&TO 

V (TA&B&O V (TA& TB&O V (TA& TB&tO^ (A&B&O 

1.11. Two statement forms A and B in full dnf (with respect to the same statement letters) 
are logically equivalent if and only if they are essentially the same (i.e. they contain 
the same fundamental conjunctions except possibly for a change in the order of the 

conjuncts in each conjunction). 

Solution: 

Assume that A has as one of its disjuncts a fundamental conjunction & ... & B,^ (where each 
B{ is a literal), no permutation of the conjuncts of which is a disjunct of Under the truth assigrn- 
ment which assigns T to a statement letter if it is one of the Hterals B| and assigns F to a statement 
letter if its denial is one of the literals Bj, B, & . . . & B^ is T, and hence A is also. But every other 

essentially different fundament-al conjunction is F, and therefore B must be F, Thus A and B 
could not be logically equivalent. 



1.12. By a fundamental disjunction we m.ean either (i) a literal or (ii) a disjunction of two 
or more literals no two of which involve the same statement letter. One fundamental 
disjunction A is said to be included in another B if all the literals of A are also literals 
of B. A statement form A is in conjunctive normal form (cnf) if either (i) A is a 
fundamental disjunction or (ii) A is a conjunction of two or more fundamental dis- 
junctions of which none is included in another. A statement form A in cnf is said 
to be in full cnf (with respect to the statement letters Si, . , . , Sk) if and only if every 
conjunct of A contains all the letters Si, . . Sk. 

(a) Which of the following are in cnf? Which are in full cnf? 

(i) (AvBvTC)&(AvTB) (iii) (AvB)&(BvTB) 

(ii) (AvBvnC)&(AvB) (iv) "!A 
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(b) The denial of a statement form A in (full) dnf is logically equivalent to a statement 
form B in (full) cnf obtained by exchanging & and v and by changing each literal 
to its opposite (i.e. omitting the negation sign if it is present or adding it if it is 
absent). (Example: 1 ((A & 1 B & C) v (T A & T B & C)) is logically equivalent to 
(lAvBvTC) & (AvBvlC).) 

(c) Any non-tautologous statement form A is logically equivalent to a statement form 
in full cnf (with respect to all statement letters in A). 

(d) For each of the following, find a logically equivalent statement form in cnf (and 
one in full cnf). 

(i) {A-*TB)&(Av(B&C)), 

(ii) (A&B)v(TA&TB), 

(iii) A^(BvTC7). 

(e) Given a truth table for a truth function (not always taking the value T), construct 
a statement form in full cnf determining the given truth function. 

Solution: 

(a) (i) In cnf^ but not in full cnf. (ii) Not in cnf, since one conjunct is included in the other, 
(iii) Not in cnf, since Bv IB is not a fundamental disjunction, (iv) In full cnf. 

(h) This follows by several applications of De Morgan's Laws (Example 1.2S(a)). 

(c) Assume A is non-tautologous. Then lA is not a contradiction, and, by Theorem 1.7, lA is 
logically equivalent to a statement form in full dnf (with respect to all the statement letters 
in A), Hence by part (6), 11 A is logically equivalent to a statement form in full cnf. 
But A is logically equivalent to 11 A. 

(d) (i) lB)&(Av{B&Q) 

{1A V IB) & ((A V B) & {A V O) 

{1A V IB) & (A V B) & (A V d (cnf) 

{lA s/ lB vQ& ilA V IBs/ 1C) & (A v B v O & (A v S v tC) & (A v ^Bv C) 

(full cnf) 

(ii) (A&B) V (1A& IB) 

(A V 1A) & (A V IB) & (B V 1A) & (B v IB) 
{As/ iB)&(B^ 1A) (full cnf) 

(iii) A «(Bv 1C) 

(A -* (Bv i€))&((Bs/ lO^A) 

{lAs/Bv iC) &{1{Bv iC)v A) 

(TA vBv 1C) & ((-iB&Ov A) 

(lAvBv lC)&(lBs/A)&(CvA) 

{1A V B V TO & (A V IB) & (A V Q (cnf) 

(lAvBv lC)&(Av iBs/C) & {Av IBs/ 1(7) & (AvBvQ (full cnf) 

{e) Use the same procedure as in the proof of Theorem 1.8, except that we use only the rows ending 
in F (rather than T), we exchange & and v throughout, and we replace each literal by its 

opposite. 

Example. 



A 


B 


C 




T 


T 


T 


F 


F 


T 


T 


T 


T 


F 


T 


T 


F 


F 


T 


T 


T 


T 


F 


F 


F 


T 


F 


F 


T 


F 


F 


T 


F 


F 


F 


T 



Answer: 



(lAv TBv tO&(TAv iBvO* (A V TBvO 
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1.13* Find a statement form in T , &, v determining the truth function /(A, B, C): 



A 


B 


C 




T 


T 


T 


T 


r 


X 


1 


r 


T 


F 


T 


P 


P 


P 


T 


P 


T 


T 


F 


F 


F 


T 


F 


P 


T 


F 


F 


T 


F 


F 


F 


P 



Solution: {A&B&Q v (A&1B& IC) 

1,14 Find a statement form in the Sheffer stroke | alone and one in i alone logically equiv- 
alent to the statement form A & T B. 

Solution: 

For the Sheffer stroke, A & IB 

T((A|A)vB) 
-i{[(A\A)\(A\A)]\(B\B)} 
{[{A\A)]{A\A)] \{B\By) \ ([{A\A)\{A\A)] \ {B\B)) 

Fori, A&IB, A&(BiB), (A i A) i ((B IB) i(B I B)) 

1.15. Show that v} is not an adequate system of connectives. 
Solution: 

If A is a statement form in v, then A takes the value T when the statement letters are T 

(since T -» T = T and T v T = T). Hence negation is not determined by any statement form in 

1.16. Prove that {T » is not an adequate system of connectives. 
Solution: 

The ei^ht truth functions in the following^ diagram are the only ones determined by statement 
forms in T , For, if we apply T to any of them or if we apply to any two of them we 
obtain another of them. 



A 


B 






A<^A 


A <^ TA 


A<^B 


A <-> 15 


T 


T 


P 


F 


T 


F 


T 


F 


P 


T 


T 


P 


T 


F 


P 


T 


T 


F 


F 


T 


T 


P 


P 


T 


P 


P 


T 


T 


T 


F 


T 


P 



Alternative solution. We shall show that the truth function determined by a statement form 
in 1 , ^ takes T an even number of times. This is clearly true for statement letters, and, when it 
holds for A, it must hold for 1 A. It remains to show that, if it holds for A and B, it also holds for 
A B. Let n be the number of rows in the truth table, n is even (since n is of the form 2^, where 
k ^ 1). Let i and I be the number of T's of A and B respectively. Let m be the number of T's of 
A&B,andIet9be thenumberof T'sof nA&IB. Then ; + / — m = n — »; hence ; + < — « = »i — b. 
Since 1, n are even, it follows that m — « is even, i.e. m and 9 have the same parity (both odd or 
both even). Hence m + « is even. But m + • is the number of T's of A B. 
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1.17. Determine whether the following arguments are correct by representing the sen- 
tences as statement forms and checking to see whether the conjunction of the assump- 
tions logically implies the conclusion. 

(a) Either Arlen is lying or Brewster was in Mexico in April or Crawford was not a 
blackmailer. If Brewster was not in Mexico in April, then either Arlen is telling 
ttie truth or Crawford was a blackmailer. Hence Brewster must have been in 
Mexico in April. 

(6) If the budget is not cut, then a necessary and sufficient condition for prices to 
remain stable is that taxes will be raised. Taxes will be raised only if the budget 

is not cut* If prices rem-ain stable, then taxes will not be raised. Hence taxes 
will not be raised. 

Solatioii: 

(e) Assumptions: A v S v T C, "5 -* ( " A v C), 
Conclusion: B» 

Do€s(A vBv 1C)& (nB-> (lAvC)) logically imply B? In other words, is [(A v B v 10& 
( -» (1 A V C))] -» B a tautologry? Let us try to find a truth assignment making this statement 
form false. Then the antecedent (AvBv lO&(lB-*(nAvO) must be T and the consequent 
B must be F. Hence A v B v tC is T and TB -* ( lA v C) is T. Since B is P, IB is T; and 
therefore since TB -» (T A v O is T, it follows that T A v C is T, Since A v B v tC is T but 
B is F, it follows that A v n C is T. It is clear now that, if we take A to be T, C to be T, and 
B to be F, then the statement form is P. Therefore the conclusion is not implied by the premises. 

(b) Assumptions: IB -*{Pir¥R), R-* tB, P IB. 
Conclusion: IB. 

Does (IB -> (P<->B)) & (B IB) & (P IB) logically imply IB? Let us try to find a 
truth assignment making the former true and the latter false. Then IB -^(P^R) is T, 
R^-'.S is T, and P 1R is T. Since ^B is F, R is T. Sut R ^ ^B is T, and therefore 
IB is T. Hence by the truth of IB (P<->B), (P^R) is T. Since B is T, P must be T. 
Then since P-*- tB is T, TB is T, which is impossible. Therefore the argument is correct. 

(a) and (b) can be solved by writing down the truth tables, but the method used above is usually 
faster. 



1,18, Are the following assumptions consistent? / will be continuous (D) if g is bounded 
(C) or h is linear (E). g is bounded and h is integrable {B) if and only if h is bounded 
(A) or / is not continuous. If g is bounded, then h is unbounded. If g is unbounded 
or h is not integrable» then h is linear and / is not continuous. 

Solution: 

Assumptions: (C\/E)^D, (C&B) ^ (A v iD), C-» lA, (TC v TB) Ti?). Assume 
that these are aU T. 

Case U C is T. Then A is F. Since Cv^ is T, Z7 is T. Therefore A v is F. Hence 
C A B is F. Hence B is P, and IC v TB is T. Thus E & 12? is T, and D is P, which is impossible. 

Case 2. € is P, Thus tC is T, and therefore so is TCv TB. It follows Uiat JS? & Tl? is T, 
and therefore £^ is T and D is P. Since C v ^ is T, then D is T, which is a contradiction. Hence 
the assumptions are inconsistent. 

This and similar problems can also be solved by writing out the complete truth table (which, 
in this ease, has sixteen rows). 
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1.19. If A is a statement form in T , &, v, and A* results from A by interchanging & and v 
and replacing all statement letters by their denials, show that A* is logically 
equivalent to "! A. 

Solution: 

Apply De Morgan's Laws (Example 1.28) to 1A until no denials of conjunctions or disjunctions 
remain. The result is A*. 



L20. Let A and B be statement forms in 1 , &, v . By the diuil A^ of A we mean the state- 
ment form obtained from A by interchanging & and v . Notice that (A-)- = A. 

(a) Show that A is a tautology if and only if "! (A**) is a tautology. 

(b) Prove that, if A-> B is a tautology (i.e. A logically implies B), then B*'-^ A<* is a 
tautology (i.e. B** logically implies A**), (Example: Since A & B-^ AissL tautology, 
so is A -s- A V B.) 

(c) Prove: A ^ B is a tautology (i.e. A is logically equivalent to B) if and only if 
A** B** is also a tautology (i.e. A** is logically equivalent to B**). (Example: Since 
1{AvB) is logically equivalent to T A & 1 B, it follows that 1 (A & B) is logically 
equivalent to T A v 1 B.) 

Solution: 

(a) By Problem 1.19, T(A«*) is logically equivalent to (A**)*, where (A^)* is obtained from A* by 
exchanging & and and replacing ail their statement letters by their denials. But then 
{A<^)* is obtained from A by replacing all statement letters by their denials; and therefore if A 
is a tautology, so is (A<0* {by Theorem 1.1); and conversely if (A**)* is a tautology, so is A. (In 
this case we substitute for each statement letter its denial and then again use Theorem 1.1 
plus the Law of Double Negation (Example 1.24).) 

(6) Assume A B is a tautology. Then lAv B is a tautology, and, by part (a), n((TA v B)<*) is a 
tautology. But "i((~iAv B)«) is n("iA"&B«), which is logically equivaient to B" A". 

(c) Assume A B is a tautology. Then A B and B -» A are tautologies. By part (&), B** -* A^ 
and A** B** are also tautologies. Hence A*' Bd is a tautology. Conversely, if A** B** is a 
tautology, then, by what we have just proved, (A**)** (B**)** is a tautology. But (A**)** is A, and 
(Bd)« is B, 



Supplementary Problems 

1.21. Write the following sentences as statement forms. 

(a) A depression will occur if government spending does not increase, and inflation will result only 
if government spending increases. 

(5) Jones will lose his job unless he makes good on the deficit, although Jones is the cousin of the 
boss's wife. 

(c) Either / is discontinuous or if / is nonlinear, then / is differentiable. 

1.22. Assume that the truth values of A, B, C are T, P, F. Compute the truth values of (a) (A T •) 
«A V C) & B). (5) (A (A B)) v (A C). 
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1^. If A B is T, what can be deduced about the truth values of 

(a) (AvC)-(BvO, (6) (A&C)^{B&C), (c) (lA (A v 5)? 

1.24. In each of the following* caaea. what further truth values can be deduced from those already eiven? 

(a) .TA V (A -B), (5) n(A &5) (lA v IB), (c) ("1 A v B) (A lO* 
FT F 

1.25. Which of the following^ are statement forms? For the statement forms, determine the principal 
connectives. 

(o) (((A V (IB))- A) & (HA)), (6) ((((A-^B)-^A)-A)vB), (c) (1(((A v B) v O <^ (IB))) 

1.26. Eliminate as many parentheses as possible from 
(a) ({[(A V (lB))vq & [A V (n(lB))]} & (TA)) 
(6) ((n(AvB)) V (Cv(nB))) 

(c) ((AH-(i(BvC)))-((lA)->(lB))) 

1.27. Write truth tables and abbreviated truth tables for the statement forms of Exercise 1.26. 

1.28. Determine which of the following^ are tautologies, which are contradictions, and which are neither, 
(a) [(A - B) - T(B - A)] (A «^B) 

(6) ((A B) - B) - B 

(e) [(A B) (C i?)] [^=*{(Z>=*A)=*(C->A)}; 

(d) A 4-J^(B<-J^(A<->(B<->A))) 
(«) B& l(AvB) 

if) (AvBvO [(((A-^B)-*B)-^0-^C] 

(i?) ((A-^B)-A) (B-^(B-^A)) 

(A) (A-^(B&TB)) TA 

1.29. Show that A is logically equivslent to B if and only if A logically implies B and B logically implies A. 

1.30. Show that a statement form logically equivalent to a tautology is a tautology, and a statement form 
logically equivalent to a contradiction is a contradiction. 

1.31. Give an example to show that» if A logically implies B, then B does not neceesarily logically imply A. 

1.32. Of the following pairs D and C, find those pairs for which D is logically equivalent to E, those for 
which D logically implies E, and those for which E logically implies D. 





D 


E 


(a) 


C*->((A&C)v(B&lC)) 


B A) 


W 


A V (B+*C) 


(AvB) ^ (AvC) 


(^) 


-!(BvC) 


TB 


(d) 


A V (B&C) 


AvB 


ie) 


A ^ B 


B<-> A 


If) 




( A B) C 
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1.33. Prove: v v * • * v A^ is T if and only if at least one of the A/s is T; and A, & A2 & . . - ^ A^ 
is T if and only if all of the Aj's are T. 

1.34. Prove ^neralizations of De Morgan's Laws and the Distributive Lawg, in the sense thas 2s 
following pairs are logically equivalent: 

(a) T(A,v.-. vA„) nAi& ... & nA„ 

(6) T(A,&...&AJ lAiV V 1A„ 

(c) A&(BiV ... vBn) (A&Bi) V V (A&B„) 

(d) A V (B. & ... & B.) (A V Bi) & ... & (A V B J 

1.35. Which of the following are fundamental conjunctions? 
(a) A&B& lA, (6) B & n A, (e) B&C&A&C. 

1.36. Which of the following are in disjunctive normal form? 
(a) (A&B) V V (A& TO 

(6) (B&nA) v(A&B) V (lA&J?) 

(c) & TB 

(d) (A&B) V (lA&B) V (A&B&C) 

(e) (A V (A & -B) V (- A &B) v (nA & TB) 

1.3?. Find a statement form in disjunctive normal form logically equivalent to: 
(a) (A-^TB)&{BvO, (6) (AvlB)<->C, (c) (A v iC) & (B v Q. 

1.38. Which of the following are in full dnf (with respect to all the variables occurring in the statement 
form)? For those not in full dnf, find a logically equivalent statement form in full dnf. 
(a) (A&B) V (lA&TB) 
(h) (A&B) V (TA&O 

(c) (A&B&O V (A&B& TC) V (A& TB&q 
(a) (A&B) V C 

1.3$. Which of the following are in conjunctive normal form? In full cnf? For any not in full cnf 
(with respect to all its statement letters), find a logically equivalent statement form hi full cnf. 

(a) A V nB 

(5) {As/B)&(As/ -iB) L(Aw Bw C) 

(c) A & IB 

(d) {AvB)&(Av IB) 
{«) (A&B) V (nA& IB) 

1.40. Which statement forms are in both dnf and cnf? 



1.41. For each of the following truth tables (a,) (0), (c), construct a corresponding statement form in full 
dnf and one in full cnf. 



A 


B 


C 


(a) 


(&) 


(c) 


T 


T 


T 


P 


F 


T 


P 


T 


T 


P 


T 


P 


T 


F 


T 


P 


T 


P 


F 


F 


T 


T 


T 


F 


T 


T 


F 


T 


P 


F 


F 


T 


F 


P 


P 


T 


T 


F 


F 


F 


F 


T 


F 


F 


F 


T 


P 


P 



1.42. A statement form A is a tautology if and only if it is logically equivalent to a statement form in 
full dnf having 2* disjuncts, where n is the number of statement letters in A 
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L43. Find a statement form in 1 , v logically eqtiivalent to the statement forms 
(a) (A (B V O) -* n A, (6) ((A B) B) A. 

1.44. Find a statement form in the Sheffer stroke | and a statement form in i log^ically equivalent to the 
statement forma (a) (A v IB) & (A -* Q, (6) n(A & 15). 

1.45. Show that A + B is logically equivalent to n (A ^ B). (CI Example 1.2 on page 4.) 

1.46. Find a statem^it form logiciJly equivalent to the denial of (A v (S & (7)) v (lA & (B v O), 

1.47. Show that {^,-^,&,v} is not an adequate system of connectives. 

1.48. Show that {"!,+} is not an adequate system of connectives. 

1.49. For which binary connectives □ does {T, □} form an adequate system of connectives: 

1.50. Determine whether the following arguments are correct. 

(a) If April is rainy, then flowers will bloom in May and mosquitoes will thrive in June. If mos^ 
quitoes thrive in June, then malaria will increase in July. If flowers bloom in May, there will 
be a lot of honey in September. If April is not rainy, then the lawns will be brown this summer. 
Hence either there will be a lot of honey in September and malaria will increase in July, or the 
lawns will be brown this summer. 

(b) If / is continuous, then or is differentiable. If ^ is not diiferentiable, then / is not continuous 
and / is bounded. A sufficient condition for g or h to be differentiable is that / be bounded. 
Hence g is diiferentiable. 

(e) If an orange precipitate forms, then either sodium or potassium is present. If sodium is not 
present, then iron is present. If iron is present and an orange precipitate forms, then potassium 
is not present. Hence sodium is present. 

1.51. Check the consistency of the following sets of assumptions. 

(a) If the roof needs repair or the house has to be painted, than either the house will be sold or no 
vacation will be taken this summer. The house will be sold if and only if the roof needs repair 
and a vacation will be taken this summer. If the house has to be painted, then the house will 
not be sold or the roof does not need repair. Either a vacation will be taken this summer, or 
the house has to be painted and the house will be sold. 

(6) Either devaluation will occur, or, if exports do not decrease, then price controls will be imposed. 
If devaluation does not occur, then exports will decrease. If price controls are imposed, then 
exports will not decrease. 

1.52. ^ A computer (called Farfel) has been built to answer any yes-or-no question, hut it has been pro- 

gnrammed either to answer all questions truthfully or to give incorrect answers to all questions. 
If we wish to find out whether Fermat's Last Theorem is ^e, what question should we put to the 
computer? {Hint: Let A stand for "Fermat's Last Theorem is true" and let B stand for "Farfel 
answers all questions truthfully'*. Construct a statement form A such that if "A?'* is put as a 
question to Farfel, then the answer will be "Yes" if and only if A is true.) 

1.53. ^ ^nd the duals of statement forms in 1 , &, v which are logically equivalent to A -> B and A ^ B. 

and extend Problems 1.19-1.20 to statement forms in 1, &, v, 

1.54. ^ Prove that a statement form A whose only connective is is a tautology if and only if every state- 

ment letter occurs in A an even number of times. (Hint: Problem 1.32(«,/).) 



chapter 2 



The Algebra of Sets 

2.1 SETS 

By a set we mean any collection of objects.'!' For example, we may apeak of the set of 
all living Americans, the set of all letters of the English alphabet, or the set of all real 
numbers less than 4. In most cases, sets will be defined by means of a characteristic 
property of the objects belonging to the set. In the examples above, we used the properties 
of being a living American, a letter of the English alphabet, or a real number less than 4. 

Notation: For a given property P{x), let {x : P{x)) denote the set of all objects x such 
that P{x) is true. 

Example 2J. 

The set of all real roots of the equation — — 3 = 0 is denoted by 

{t : T is a real number & of* — 2«2 — 3 = 0} 

Sometimes we shall define a set merely by listing its elements within braces: 
{a, b,c, . . ., h]. In particular, [b] is the set having b as its only member. Such a set {6} 
is called a singleton. The set {b,c} contains b and c as its only members, and, if b e, 
then {b, c} is called an unordered pair. Notice that {b, c) = {c, 6}, 

Example 2JZ, 

The set of integers strictly between 1 and 5 is equal to {2, 3, 4). 
Example ZZ, 

The set of all real roots of the equation ar* — 2x2 — 3 = 0 ^quzl to the set {V3, — V3 }. 

We shall extend this metiiod of denoting sets by listing a few elements of the set, fd- 
lowed by dots, in such a way as to indicate the characteristic property of the elements of 
the set. 

Example 2.4. 

{Ip 2, 3, 4, . . .} is intended to represent the set of positive inte^rs. {1, 4, 9, 16, 25, . . • • •} is the 
set of squares of positive integers. {Washington, Adams, Jefferson, Madison, . . . } is the set of Presidents 
of the United Stetes. 

Definition: An object x belonging t« a set A is said to be a member or element of A, We 
shall write xGAto indicate that x ia B member of A. The denial of a; E A 
will be written x C A. 

Example 2.S. 6 € {x : x isBii even integer}, 1 C£ : x is an even integer) 



tSlvtonyms for set are totality, family, and cIom. 



SO 
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22 EQUALITY AND INCLUSION OF SETS. SUBSETS 

The sets A and B are equal when and only when A and B have the same members. 
Equality of A and B is designated in the usual way by A = B, and denial of this equality 
by A^B. 

Example 2-6- {« : ^ 1 and « is a real number} = {a; : a; = 1 or x = —1} 

We say that A is a subset of B if and only if every member of A is also a member of J5. 
We write A Q J5 as an abbreviation for: A is a subset of B. Sometimes, instead of saying 
that A is a subset of B, one says that A is included in B. The denial of A Q B is written 
A^B. 

Erwnple 2.7. {1, 3} C {1, 2, 3, 6}; {5, a} c {c, a, 6}; {1, 2, 4} d {1, 2, 5} 

Obvious properties of the inclusion relation are 
Incl (i) AqA (Reflexivity). 

Incl(ii) If A £ J5 and J5 C C, then A C C (Transitivity). 
Incl (iii) A-B if and only if (AqB & B C A), 

It is convenient to introduce a special sign for the relation of proper inclusion. We shall 
use A c J5 as an abbreviation for A C 5 & A # B. Thus A c B if and only if every member 
of A is a member of B but there is a member of B which is not a member of A. If A C B, 
we say that A is a proper subset of B. Hence the only subset of B which is not a proper 
subset of B is B itself. The denial of A C B is written A $ B. 

Some basic properties of proper inclusion are: 
PI(i) A c£ A. 

Pl(ii) If A C B & B e C, then A C C. 
Pl(iii) If A C B & B C C, then AcC. 
Pl(iv) If A C B, then B $ A. 

Example 2.8. {1,3} C {1,2,3}; {1,3} <f {1,8}; {1,4} ^ {1,3} 



2^ NULL SET. NUMBER OF SUBSETS 

Whenever P{x) is a property satisfied by no objects at all, then [x : P{x)} is a set having: 
no members. For example, {x: x} is a set with no members. We shall use 0 to denote 
a set with no members. The set 0 is called the radl set or empty set. There is precisely 
one null set, since any two null sets would contain the same members (namely, none at all) 
and therefore must be equal. The null set is included in every set: 0 £ A for all A. 

Example 2.9. 

The only subset of 0 is 0 itself. 

Example 2.10. 

The subsets of {x} are 0 and {x}. Thus a singleton haa two subsets. 
Example 2M. 

If xw^y, the subsets of the unordered pair {x, y} are 0, {x}, {y) and {x, y). Thus a two-element set 

has four subsets. 
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Example 2.12. 

If X, y and t are three distinct objects, then the subsets of {x, y, z) are 0, {x}, {y), {z), {x, y), {x, «}, 
(ir, z} and {x, 2}. Thus there are eig^ht subsets of a three-element set. 

Let g>(A) denote the set of all subsets of A. Then *P(A) = [B:BqA}. Examples 
2.9-2.12 suggest the following result. 

Theorem 2*1. For any non-negative integer n, if a set A has n elements, then the set 
?>(A) of all subsets of A has 2*^ elements. 

First proof: The result is clear when n = 0 (Example 2.9). Assume a set A has n 
elements, where n > 0. In choosing an arbitrary subset C of A, there are two possibilities 
for each element of A: x^C or x^C. Whether one element x is in the subset C is 
independent of whether any other element y is in C. Hence there are 2*^ ways of choosing 
a sul^et of A, 

Second proof: By induction on n. The case for n — 0 is clear (Exam^ple 2.9). Assume 
that the result is true for n = k, and assume that A is a set with + 1 elements, i.e. 
A = {au • . ctic, aic+i}. We must prove that A has 2*^+* subsets. Let J? = {ai, . . a^}. 
Since B has k elements* then by inductive hypothesis B has 2^ subsets. Every subset C of 
B can be thought of as determining two distinct subsets of A, i.e. C itself and C together 
with the element aic+i. In addition, every subset D of A is determined in this way by pre- 
cisely one subset C of B, i.e. C is obtained by removing ajk+j from D (where, if Ok+i € D, 
then C is identical with D). Thus the number of subsets of A is twice the number of subsets 
of B. But since B has 2^ subsets, A has 2^"-' subsets. > 



2.4 UNION 

Given sets A and B, their union AuB consists of all elements of A or B or both. Thus 
AvB = {x: x€Ava;€J?}. Remember that v stands for the inclusive "or", i.e. for any 
sentences A, I, AvB means A or B or both. 

Example 2J3. {h 2. 3} u {1. 3, 4» 6} = {1. 2, 3, 4, 6} 

fa) u {&} = {a, b) 
{0. 2. 4, 6, 8, . . .} U {1, 3, 5, 7, 9. . . .) = {0, 1, 2, 3, 4, 5. . . .} 

If we represent the elements of A and B by points 
within two circles, then their union consists of all 
points lying within either of the two circles (see 
Fig. 2-1). The union operation on sets has the 
obvious properties: 

U(i) AuA = A (Idempotence) 

U(ii) AUB - B\JA (Commutativity) Fig. 2-1 

U{iii) AU0 = A 

U(iv) (A U B) U C = A U (B U C) (Associativity) 

U(v) AUB = B if and only if A C B 

U(vi) AqAuB ft BqAUB 
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Fig. 2-2 



2^ INTERSECTION 

Given sets A and B, their intersection AHB consists of all objects which are in both 
A and B. Thus, 

AnB = {x: xGA & x G B) 

Example 2.14, {1, 2, 4> n {1, 3, 4} = {1, 4} 

{1, 3. 6} n {2, 4, 6> = 0 
{i, 3, 5} n {0, 2} = 0 
{0, 1, 2} n {0, 3} = {0} 

Pictorially, we can visualize the intersection as 
consisting of the shaded area of Fig. 2-2. 

Two sets A and B such that AnB = 0 are said 
to be disjoint. 

The following properties of the intersection opera- 
tion are evident, 

Int(i) Ar\A - A (Idempotence). 

Int(ii) An J? = Br\A (Commutativity). 

Int(iii) An0 = 0. 

Int(iv) (AnB)nC = An{Br\C) (Associativity). 
Int (v) A n B = A if and only if A c 
Int (vi) Ar\BQA & AnBQB. 

The associative laws for unions and intersections allow us to omit parentheses in writing 
unions or intersections of three or more sets. Thus we write A flB nC to stand for either 
(AnB) n C or A n (BnC), since these sets are equal. Similarly AnJBnCnD has a unique 
meaning, since any of the five ways of inserting parentheses yields the same result. 

Important relations between unions and intersections are given by the distributive laws: 

Dist(i) An(BuC) = (AnB)U(AnC), 

Dist(ii) AU(J5n(7) = (AUB)n(AUC), 

Property Dist(i) can be verified directly from the definitions by logical manipulations. 
Thus, 

An(BuC) - {x: xGA & xGBUC} 

= {x: xGA & {xGBvxGC)] 

= {x: (xGA & xGB)v{xGA & x^Q) 

= {x: xSACiB X € AnC} 

= (AnB)u(Anc) 

We also can check Dist(i) pictorially. In Fig. 2-3 below, we have vertical lines for 
BuC and horizontal lines for A. Hence A n (J5 U C) is represented by the cross-hatched area. 
In Fig. 2-4 below, the vertical lines indicate A n B and the horizontal lines AnC. The com- 
bined area represents (AnB)U(AnC) and is seen to be identical with the cross-hatched 
area of Fig. 2-3. Dist(i!) may be handled in a similar manner (see Problem 2.3), 
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Fig. 2-S Fig. 2-4 



Diagrams as shown in Fig. 2-3 and 2-4 are called Venn cOagrams. They are useful for 
verifying identities involving operations on sets, but should not be considered tools of 
rigorous mathematical proof. Similar pictorial methods can be given for four or more 
sets (see [112]t and J, F* Randolph. American Mathematical Monthly, 1965^ pp, 117-127), 
but this does not seem fruitful enough to warrant consideration here. 

Example 2.15. Show that An{AuB) = A, 

By U{vi), AqA uB. Kence, by Int (v), An {A UB) = A, 

Example 2J6. Show that A U (AnB) = A, 

Au(Ar\B) = {AuA)n(AuB) = Ar\(AuB) = A 
The first equality is justified by Dist (ii), the second by U(i), and the third by Example 2.15. 

The distributive laws have the obvious generalizations: 
Diat(i') A n (B1UB2U ■ ■ ■ UB„) = (AflBs) U (AnBs) U • • • U (AnB-) 
Dist (ii') A u (BinB2n • • ■ nB„) = (AUJSi) n (AUB2) 0 - • n (AUJ5„) 
These can be proved directly, using mathematical induction. 



2.6 DIFFERENCE AND SYMMETRIC DIFFERENCE 

By the difference B'^A of B and A we mean the set of all those objects in B which are 
not in A (the shaded area of Fig. 2-5). Thus, 

B'-A = {x: xGB & x^A) 



Clearly, 






D(i) 


5-5 = 




D(ii) 


5-0 = 


B 


D(iii) 


= 


0 


D(iv) 


(A -5) - 


C 



A - (BUC) 
= (A-C)-B 

The symmetric difference A AS of sets A and B is 
(A - B) U (B - A) (the shaded area of Fig. 2-6). Fig. 2-6 
makes it clear that AaB = (AUB) - (AnB). 



GO 

Fig. 2-5 

00 



Fig, 2-€ 



tThroughout this book numbers in brackets refer to Bibliography, pages 201*208. 
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The following properties are easily verified. 
SD(i) AAA = 0 
SD(ii) AaB = Baa 
SD(iii) Aa0 = A 
Example 2.17. 

Let A = {0,1,2,3,5}, B = {0,1,2,3}, C = {0,1,4,5}. Then BcA, C^A, ACiC = {0,1.5}, 
BnC={0,l}. A-B = {5}. i4-C = {2.3}. B-C={2.3>. C-B=(4.5}. ilAB = (5>. .4 A C = {2. 3. 4>. 
BAC = {2, 3; 4, 5}. 



2.7 UNIVERSAL SET. COMPLEMENT 

We shall often find it useful to confine our attention to the subsets of some given set X, 
In such a case, X is called the universal set or the universe (of discourse). 

The union, intersection, difference, and symmetric difference of subsets of X are again 
subsets of X. When we restrict ourselves to subsets of X, there is still another operation 
which can be introduced. If AC a, then the complement A pf A is defined to be A A. 
Thus, A = {x: x€Z&xCA}. Whenever we use complements, it is assumed that we 
are dealing only with subsets of some fixed universe X, 

The following assertions are easily verified. 



C(i) 


A = A 






C(ii) 
C(iii) 


AUB = 
AnB = 


Anfi 1 

AUfi J 


De Morgan's Laws 


C(iv) 


ADA = 


0 


C(viii) AQB if and only if SqA 


C(v) 


AuA = 


X 


C(ix) A = B if and only if A = 


C(vi) 


0 = X 




C(x) A~B -- AnB 


C(vii) 


Z = 0 




C(xi) AaB = {AnS)u(AnB) 



From C(x) and C(xi) we see that difference and symmetric difference are dispensable in the 
presence of union, intersection and complement. 

Example 2.18. 

Let us check C(ii) usin^ definitions and logical transformations. 

ATTS = {x : x£,X & x^AuB} = {* : * S X & -(* G A v *eB)} 

= {x: xeX & {x^A &x^B)} = {x : (xeX & x^A) & {xSX & x^B)} 
= {x: xSX & x^A}n[x: x^X & x^B) = AnB 
We also may use Venn diagrams to verify the validity of C(ii). Compare Figr. 2-7 and 2-8. 







^ ' ~'l " - - . 

" A 


B 




















A U B is the shaded area. 
Fig. 2-7 



A n B is the cross-hatched area. 
Fig. 2-8 
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De Morgan's Laws C(ii)-C(iii) have the obvious generalizations: 
C(ii') AiUAzU UA„ = Ai H A2 fl • - fl A» 
C(pO AiHAzfl nAn = AiUAiU UA„ 
Example 2.19. 

A qB if and only if A n 6 = 0. In ■ Fig. 2-9, the cross- 
hatched area is AnB. To say that this is 0 is equivalent to 
saying that A is entirely within B. 

Logical proof: 

A = AnX = AniBvB) = (AnB) u (AnB) 

Hence if A n - 0, then A = AnB; therefore, by Int (v), 
AqB. On the other hand, if A Q B, then by Int (v), A - AnB 
and therefore 

AnB - {AnS)nB = An{BnB) = An0 - 0 Pig. 2-S 




2^ DERIVATIONS OP RELATIONS AMONG SETS 

We have seen two ways of verifying propositions about sets: by means of analogous 
logical laws, or by pictorial methods {usually Venn diagrams). The first method is the 
only rigorous one, but the use of diagrams is sometimes quicker and more intuitive. 

Example 2.20. 

Prove A ~ (BuC) = (A « B) n (A « 

This is clear from Figs. 2-10 and 2-11, 




Cross-hatched: (A ^ B) n (A C) Unshaded: A (BuQ 

Fig. 2-10 Fig. 2-11 

More rigorously, 

A - (BuC) = {«; xGA & x^(BuC)} 

= {x \ xeA & (x0B &x^C)} 

= {x: (xSA & x^B) & (areA&xCC)} 

= {x: xeA & x^B) n {x: vSA & x^C) 

= (A - B) n (A C) 

Example 221. 

Prove: (A UB) n B = A if and only if AnB -0. 

In Fig. 2-12 below, the cross-hatched part represents (AuB) n B and lies entirely within A. The r^t 
of A is the lens-shaped intersection AnB. Hence to say that (AuB)nB is identical with A is equiva- 
lent to saying that A n B = 0. 
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Logical proof: 

{AuB)nB - (A(\B)\J{Br\B) (byDist(ii)) 

= (i4nB)U0 (byC(iv)) 

= Ar\B (byU(iii)) 

Hence (AuS) n 5 = A if and only if /4 n 5 = A. But 
A n = A if and only if A c ^ (Int (v)), which holds if and 
only if A n B = 0 (by Example 2.19 and C(i)). 

Example 2.22. 

Simplify A n B U (5n C). 

AnBu(BnC) = (AuB)u(BnC) 

- (AuB)u(ffnO 

= A u (Bu(BnC7)) 

= AuB 




Fig. 2-12 



(by C(iii)) 

(by C(i)) 

(by Ufiv)) 

(by Example 2.16) 



In simplifying expressions, we make frequent use of De Morgan's Laws C(ii) and C(iii) 
for distributing complement bars over smaller expressions, C(i) for eliminating double 
complements, Examples 2.16 and 2.16, and the distributive laws Dist (i) and Dist (ii). 

Example 2.23. 



Simplify (A uBuC) n (A nBnC) n C. 



(AuBuOn(AnBnC)nC = (AuBuC) n (AuBuC) n C 

= [(AuBuQ n (AuBuO] n C 
= [(AnA)u(BuO] nC 
= [BuC]nC = (BnC)u(CnC) = (BnC)u0 
= BnC 



(De Morgan) 
(Associativity of n ) 
(Dist (ii)) 
(C(iv), U(iii)) 



2.9 PROPOSITIONAL LOGIC AND THE ALGEBRA OF SETS 

Every truth-functional operation determines a corresponding operation on sets. For 
example, denial determines complementation: A - [x: T(a;eA)); conjunction determines 
the intersection operation: Ar\B = {x: x^A & xGB]\ and disjunction determines the 
union operation: AUB={a::xGAvxGJ5}. In general, if # is a connective corre- 
sponding to a truth function f{xu - . ••iCn), then we define a corresponding operation @ on 
sets by . . A-) = [x: #{x^Au ^ ^ x e A,)}. Thus the set-theoretic operation of 

symmetric difference corresponds to the exclusive usage of "or". 

Example 2.21. 

The operation of alternative denial determines the set-theoretic operation A n B, while joint denial 
determines the operation A n B. 

In general, a uniform way of determining the set-theoretic operation corresponding to 
a given truth function is to express the latter in tenns of "! , &, v, and then replace T , v 
by n, U ^respectively. The statement letters need not be replaced since they can serve 
as set variables in the new expression. 
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2.10 ORDERED PAIRS. FUNCTIONS 

If x¥^y, then {x,y} was called the unordered pair of x and y. We say "unordered" 
because {x,y) = {y,x}. Let us define an ordered pair {x,y), which is determined by x and 
y, in, that order. By this we mean that the following proposition holds: if (x,y) = (u,v), 
then x = u and y=^v. 

Theorem 2JZ. {x,y) = {{x], {x,y)} is an adequate definition of an ordered pair. 

Proof. Assume (x, y) = (u, v). We must prove that x = u and y = v. We have 

{[x}Ax,y}} = {{u},{u,v}} {2.1) 

Since {x} is a member of the left side of equation (2 J), it must also be a member of the 
right side. Hence 

{x} = {u} or {x} = [u,v) 

Therefore x — u or x — u — v. In either ease, x — »• Now by {2 J), 

{x,y) = (u) or {x,y} = {u,v} 

If = then {a?,!^} = {a;,v) since x = u. Hence y = a: or y = t;. If = 

then {») = {y, and y = i;. In all cases, y = v. If {a?,y} 9^ {w,v}, then {ar,2^} = {w} 
and so x — y = By 

= {X} or {u,v} = {x,y} 
Since {«, 9* {x, y), {u,v) = {a:} and so u = v = x. Therefore y = v. ► 

Let us recall the definition of a function. A function f from A into i? is a way of 
associating an element of B to each element of A. The phrase "way of associating" may 
be replaced by a more precise notion: 

(1) / is a set of ordered pairs such that, if {x, y) Gf and (x, z) € /, then y = 2; 

(2) for every x in A there exists some 2^ in J5 such that {x,y) e /. (Such an object y 
must be unique, by virtue of (1); it is denoted in the standard way by f(x).) 

We say that / is a function from A onto B it f is sl function from A into B and every 
element of is a value f{x) for some x in A. 

Enunple 2.25. 

The function / such Uiat f(x) = for every x in the set A of ali integrers is a function from A into 
(but not onto) A, On the other hand, / is a function from A onto the set B of all squares. 

A function / is said to be one-one if it assigns different values to different arguments, 
i.e. f{x) = fiy) implies x = y. 

Example 2.26. 

The function / in Example 2.26 is not one-one, since /(— n) = = fin) for aU integers n. On the 
other hand, the function ff such that ^(x) = for all non-negative integrers x is a one-one function, since 
= ty> implies u=v f or aU non-negative integers u and v, 

A one-one function from A onto B is called a one-one correspondence between A and B. 
For example, the function h such that h{x) = x + 1 for all odd integers a; is a one-one 
correspondence between the set of all odd integers and the set of all even integer. 
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ill FINITE, INFINITE, DENUMERABLE, AND COUNTABLE SETS 

A finite set is a set which is either empty or can be enumerated by the positive integers 
from 1 up to some integer n. More precisely, A is finite if there is a positive integer n 
such that there is a one*one correspondence between A and the set of all positive integers 
less than n. (When n=l, A must be the empty set.) 

For example, to justify the assertion that the set of fingers on a hand is finite we set 
up the correspondence 



It is clear that a subset of a finite set is finite (and hence that the intersection of any set 
with a finite set is finite). Also obvious is the fact that the union of two finite sets is finite. 

A set is said to be infinite if it is not finite. Examples are the set of positive integers, 
the set of rational numbers, and the set of real numbers. Clearly any set containing an 
infinite set must also be infinite, and therefore the union of an infinite set with any other 
set is infinite. However, the intersection of two infinite sets need not be infinite. For 
example, the set of even integers and the set of odd integers have an empty intersection, 

A set A is said to be denumerable (or countably infinite) if and only if A can be enumer- 
ated by the set P. of all positive integers, i.e. if there is a one-one correspondence between 
P and A. 



(1) The set of positive even integers is denumerable. Here the one-one correspondence is given by 
/(n) = 2n. (2) The set of all integers is denumerable. Here the enumeration is given by 0, 1, —1, 2, —2, 3, 



Clearly the union of a finite set and a denumerable set is also denumerable. (Just 
enumerate the finite set first and continue with the enumeration of the denumerable set, 
omitting repetitions.) The union of two denumerable sets is again denumerable. (For, if 
A = (ai, a2, . . . } and B = {6i, 62, . . . ), then AUB = [a^, bi, a%, ^2, - . . }, where in the latter 
enumeration we omit any repeated objects.) If we remove a finite number of elements from 
a denumerable set, the remaining set is still denumerable. 

A set is said to be countable if and only if it is either finite or denumerable. Obviously, 
any subset B of a countable set A is also countable. (For, in an enumeration of A, we omit 
all objects which are not in B, The resulting enumeration of B does or does not terminate. 
If it does, B is finite. If it does not, B is denumerable.) The union of two countable sets is 
a countable set. This follows from what has been said above about finite and denumerable 
sets. 

2.12 FIELDS OF SETS 

By a field of sets <m -Y we mean a non-empty collection T of subsets of X such that, for 
any members A and B in the sets Aub/ahB, and A are also in Another way of 
expressing* this is to say that T is close d under the operations of union, intersection and 
complementation. Since AuB = AnB and AnJ? = AUJ5, it suffices to verify closure 
under complementation and either union or intersection. 




Example 2.27. 



The one-one correspondence is g{n) 




40 



THE ALGEBRA OF SETS 



[CHAP. 2 



Examples of fielda of sets are: 

(1) the set ^(X) of all subsets of X; 

(2) the set of all finite subsets of X and their complements; 
(8) 

Notice that any field f of subsets of X must contain both 0 and X. For, if J5 G then 
6Gf and hence 0 = Bn6^f. Therefore X = 0GT. 

2.13 NUMBER OP ELEMENTS IN A FINITE SET 

Let #(>!) stand for the number of elements in a finite set A, Clearly 

#(AiUA2) = #(A,) + #(A2)-#(AinA2) 
For three sets» we have 

#(A,UA2UA3) = #(A,) + #(A2)+ #(A3) 

- #(AinA2) - #UinA3) - #(A2nA3) 
+ #{AinA2nAz) 

and, for four sets, 

#(AiUA2UA3UA4) = #(Ai) + #(A2) + #{A3) -f- #(A4) 

- #(AinA2) - #(AinA3) - #(A,nA4) - #(A2nA3) - #(A2nA4) - #(A3nA4) 
+ #(A,nA2nAs) + #(AinA2nA4) + #(AinA3nA4) + #{A2nA3nA4) 
- #(AinA2nA3nA4) 

The general formula for n sets should be clear from the examples for n = 2, 3, 4. 
Ezftmiile ZUL 

In a two-party election district consisting of 135 voters, 67 peop]e voted for at least one Democrat and 
84 people voted for at least one Republican. How many people voted for candidates of both parties? 

#{ienr) = #(ie) + - #(iJuI>) = 84 + 67- 136 = 16 

Here R is the set of people who voted for at least one Republican and D the set of people who voted for 
at least one Democratic candidate. Hence RuD is the set of all voters and J? n Z> is the set of all people 
who split their ballots. 

Exaaaple 

A government committee reported that, among the students using marijuana, LSD or heroin at a 
certain university^ 90% used marijuana^ 6% used LSD and 1% heroin^ while 4% took marijuana and LSD, 
£% marijuana and heroin, 2% heroin and LSD, and 1% took all three. Are the committee's ftgares 
confliBtent? 

Note that, if there are n students taking at least one of the drugs, and if 0 is a set of students, 
th^ the pereentage in H is #(<?)/n. Hence if we let A, C be the sets of students taking marijuana, LSD 
and heroin respectively, and we divide the equation for #(Au^uC) by % to obtain the percentages, 

%(AuBuC) = %{A) + %(B) + %{C) - %{AnB) - %(AnO - %(BnC) + %(AnBnC) 

100 = 90 + 6 + 7 - 4 - 5 -2 + 1 = 93 

which is impossible. Hence the figures are not consistent 
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Solved Problems 

2.L Show that the cancellation law 

if AUB = aUC then B = C 
ia false by giving a counterexample. 

Solotion: 

A = C = {o}. S = 0. 



Show that parentheses are necessary for writing expressions involving more than 

one of the operations n and U. 

Solution: 

Consider AnBxjC. This ia either A n (BuC) or {Ar\B)vC. But these two sets are not 

necessarily equal. Take A=0 and B ~ C ^ 0. Then An(BuO = 0, but (AnB)uC = 
0 u C = C. 



2A Prove the distributive law Dist(ii), page 33: AU{BnC) = (AUB) n (AUfT). 

Solution: 

Logicol Proof, 

Au{BnC) =■ {« : «eA V «€(BnO} 

= {x: «€A V («€5 & xGQ} = {x : (x€A v a?€B) & (acGA v «€C)} 
= {as : fle€A V fle€S> n {x : aeeA V a?€C} = (AuB)n(AuC) 

Pietorial Proof. In Fig. 2-13, the vertical lines indicate BnC and the shaded area is A. In Fig, 
2-14, the vertical lines indicate A u the horizontal lines A uC, and the cross-hatched area 
(AuB)n(AuO is identical with the marked area of Fig. 2-13. 




Fig. 2-13 Fig. 2-14 



2A. Prove the generalized distributive law Dist (ii'). page 34: 

A u (Bin • • ' DBn) = (AUJ5,) n - • n (AUB„) 

Solution: 

For « = 1, the assertion is obvious and the ease « = 2 is the disteibotive law Dist (ii). 
Now using mathematical induction, we assume the result true for k. Then for n = + 1, 

A Lf {S,n''*n5fcnBfc+i) = A u {{Sjn'*'nSfc)nBfc+i) 

= [A U (Bi n • * • n Bfc)] n [A U Bfc + J (by Dist(ii)) 

= [(A u Bi) n • • • n (A u Bfc)] n (A u Bfc + 1) (by the inductive hypothesis) 

- (AuBi) n • - n (AuBfc) n (AuBfc+i) 
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DIFFERENCE AND SYMMETRIC DIFFERENCE 

2^. Using a Venn diagram, determine whether the following conditions are compatible. 

(i) A nB = 0 (iii) (CnA) - J5 = 0 

(ii) (CnB)-A = 0 (iv) (CnA) U (CnJS) U (AflB) ¥^ 0 

Solution: 

In Fig. 2-15, (iv) says that ^uFuGuH is non-empty, (i) says that jF u F is empty. Hence 
G u ^ is non-empty, (iii) says that G is empty and (ii) says that H is empty. Hence G uH is empty. 
Therefore conditions (i)-(iv) are inconsistent. 




2.6. Show that A A (B A C) = (A aB) A C. 
Solution: 

In Fig. 2-16, A£i.B - E\jH\jGvJ and C-HuIUJuK, and so (i4AB)AC = J^U 
GyjI\jK. B = FuGuHuK nnd A^EuFuHuI, Md so A ^ {B = G U Ku I u E. 
Thus (A A S) A C = A i (5 C). 

Observe that ^ q ^ j 

t ^ ^ , ^ s / * S ; , 

(AaB)aC = (An5nC)u(AnBnC)u (AnBnOu{AnBnO 

A logical derivation of this result is rather tedious and is left to the reader. It is easiest to prove 
by showing (AaB)AC Q Aa(BaC) and Aa(J?aC) C (AAfi)AC. 



2.7, Show that A A JSf = ^9 if and only if A = -tf . 
Scluticn: 

A a£ = 0 if and only if (A - B) u (B A) = 0, 

if and only if A - B = 0 and B - A = 0, 
if and only if AqB and B C A, 
if and only if A = B. 

^ote: By C(xi), page 35, this result can be restated as 

A = B if and only if (A OB) u (ii nB) = 0 

2A Prove the cancellation law: If AaJ5 = AaC, then B = C. 
Solution: 

Assume A A B = A A C. Then AaAaB = AaAaC (par«itheses can be omitted by virtue 
of Problem 2.6). Since A A A = 0, we obtain: 0 A B = 0 A C. But 0 A 2> = 1> for any D. 
Hence B = C. 
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2.9. Prove the distributive law: An (5 AC) = (AnJ5)A(AnC7). 
Solution: 

An(BaO = A n ((B - C) u (C- B)) 

= {An(B-'Q)u {An{C-'B)) = ((AnB) - Q u ({AnQ - B) 
= ((AnB) - (AnO) u ((AnO - (AnB)) = (AnB)A(AnO 
The problem can also be handled by means of a Venn diaeram, as in Problem 2.6. 

2.10. Prove C(iii): AnB = A uS, logically and pictorially. 
Solution: 



Logical Proof, 



AnB = 



(x : x^X & xtf (AnB)} 

{% : x^X & (jE^A V x€B)} 

{x : {x^X & x€A) V {xSX & x^B)} 

{z: xBX & x^A}u {x : x^X & x^B) = AuB 



PMorial Proof. See Fig. 2-17 and 2-13. 




Unshaded region: AnB 
Pig. 2-17 



A: vertical, B: horizontal 
Marked region: AuB 

Fig. 2-18 



2.11. Prove C(viii): Ac J5 if and only if fid A. 
Solution: 

Recall that A and B are subsets of some fixed universe X. Then 

A qB if and only if, for any x in X,ii xS A, then x € B, 
if and only if, for any x in X,ii B, then « € A,t 
if and only if, for any x in X, if x € B, then x € A, 
if and only if B C A* 



2.12. Using mathematical induction prove the generalized De Morgan Law C(iii'): 

AiH-'^nAn = AiUA2'0" ^UAn 

Solution: 

It is obvious for n = 1. The case n = 2 is simply C{iii). Assume ttie result true for n = 
Then for n = & + 1, 



4in n AfcO Afc+i = (Ain--nAfc)nAfc+i 



= A,n nAfeUife4.j (byC(iii)) 

= ( A J u • • • U il fc) U A fc + 1 (by inductive hypothesis) 

= AjU uAfcUAfc+i 



+We have used here the logical law of contraposition: P Q is logically equivalent to 1P, 
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2.13. Prove: AUB = AnB and AnJ? = AuB. 
Solution: 

By De Morgan's law C(ii), AuB = AnB. Hence aTJb 
Likewise, by De Morgan *s law C(iii), AnB ~ AuB, Hence 

2.14. Prove: (1) {AuB)nA = BnA (3) {AnB)\JB = B 

(2) (AnB)UA = BUA (4) (AUS)nB = B 

Solution: 

(1) {AuB)nA = (/4nA)uCBnA) = 0u(BnA) = 5riA. 

(2) (AnB)uA = (AuA)n(BuA) = 2:n(BuA) = BuA. 

(3) (AnB)uBcBuB = B. Also, BC(AnB)uB. Hence (AnB)uB = B. 

(4) (AUB) OB = (AnB)U(BnS) = (AnB)UB = B (by (3)). 



= AnB. But A jB_=A^S, 
AnB = AnB = AuB. 



2.15. (a) Show that the four ellipses in the diagram below form an appropri^.: 
diagram for four sets. 




(b) Using the diagram of part (a), what conclusion can you draw from the 
assumptions ? 

(i) cc (BnXJ)u(DnB). 

(ii) Everjrthing in both A and C is ei^er in both B and D or in neither B 

(iii) Evers^thing in both B and C is either A or D, 

(iv) Even^hing in both C and D is either in A or B. 
Solution: 

(a) Show that the fifteen regions of the diagram cover all possible cases: 

AnBnCnD, AnBnCnD, AnBnCnD, AnBnCnD, A'-^B^C^L. 
AnBnCnB, AnBnCnD, AnBnCnD, AnBnC nD, A^B^Crn. 
AnBnCnD, AnBnCnB, AnBnCnD, AnBnCnD, A^B-^C-^V, 

(6) C=0. 



2.16. Algebra of Sets and Algebra of Logic. Given a statement form C in T , &, . . I-rr _ 
be the expression obtained from C by substituting ~ , fi, U for T , &, v re5rerzr^=sr 

S{{A V B) & 1 C7) = (A U B) n C 

(a) Prove: A is logically equivalent to B if and only if S(A) = S(B) holds for aZ. =; 
(where the statement letters of a statement form C are interpreted in 5 C ^ 
variables ranging over all subsets of a fixed universe). 
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(&) Prove that A logically implies B if and only if S{A)qS{B) holds for all sets. 
Solution: 

(a) If we replace each statement letter L in A by ;b € L» then the resulting sentence is equivalent to 
X 65(A) (since xeW^nWi if and only if x^Wi & xeW^; x^WiUW^ if and only if 
x^Wi V xeWz, and xe^ if and only if t(x€ W')). Hence if A is logically equivalent to B, 
then X 6 5(A) if and only if x€5(B), which implies that 5(A) = 5(B). Conversely, assume that 
A is not logically equivalent to B. In general if we are given a truth assignment to the state- 
ment letters in an arbitrary statement fonn C, and if we replace statement letters which are 
T by {0} and statement letters which are F by 0, then, under this substitution of sets for 
statement letters, 5(C) = {0} if C is T under the given assignment, and 5(C) = 0 if C 
is F under the given assignment. This holds because, under the correspondence associating {0} 
with T and 0 with F, the truth-functional operations correspond to the set-theoretic operations 
(where sets are restricted to subsets of the universe {0}). 

TT = F {0} = 0 

IF = T 0 = {0} 

T & T = T {p} n {0} = {0} 

T&F = F& T = F {0}n0 = 0n{0} = 0 

F&F = F 0n0 = 0 

T V T = T V F = F V T = T {0} u {0} = {0} u 0 = 0 U {0} = {0} 

FvF = F 0u0 = 0 



Since A is not logically equivalent to B, there is a truth assignment making one of them T 
and the other F, say A is T and B is F. Then under the substitution of {0} for the true state- 
ment letters and of 0 for the false statement letters, 5(A) = {0} and 5(B) = 0. Hence 
5(A) = 5(B) does not always hold. 

Remark: Lurking behind this rather, long-winded discussion is what in mathematics is 
called an "isomorphism" between the structures 

<{T,F}, T, &, V) and {{{0},0}, * n, U) 

Note that we also have shown that an equation 5(A) = 5(B) holds for all sets if and only if 
it holds in the domain {{0}, 0} of all subsets of {0}. 

(b) A logically implies B if and only if A & B is logically equivalent to A By part (a), the latter 
holds if and only if 5(A&B) = 5(A) always koldB. But 5(A & B) = 5(A) n 5(B), and 
5(A) n 5(B) = 5(A) if and only if 5(A) c5(B), 



2.17* Define ordered n-tuples (for n ^ 3) by induction: 

(Xl, X2, . . X„> = ((Xl, X2, . . ., Xn-l), Xn) 

Thus {XuX2,Xz} = {(XuX2), xb) and {xi,X2,Xi,Xi) = {{{xuX2),X3),X4). Prove that if 

(XuX2, . . = (UuU2, . . .,ttn), then Xi = Uu ^2 = W2, . . Xn = Un. 

Solution: 

We already have proved this result for n = 2. Now assume it is true for n = fc — 2, and we 
shall prove it must then hold for /e + 1. We have, by assumption, 

<Xu X2, Xfc, *fc + 1) = (Wi, U2 Ufc, ttfc 4. i> 

Hence by definition, 

X2» • • • » *lt>» *fc + 1> = "2 Wfc>' + l> 

By the result for n = 2, we conclude X], + 1 = + 1 and (Xj, Xg, . . . , Xjt) = (Wp W2» • • • * «fc>- But the 
latter equation, by virtue of the inductive hypothesis, implies x, = Wi. xg = Ua, . . . . Xt = 
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FINITE, INFINITE, DENUMERABLE, AND COUNTABLE SETS 
2.18p Prove that the set W of all ordered pairs of non-negative integers is denumerable. 
Solution: 

Arrange W in the f ollowine infinite array: 

(0,0> <0,1) <0,2) (0,3) (0.4) 

1/ / / / 

a.o) a,i) (1.2) (1.3) 

/ / / / 

(2.0) (2,1) (2,2) (2.3) 

y y y 

(3,0) (3,1) (3,2) (3.3) 
(4,0) (4,1) 

Enumerate the ordered pairs as indicated by the arrows, going up each diagonal from left to right. 
Notice that the pair (t,;) appears in the [((t + + ; + 1)/2) + (y+l)]th place in the enumeration. 
This can be seen as follows: all pairs in the same diagonal have the same sum. Adding up all 
pairs in diagonals preceding the one containing (i, ;'), we obtain 

l + 2+--4-(i + ;) = (i + 4- 1)/2 

There are i pairs in the same diagonal as (i. ;) and preceding (t, j)« 

2.19. Prove that the set of all non-negative rational numbers is denumerable. 
Solution: 

Every non-negative rational number corresponds to a fraction m/n, where (i) m and n are 
non-negative integers, (ii) n 9^ 0, and (ili) m and n have no common integral factors other than ±1. 
We can associate the ordered pair (m, n) with m/n, and use the enumeration given in Problem 2.18, 
merely omitting those pairs (m. n) which do not satisfy conditions (i)-(iii). 

2.20. The set A of all real roots of all nonzero polynomials with integral coefficients (such 
roots are called reaX algebraic numbers) is denumerable. 

Solution: 

Any nonzero polynomial has only a finite number of roots. First list the finite set of all real 
roots of all polynomials of degree at most one whose coefficients are in magnitude — 1 (i.e. whose 
coefficients are either 0. 1, or —1). Then list the finite set of all real roots of all polynomials of 
degree — 2 whose coefficients are in magnitude - 2. etc. In general, at the nth step we list the 
finite set of ail real roots of all polynomials of degree — n whose coefficients are in magnitude — n. 
Of course, we omit repetitions. In this way. we obtain an enumeration of all real algebraic numbers. 
That the set A is not finite follows from the fact that all integers belong to A. 

2.21. Show that the set of all real numbers is not countable. 
Solution: 

Let Ri be the set of all real numbers x such that 0 - x < 1. It suffices to show that Ri is 
not countable, since any subset of a countable set is countable. Every x in R^ is representable as 
a unique infinite decimal _ 

where Uie infinite decimal does not end with an infinite string of 9''s. (Thus although a decimal 
such as .1362000 . . is also representable as .1361999. ... we shall use only the first representation.) 

Assume now that Ri can be enumerate: 
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X2 - .a2ia22«23- ■ • 



Construct a decimal y = ,6.62^3^ - - followB: 

r 0 if an ¥^ 0 
^* " 1^1 if aii = 0 

Thus, for all i, a^f 7^ 6i. But then, y is in and is different from all of the numbers Xi, «2» ■ - • 
(since the decimal representation of y differs from that of in the ith place). This contradicts 
the assumption that the sequence X2, . * . exhausts Ri* 

232. Given two sets A and J?. We say that A has the same cardinality as B if there is a 
one-one correspondence between A and B, We say that A has smaller cardinality 
than B if there is a one-one correspondence between A and a subset of B but A does 
not have the same cardinality as B. 

Prove that, for any set A, A has smaller cardinality than the set 'P(A) of all sub- 
sets of A (Cantor's Theorem). 

Solntion: 

(1) There is a one-one correspondence between A and a subset of ^(A), Namely, to each element 
X of A associate the set (x) in *P(.4). Clearly if x and y are distinct elem.snts of A, {x} ^ {«}. 

(2) We must show that there is no one-one correspondence / between A and ^(A). Assume, on 
the contrary, that there is such a one-one correspondence /. Let C = {x : x^A & a; S /(»)}. 
Thus C consists of all elements x of A such that x is not a member of the corresponding 
subset fix) of A, But CqA. Hence CS'PiA), So there must be an element y in A such 
that fiy) =C. Then by definition of C, ye C if and only if y^fiy). Since f{y) = C, it 
follows that y€C if and only if y^C. But either y^C or y€C. Hence yec & y^C, 
which is a contradiction. 

FIELD OF SETS 

2JZ3. Prove that the collection f of all subsets B of A" such that either B or is countable 
is a field of sets. 

Solution: 

Assume 5 G y. Then either § or S is countable. Hence Assume now that A is also 

in y. 

Case 1: B is countable. Then AnB ia countable. Hence ACiB Sf, 
Case 2: A is countable. Then A is countable. Hence AnB S f, 

Caae 3: B is countable and A is countable. Hence iiuB is countable. But Ar\B = AuB. 
Therefore AoB^f. 



2M. Let X be the set of all integers, and let be a fixed integer. Let Q be the collection 
of all subsets B of Z such that, for any u in B, both u + k and u-k are also in B. 
(This means that a shift of k units does not alter B.) Show that g is a field of sets. 

Solution: 

Let B^g. Assume u e 5. Hence « €S B. So u - fc B. (For, if u - k G B, then 

u ^ (u-k) -\-kGB,) Also, u + iksfi. (For, if u-\-kGB, then u = (u 4- - € B,) Thus 
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S €,g. Assume now that A and B are in Q. Let us consider AnB, Assume uGAnB^ Then 
uSA & uSB. Hence u^k^A &u^kSB, Therefore u±k G AnB. Thus, AnB ^ Q. 

Additional question: How many elements does Q have? 



NUMBER OP ELEMENTS IN A FINITE SET 
2J25. Derive the equality 

#(AUBUC) = #(A) + -f #(C) 

- #{AnB) - #{AnC) - #{BnC) (i) 
-h #(AnBno 

for arbitrary finite sets A, B and C. 
Sclution: 

Take any element x xn A\JBuC, If x is in precisely one of the sets A,B,C, then x is 
counted once on the ri^ht side of (1). (For example, if x ^ BnAnC, then x is counted only 
in If X belongs to precisely two of the sets A,By C, then x will be counted twice in the 

positive sense on the right side and once in the negative sense, (For example, if x ^ AnBnC., 
then X is counted twice in the positive sense in #(A) and #(C), and x is subtracted once in #(AnO.) 
Lastly, if x belongs to AnBnC, then x is counted in every term on the right side, four times 
in the positive sense and three times in the negative sense. Thus the net effect of the riglit side of 
(I) is to count the number of elements in AuBuC. 



If a boating club of 75 members admitted only owners of sailboats or powerboats, 
and if 48 members owned sailboats and 33 members owned powerboats, how many 
members owned both sailboats and powerboats? 

Solution: 

Let A = the set of ail members owning sailboats, and B = the set of all members owning 
powerboats. 

#(Aun) - #(.4) + #(»)- #(.4 n») 
75 = 48 + 33 - #(AnB) 

Hence 4t^(AnB) = 6, 



227. Among 50 students taking examinations in mathematics, physics and chemistry, 37 
passed mathematics, 24 physics and 43 chemistry; at most 19 passed mathematics and 
physics, at most 29 mathematics and chemistry, and at most 20 physics and chemistry. 
What is the largest possible number that could have passed all three? 

Solution: 

Let M, P, C stand for the collections of students passing mathematics, physics and chemistry, 
respectively. 

#(3f uPuO = #(Jlf) + *(P) + #(0 - #(MnP) - #(ilf nC) - #(PnO + ^(MnPnC) 

60 ^ 37 + 24 + 43 - #(Af nP) - #(Af flC) - #(PnO + #(M flPnC) 

Hence 

#(AfnPnC7) ^ #{AfnP) + #(il!f nO + #(Pno - 54 

^ 19 + 29 + 20- 54 - 14 



CHAP. 2] 



THE ALGEBRA OF SETS 



49 



Supplementary Problems 

128, List all subsets of {0,{0)h 

2.29. {x: X is B real number & < 0} = ? 

2.90. Prove: BuC ~ 0 if and only if5 = 0& C = 0. 

2.31. Prove: If AuB = A for all sets A, then B = 0. 

2.S2. Show with an example tiiat AuBnC requires parentheses to be unambifiruous. 

2.33. Prove: If BqA & CqA, then BuCqA; and ii A qB & AQC, then AqBCiC, 

2.34. Prove: If CgA, then BhCqA and CqAuB. 

2.35. Prove: ^{A) n tF(B) - 9>(Ari5). 

2.36. Is *P(A) u g>(B) = ^(AuB)? If not, give a counterexample. 

2.37. {x: xis an integral multiple oi2} n {x: x is an integral multiple of 3} = ? 

2.38. Disprove the cancellation law: If AnB ^ AnC, then B = C. 

In Problems 2.39-2.54, determine whether the given equation is always true, using rigorous logical 
methods and also, if possible, Venn diagrams. If an equation is not always true, specify a counterexample. 

2.39. {AuB)n{BuQn(CuA) = (AnB)u {BnQu (CciA). 

2.40. A-(B-C) = (A-5)U(AnBnC7). 
2.4L An{B-0 = (AnB)-(AnC7). 

2.42. Au(B-0 = (AUB)--(AUO. 

2.43. A-(BnO = (A-B)U(A-C). 

2.44. A -(AnS) = A - B. 

2.45. AnS = A « (A - B). 

2.46. AuB = AU{B-A). 

2.47. (A-Ou(B'-C) = (AUB)-C. 

2.48. Au(BaO = (AUB)A(AUC). 

2.49. A -(BAG) = {A''B)^(A'-Q. 

2.50. A^TB = a u B. 

2.51. A - B = B - A. 

2.52. A A B - iJ A fi, 

2.53. aTB = {ilr!B)U(AnB). 

2.54. aTb = AAB = iiAB. 

2.55. Let / =T the set of integers = {...,-2,-1,0,1,2,...}; N = the set of non-negative integers = 
{0, 1. 2, . , ,); Np = the set of non-positive integers = {0,-1, —2, . . .); ^ = the set of even integers; 
P = the set of prime numbers. Find: Nn(Np), I-^N, /-(ATp), iV-{iVp), Nu(Np), iVA{iVp), 
I'-E, EnP. 
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2.56. Prove that A = B is equivalent to each of the following* conditions. 

(i) A^B - B'-A, 

(ii) AuB = AnB. 

(iii) AuC = BuC & AnC = BnC, 

2.57. Prove that AQB is equivalent to each of the following conditions, 
(i) A^B = B-A, (ii) AuB = X. 

2.58. Prove: A£kB AuB if and only if A nB = 0. 

2.59. Prove: AqA if and only if A = (D, and A C A if and only if A = a . 

2.60. Using Venn di&gr&T&s, determine the compatibility of the following conditions. 

(i) (AnB)uC = A-'B and CnA = BnA, 

(ii) A'-(B-C)£CUB and AnBnC = 0 and C-BcA. 

(iii) (B « A) n C 9* 0 and C A c C B. 

2.61. Prove the following identities. 

(i) A1UA2U UA„ = (A,-A2)U(A2-A3)u U(A»_,-AO 

U (A„ - Aj) U {AifiAaO - ■ • nAJ 

= AiU(A2-Ai)U(A3 (A,uA2))u(A4- (AiUAgUAg)) u 
U(A„- (AiUAjU^-.uA^.i)) 

(ii) AjnAzn'" nAn - Ai - [(Ai-A2)u(Ai-A3)u--- u(Ai-AJ]. 

(iii) (A,-B,)n(A2-B2)n n(A^'-B„) = (A,nA2n---nAJ - (BiUBjU-'-uBJ. 

2.62. Simplify the following expressions. 

(i) {AnB)vCnB, (ii) ((AuB)niJ) uBnA. 

2.63. Find the set-theoretic operations corresponding to the truth functions for and 

2.64. Determine whether each of the following sets of ordered pairs is a function. 

(i) {{x,y) : X and y are human beings and x is the father of y). 

(ii) {{x, y) : X and y are human beings and y is the father of x}. 

(iii) {(X, y) : x and y are real numbers and x^ 4- = 1}. 

(iv) {<x,y>: (* = ! & « = 2) V (2r--l & y = 0)}. 

2.65. For each of the following functiong / from the set of integers / into 7. determine whether / is a 
function from I onto / and also whether / is one-one. 

f a; + 1 if X is even 

(i) /(x) = 2x + l (iii) fix) = ^ 1 . 

l^af — 1 if X IB odd 

(ii) fix) = -X (iv) fix) = x2 - 3x + 6 

2.66. Prove: The set of all rational numbers is denumerable. 

2.67. Prove: The set of all irrational real numbers is not countable. 

2.6S. By a ieft-open interval of the set R of real numbers, we mean either an interval 

(a, 6] = {x: o<x^6) 

or an infinite interval of the form 

(a, •) = {x : a < x) or (— , b] = {x : x ^ 6} 

Let 7 be the collection of sets of real numbers consisting of 0, R, and all unions of a finite number 
of left-open intervals. Show that 7* is a field of seta. 
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2.69. (1) For finite seta A,B,C, D, derive the formula 
^{AUBUCUD) = #(A) + + #(0 + 

- #(AnB) - #(Ar>c) - #(AnD) - #{SnO - #(BnZ)) - #(Cni?) 
+ #(AnBnO + ^AnBnD) -f #(AnCnl?) + #(5nCr>Z>) 
- ^(AnBnCnD) 

(2) Generalize the result of (1) to any finite seta A^, . . A„. 



2.70. In an advertisingr survey of a hundred coffee and tea drinkers, 70 people were found to drink coffee 
at timeS; and 30 people drank both tea and coffee. How many people sometimes drank te^i? 



2.71. Amongr Americans taking vacations last year, 90% took vacations in the summer* 65% in the winter, 
10% in the sprinsr* 7% in the autumn, 55% in the winter and summer, 8% in the spring and summer, 
6% in the autumn and summer, 4% in the winter and spring, 4% in the winter and autumn, 
3% in the spring and autumn, 3% in the summer, winter and spring, 3% in the summer, winter and 
autumn, 2% in the sunnner, autumn and spring, and 2% in the winter, spring and autumn. 
What percentage took vacations during every season? 

2.72. If A and B both contain n elements, prove that A — B and B — A have an eguaK number of elements. 
Show that this is no longer the case when A and B are infinite. 



2.73. (a) Show that the maximum number of sets obtainable from A and B by applsnng the union and 

difference operations is eight. (5) Show that the maximum number of sets obtainable from A,B, C 
by applying the union and difference operations is 128 = 2^ (Hint: How many regions appear in 
the Vfflin diagram for A, B-, C?) (c) Generalize (6) to the case of n sets Aj, . * A^. 

2J4. (a) Prove: {AnBciQu (AnBnD)u (AnCnD)u {BnCnD) 

= (AuB) n (AuC) n (AuD) n (SuC) n (BuD) n (CuP), 

[b) Prove: (AciB) u (AnC) u (AnD) u {BnCj u [BnD) u (CnD) 

= {AuBuC)n{AuBuD)n {AvCuD) n (BucuD). 

(c) ^ Prove the following generalization of (a), (b) and Problem 2.41: Given n sets Ai, ...,An. 

Let k ^ n. Show that the union U of all intersections of k of the sets A], . . ., A„ is equal 
to the intersection / of all unions of n — fc + l of the sets Ai, ...,A«. (Note: In Problem 
2.41, n = 3, fc = 2; in (a), n = 4, k = Z; in (6), n = 4, & = 2.) Hint: Prove 17 C / and J C t^- 
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Boolean Algebras 

3,1 OPERATIONS 

An n-erw operation on a set Y is defined to be any function / which, each n-tuple 
(Vu >">yii) of elements yi, . . . , in 7, assigns an element f(yu . . . , y«) in T. A more 
traditional way of asserting that / is an 9a=ary operation on Y is to say that Y is closed 
under the function /. 

Example 3.1. 

Addition, multiplication and subtraction are binary operations on the set of inte^rs* (We use "bmary" 
instead of "2-ary".) The function / such that /(x) = x — 1 for every integer x is a singulary operation 
on the set of all integers. (We use "singulary" instead of "1-ary".) 

Example 3X 

The subtraction function x — v is not a binary operation on the set of non-negative integers, because 
the value x — y is not always a non-negative integer. The division function xly is not a binary operation 
on the set of positive integers. (Why?) 

3^ AXIOMS FOR A BOOLEAN ALGEBRA 

By a Boolean algebra we mean a set B together with two binary operations a and v on 
B, a singulary operation ' on B, and two specific elements 0 and 1 of J9 such that the follow- 
ing axioms hold. 

(1) For any a: and 2/ in B, ajv^ = yvxl_ . ^ 

> Commutative Laws 

(2) For any x and yinB, x /\y = y ^xj 

(3) For any a;, « in B, a? a(wvz) = (rr a w) v (a? a«)] ^ » ^. ^ 

Y Distributive Laws 

(4) For any x, y.zinB, a; v (y a jj) = (x v a (a; v z)j 

(5) For any x in xvO = x. 

(6) For any x in B, x a 1 = x. 

(7) For any x in B, x v x' = 1. 

(8) For any x in B, x a x' = 0. 

(9) 0 9^ 1. 

A Boolean algebra will be designated by a sextuple {B, a, 1>. Som_etim.es one refers 
to the set B as a Boolean algebra, but this is just a loose misuse of language. 

Example 3^. 

(a) The two-element Boolean algebra 

^0 = <{0.{S3}K n,U,-,0,{0}) 

where B = {0, {0}}; a = the ordinary set-theoretic intersection operation O; v =; the ordinary 
set-theoretic union operation U; ' = the ordinary set-theoretic operation of complementation; 
0 = 0; and 1 = {0}. In Chapter 2, we have verified properties (l)-(9). Of course, we first must note 
that n, U and ~ are operations on {0, {0}}. 
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(b) The Boolean al^bra of all subsets of a non-empty set A, under the usual operations of inter- 
section, union, and eomplementation, and with 0 and A as the distinguished elements 0 and 1: 
n, U,~~ , 0, il). When there is no dan^r of confusion, we shall refer to this Boolean algebra 
simply as ^(A). Part (a) is a special case of (&) when A = {0}. (Notice that we have omitted the case 
where A = 0; in this case, 0 = 0 = A = 1, violating Axiom (9),) 

Example 3.4. (This example should be omitted by those not familiar with elementary number theory.) 
Let B be the set of all positive integers which are integral divisors of 70. Thus, 



For any x and y in B, let x a y be the greatest common divisor of or and let « v y be the least common 
multiple of % and y, and let «' = 70/ar. (For example, 5 a 14 = 1, 5 v 14 = 70, 10 a 35 = 5, 10 v 35 = 70, 
h* - 14, 10' — 7.) Then <5, a, v, 1, 70) is a Boolean algebra. Verification of Axioms (l)-(9) uses ele- 
mentary properties of greatest common divisor and lecLBt common multiple. 



It seems evident that a set of sentences closed under the operations of conjunction, disjunction and 
negation should form a Boolean algebra. However, this is not quite so. For example, A & B and B&A 
are not equal, but only logically equivalent. Thus we should have to replace the equality sign = in Axioms 
(l)-(9) by the relation of logical equivalence. In addition, 0 could be any sentence of the form A& TA, 
and 1 could be any sentence of the form A v n A. If we wish to retain the equality sign = with its usual 
meaning (i.e. identity), then we may proceed as follows. By the Btatement bundle [A] determined by a 
statement form A, we mean the set of all statement forms which are logically equivalent to A. Then, it 
is clear that: (i) [A] = [B] if and only if A is logically equivalent to B; (ii) if [A] ^ fBl, then 
[A] n [B] = 0. If Ki and K2 are statement bundles, it is obvious that if Aj and B^ are statement forms in 
Ki and Aj and B2 are statement forms in K2, then A^ & A2 is logically equivalent to Bj & B2, A^ v A2 is 
logically equivalent to B^ v Bj, and nA| is logically equivalent to IB^. Therefore if we take an arbitrary 
statement form C| from and an arbitrary Btatement form C2 from K2, then we may define & K2 to 
be [Cj & C^], Ki V ^2 ^ V C2], and a,' to be ["i ^iJ- ^f B is taken to be the set of all statement 

bundles, 0 is taken to be [A & lA], and 1 is taken to be [A v TA], then (B, &, v, 0, 1) is a Boolean 
algebra. Verification of Axioms (l)-(9) reduces to well-known properties of the algebra of logic. (For 
example, to check Axiom (1), we consider any statement bundles and K2, and we take any statement 
forms Cj and C2 in and K2 respectively. Then K^v = [C^v and K^^ [C2VC1]. But 

[Ci V C2] = [C2 V Ci], since v C2 is logically equivalent to C2 v Q^,) 

Terminology: x a y is called the meet of x and y. 



If it is necessary to distinguish the meet, join, complement; zero element and unit 
element of a Boolean algebra ^ from those of another Boolean algebra, we shall add the 
subscript *B: a^, v^/®, 0,, 1^. 

Unless something is said to the contrary, we shall assume in what follows that 
^ = {Bf A, V, 0, 1) is an arbitrary Boolean algebra. 

Theorem 3.1. Uniqueness of the complement: If z\/y = l and xa^ = 0, then y = x\ 
Proof. First, y = y v 0 by Axiom (5) 



B = {1,2,6,7,10,14,35,70} 



Example 3.5. 



x\/ y is called the join of x and y. 

X* is called the complement of x. 

0 is called the zero element, 

1 is called the unit element. 



— yv{x/\x') 

= (1/ V a;) A (2/ V x') 



= 1 A (y V a;') 
= (2<va;') A 1 
= y V x' 



by Axiom (8) 
by Axiom (4) 
by Axiom (1) 
by hypothesis 
by Axiom (2) 
by Axiom (6) 
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Second, x' = a:'vO by Axiom (5) 

= a:' V (a; A y) by hypothesis 

= (x' V x) A (rr' V y) by Axiom (4) 

- (a: V x') A (x' V y) by Axiom (1) 
= 1 A (x' V y) by Axiom (7) 
= (x' V 2/) A 1 by Axiom (2) 

— x' \/ y by Axiom (6) 
= y V a;' by Axiom (1) 

= y by the first part above > 

Corollary 3*2. For any z in 5, (z')' = z. (Notation: We shall denote (zy by z'\ {{zJY by 
z"% etc.) 

ProoA First, v z = z v z' by Axiom (1) 

= 1 by Axiom (7) 

Second* z'az = zaz' by Axiom (2) 
= 0 by Axiom (8) 

Hence by Theorem 3.1, takings to be z' and y to be z, we obtain z = z''. ^ 

Theorem 3J. Idempotence: For any x in B, 

(i) X r,x - X, (ii) a: V X = « 

Proo/. 

(i) x = X A 1 by Axiom (6) (ii) x = x v 0 by Axiom (5) 

= X A (x V xO by Axiom (7) = x v (x a x') by Axiom (8) 

= (x A x) V (x A X') by Axiom (3) = (x v x) a (x v x') by Axiom (4) 

= (xax)vO by Axiom (8) = (xvx)aI by Axiom (7) 

= xaX by Axiom (5) = x v x by Axiom (6) ^ 

Definitiwi: By the dual of a proposition concerning a Boolean algebra B, we mean the 
propoBition obtained by substituting v for a, a for v, 0 for 1, and 1 for 0, i.e. by exchanging 
A and V, and exchanging 0 and 1. 

Eumiile Sifi. 

The dual of « a («vz) = (xav) v (xaz) is xv (yA«) = («vy) a(xvz), and vice versa. The 
dnal of « V «' = 1 is x a x' = 0, and vice versa. 

It is obvious that if B is the dual of A, then A is the dual of B. 

Theorem S.4* Duality Principle (Proof -theoretic version): If a proposition A is derivable 
from Axioms (l)-(9)» then the dual of A is also derivable from Axioms (l)-(9)* 

Proof, The dual of each of Axioms (1)^(9) is again an axiom: (1) and (2) are duals of 
each other, and so are the pairs (3)-(4), (5)^6), and (7)-(8). (9) is its own dual. Thus if in 
a proof of A vi^ replace every proposition by its dual, the result is again a proof (since 
axioms are replaced by axioms), but this new proof is now a proof of the dual of A. ^ 
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The proof of Theorem 3.3 is twice as long: as it need be. Since xvx — x is the dual of 
X A X = a;, it would have sufficed to prove x/\z — x and then cite the Duality Principle to 
obtain * v a; = x. As a matter of fact, the proof of the Duality Principle is illustrated in 
the proof of Theorem 3.3: the proof of (ii) is obtained by taking the duals of the proposi- 
tions in the proof of (i). 

Theorem 3.5. For all x, y, z in B, 

(i) xaO = 0 

(ii) X V 1 = 1 

(iii) iCA(xvy) = a: 1 , , ^. ^ 

y Absorption Laws 

(iv) X V (x A w) = X J 

(v> [yAX = zax & .y /kx' = z/^x'l-^y = z 

(vi) x\/{y\/z) = {xvy)vz] . ^. r 

> Associative Laws 

(Vii) X A (y A iS) = (X A A * J 

(viii) {xvvY - x' A.y'] ^ 

. / ' ^ ^ ^De Morgan's Laws 

(ix) (x A yy = x' V J 

(x) X V y = (x'a2^')' 

(xi) X A y = (x' V y'Y 

(xii) XAy' = 0 xa'J^ = x 

(xiii) 0' = 1 

(xiv) 1' = 0 

(xv) ^ X A (x' V y) = X /\y 

(xvi) X V (x' A 1^) = X V y 

Proof. From now on, we usually will not cite the particular axioms or theorems being 
used in a proof. 

(i) X A 0 = (X A 0) V 0 = (X A 0) V (X A X') = (X A X') V (X A 0) = X A (X' V 0) = X A x' = 0 

(ii) is the dual of (i). 

(iii) X A (x V y) = (x V 0) A (x V 2<) = x v (0 a 2<) = x v 0 = x. 

(iv) is the dual of (iii). 

(y) Assume y .\x — z a x &, y a x' — z a x'. Then 

y = 2^ A 1 = 2/ A (X V X') = (l/ A x) V (1/ A X') 

= (Z A X) V (2; A X') = Z A (X V X') = 2; A 1 = Z 

(vi) W« shall use (v), replacing 2< by x v (^/vz) and z by {xs/y) v z. Thus to apply (v) we 
must show 

(a) (x V (i^vj?)) ax = {{x^/y)^/ z) /kx and (6) (x v (1/ v z)) a x' = ((x v y) v 2;) a x' 
To prove (a): (x v (y v z)) a x = x a (x v (y v z)) = x by (Iii). Also, 

{(x V y) V z) A X = X A ((x V y) v «) 

= [x A (x V y)] V [x A z] 
= X V (x A 2) by (iii) 
= a: by (iv) 
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Thus (xv(yv«)/^r — r = ((oj vj/) v r) a a: 

To prove (b); {xv{yvz))/\x' = z' • r-/(2/v0)) 

=: 0 . / V*)) = rr' A (y vs) 

Also, (fx V y) V ^) A a;' = - ' r , 5 2] = (x' a (o; v y)) v (a;' az) 

= ; - r r'A2<)] v{x'az) 

= (j:' ^5 . / z) = x' / (y V 2;) 
Thus (x V (y V z)) A a?' - - > z) = ((x v y) v z) a x' 

(vii) is the dual of (vi). 

(viii) To prove (x v yy — x' a y', we use trts r^'raeness of the compleznent (Theorem 3.1). 
We must show 

(c) (xvy) A(x'Ay') = C sz^f (d) (xvy) v (x' ajt) = 1 

To prove (c): (x vy) a (x'AyO - • i-' a (xvy) 

= ' y'\ A x] V [fx' A y') A y) 

= > . iT'Ay')] v[x'A(y'Ay)] 

= ;r ^r'. Ay']v[x'A(yAyO] 

= ;: • . [x'aO] = 0 V 0 = 0 

To prove (d): (x v y) v (x' a y') = ; r . * . x'] a [far ^ y) v y'] 

= ;r" . r- y)] a [x v (y v y')] 

= ' r-' . r V y] A [x ^ 1] 

= \r r ' V/ y] A 1 = (x v x') v y 

= 1 J - y V 1 - 1 

(ix) is the dual of (viii). 

(x) By (viii), (xvy)' = x'av'. Hence r * 3 = (x'/y')'. But (xvy)" = xvy, by 
Corollary 3,2, 

(xi) is the dual of (x). 

(xii) x = xa1 = xa (y vy') = (x Ay) v (x^- Therefore x a y' = 0 implies x = x Ay. 
Conversely, assume x = x a y. Then 

aiAy' = Ov(xAy^J = r- x')v(xr y') 

= XA(x'vy^; = Z' [XA^yy = x a x' = 0 

(xiii) Since Ov 1 = 1 and 0 aI = 0, we obrs^ y = 1 bv Theorem 8.1. 

(xiv) is the dual of (xiii). 

(xv) XA(x'vy) = (XAX')v(xAy) = Ovfr-y = XAy. 

(xvi) is the dual of (xv). ^ 

3^ SUBALGEBRAS 

It is clear tihat a Boolean algebra {B, a, v, \ C, 1 has a czique zero element 0 and a unique 
unit element 1* For, assume that z is also a possible zerc element; in particular, x ^ 
for all X in Hence if we let x = 0, 0 = 0 v But Ovz = zvO = z. Thus 0 = z. Like- 
wise, if u were a possible unit element, then I — lAi« = iirl = ic. 
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The sutoet {0, 1) is dosed* under the cperatibns a, v, For, 

Ovl=l = lvO fOAl = 0 = lAO 

^lvl = l ^:1a1 = 1 

OvO = 0 [OaO = 0 

Thus if we let a^q "^{oa} ? '<'*'^> denote the restrictions of the operations a, v, ' to the set 
{0, 1}, then 9* = ({0,1}, a^^^jj, v|o,i), '{o.i>, 0,1) is itself a Boolean algebra* Notice that 
all we had to observe was that {0, 1) is closed under the operations a, v, it is easy to check 
that Axioms (l)-(3) are then automatically satisfied. 

More generally, if A is any non-empty subset of B closed under the operationa a, v, 
then {A, a^, v^, U , 0, 1) is a Boolean algebra, where a^, v^, 'a are the restrictions of the opera- 
tions A, V, ' to the set A. Observe that 0 and 1 must belong to A, For, it x G A, then G A, 
and thus we obtain 0 = xa.x' GA and 1 = x v e A. The Boolean algebra {A, a^, v^, 'a , 0, 1) 
is called a subalgebra of ^. In particular, the Boolean algebra detennined by {0, 1} is 
a subalgebra of *B. In fact, "B* is the "smallest" subalgebra of % since ^* is a subalgebra 
of any other subalgebra of ^. 

To show that a subset .4 of B is closed under a, v, it suffices to show that .4 is closed 
either under a and or under v and For, if A is closed under a and then, for any 

in A, x^y = {x' y\yy € A. Likewise, if A is closed under v and then, for any 
x,y in A, x Ay = {x'\^yy G A. 

Example 3.7. 

Let ^ be the Boolean algrebra ^(a) of ali subsets of an infinite set K under the usual set-theoretic 
operations of intersection, union and complementation, and with 0 and K as the zero element and unit 
element, rMpeetively. L-et A be tie set of all subsets of K which are either finite or cofinite (i.e. the com- 
plement of a finite set). Then A is closed under intersection, union and complement, and therefore A 
determines a subalgebra of '3. In general, the subalgrebras are the fields of subsets of K. 



3A PARTIAL ORDERS 

In a Boolean algebra % we define a binary relation ^ on B by stipulating that 

X — y if and only if x /\y — ictt 

Theorem 3.6, x^y if and only if xvy = y. 

Proof, Assume x — y. Then 

arvy = {xAy)\/y = y 
(using Theorem 3.5(iv)), Conversely, if xvy = y, then 

X /\y = X /\{x\/y) = X 

(using Theorem 3.4(iii)). ^ 
Example ZJS. 

In a Boolean algebra "PiA), the relation x - y is equivalent to xQy, for any subsets x and y of A. 

tRecall that A is said to be closed under the operations a, v, ' if, for any x and y in A, the objects 
« X v'^V'and x' are also sn A* 
ttThe symbol ^ should not be confused with the symbol for the usual ordering of integers or of real 

Tiumbers, If nece^ary, use — « instead of 
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Example Z3. 

In the Boolean algebra 9 associated with the prepositional calculus (Example 3.5)» if A and B are 
statement forms, then [A] ^ [B] if and only if [A] a [B] = [A], But [A] a [1] = [ a & B], Thus 
[A] — [B] if and only if [A& B] = {A], i.e. if and only if A & B and A are logically equivalent* Clearly 
A & B is logically equivalent to A if and only if A logically implies B. Thus [A] ^ [B] if and only if A 
logically implies B (or, equivalently, if and only if A B is a tautology). 

Theorem 3.7. (PO 1) x ^ z (Reflexivity) 

(PO 2) {x & y^z)^x ^ z (Transitivity) 
(PO 3) {x^y&y^x)^x = y (Anti-sjonmetry) 

Proof. 
(PO 1) a; A a; = 

(PO 2) Assume x Ay = x and y a z = y. Then 

X az = {x/\y) /\z = z /\{y az) — x^y — x 

(PO 3) Assume z ^y = z and y /\X — y. Then 

x^XAy — v/kx — y ^ 

In genera], a binary relation /Z on a set A is any subset of Ax A, i.e. any set of ordered 
pairs (tt, V) such that tt G A & r e A. For example, the relation of fatherhood on the set of 
human beings is the set of all ordered pairs y) such that x and y are people and z is the 
father of y. In accordance with tradition, one often writes zRy instead of {z, y) e R, 

A binary relation 72 on a set A satisfying the analogues of (PO 2) - (PO 3), 

(2) {xRy & yRz) xRz, 

(3) (xRy & yRx) x = y, 

is called a partial order on A. 

A partial order on a set A is said to be reflexive if and only if xRz holds for all x in A, 
while R is said to be irreflexive on A if and only if xRz is false for all x in A. For example, 
the ordinary relation — on the set of integers is reflexive while the relation < on the set of 
integers is irreflexive. In Theorem 3.7 we have seen that the binary relation ^ on a 
Boolean algebra ^ is a reflexive partial order. 

If is a reflexive partial order on a set A, we can define z<y to mean that x — y & x¥^y. 
Then we have 

Theorem 3A (i) 1 (a; < a;) 

(ii) {z<y & y^z) z<z 

(iii) {z^y & y<z) z<z 

(iv) {z<y & y<z) ^ z<z 

(v) '^{x<y & y<x) 

(vi) < is an irreflexive partial order on A. 

Of course, given an irreflexive partial order < on A, we can define a reflexive partial 
order ^ on A as follows: x^y <^ {z<y or x = y). 
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Let ^ be a partial order on a set A. An element 2; of A is said to be an upper bound of 
a subset YqA it y^z for all y in Y. An element of A is said to be a least upper bound 
(lub) of a subset Fc A if and only if 

(1) z is an upper bound of 7, 

(2) z^w for every upper bound w of Y. 

Clearly, by (PO 3), a subset 7 of A has at most one lub. 

Similarly, an element of A is said to be a lower bound of a subset FC A if and only if 
z^ytOT all y in y ; e is called a greatest lower bound (gib) of Y if and only if 

(3) 2; is a lower bound of Y, 

(4) w ^z for every lower bound w of F. 
Again, by (PO 3), Y has at most one gib. 



The usual order relation — on the set / of integers is a partial order on /. Any non-empty subset of / 
having an upper bound (respectively, lower bound) must have a lub (respectively, gib), which is, in fact, 
the greatest element (respectively, smallest element) of the set. However, there are non-empty subsets 
which have no lub, e.g. the set / itself or the set of even integers. 



The usual order relation — on the set R of real numbers is a partial order on J2. Any non-empty 
subset of R having an upper bound (respectively, lower bound) must have a lub (respectively, gib). 



The usual order relation — on the set Q of rational numbers is a partial order on Q, However, in 
this case, there exist non-empty subsets of Q which are bounded above but do not have a lub. An example 
is the set of all positive rational numbers x such that < 2. (This is just another way of saying that 
V2 is not rational.) 

Examples 3.10-3.12 possess the additional property of connectedness: 
(Conn): For any x and y in A, x^y or y^x. 

A partial order satisfying (Conn) is called a total order (synonyms: simple order, linear 
order). Not all partial orders are total orders. 



The partial order Q determined by the Boolean algebra of all subsets of {0, 1} is not connected, for 
we have neither {0} C {1} nor {1) C {0}. 

A partial order on a finite set A can be indicated by a diagram in which the elements 
of A are pictured as points, and a point x has the relation to some point y if and only if y 
can be reached from x by following a sequence of zero or more upward arrows. The order 
relation Q in the Boolean algebra of all subsets of {0,1} is pictured in Fig. 3-1, and the 
order relation in the Boolean algebra of all subsets of {0, 1, 2} is shown in Fig. 3-2. 



Example 3J0. 



Example 3J1. 



Example 3.12. 



Example 3.13. 



{0,1,2} 




{0,1} 




{0,1} 



{0,2} 



{1,2} 



0 




0 



Fig. 31 



Fig. 3-2 
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The partial order ^ determined by a Boolean algebra *B has a special property (L) not 
possessed by all partial orders. 

Theorem 3.9. (L) For any x and [x, y) has both a lub (namely, x\^y) and a glh (namely, 

x/\y). 

Proof. 0? — V y (since x a (x v y) = x), and similarly, y^xsf y. Thus x v y is an 
upper^bound of {x, y). Now assume w is any upper bound of {x, y}. This means that x^w 
and y = w, i.e» x a tt* = x and a w — y. Then (a? v y) a w = (a; a w) v (^' a tv) = or v jf', 
i.e. xs/y ^w. Thus a; v^/ is the lub of [x,y]. The proof for XAy is left to the reader. ^ 

3.5 BOOLEAN EXPRESSIONS AND FUNCTIONS. NORrYlAL FORMS 

By a Boolean expression we mean any expression built up from the variables x, y, z, xi, 
Vu ^2, 2/2, 22, . . . by applying the operations a, v, ' a finite number of times. In other 
words, all variables are Boolean expressions, and if r and <r are Boolean expressions, so are 

(rAa), (rva) and (T')t. 

Example 3.14. 

The following are Boolean expressions: 

((xv(tf')) A(zO), ((VAz) V ((x')Ay)), ((yA(rvx)y). ((((vT) a z) a y), (((y')') a (z a y)) 

We shall use the same conventions for omitting parentheses as were used for statement 
forms in Chapter 1 (cf . page 5). For this purpose, the sjnmbols a, v, ' are to correspond to &, v, T . 

Example 3a5. 

Using the conventions for omitting parentheses, we can write the Boolean expressions of Example 3.14 
as follows: 

(X V y') A (y A 2) V {z' A y), (y A (2 V x))\ /\z /\ y, y" a (z a y) 

Given a Boolean algebra = (J5, a, v/, 0, 1> and a Boolean expression T(tti, ...,ttk) 
having its variables among wi, . . .,wic, we can determine a corresponding Boolean function 
T^(tti, . . M Wk): for each fc-tuple (bi, . , bfc> of elements of B, t*(6i, . . bk) is the element of 
B obtained by assigning the values bu , . .,bk to Ui, . , ,,Uk respectively, and interpreting the 
sjnnbols a, v, ' to mean the corresponding operations in *B. (In order to make the corre- 
sponding function unique, we always shall list the variables Ui, . . in the order in which 

they occur in the list x, y, xi, yi, zu yz,Z2f For example, ys/X' determines the 

function f(x,v) = y\/ x'; thus /(1,0) = 0 and /(0,1) = 1.) 

Example 3J6. 

The Boolean expression x v y' determines the following function f{x, y) with respect to the two-element 
Boolean algrebra 9q. 

/(0,0) = 1, /(0,1) = 0, /(1,0) = 1, /(1,1) = 1 

Notice that, if bi, » . are in {0,1} and r(ui, . , .,Wn) is a Boolean expression, then 
T®(6i, . . ., bn) is also in {0, 1}, since {0, 1} is closed under a, v and 

Oliraerve also that different Boolean expressions may determine the same Boolean func- 
tion. For example, a: a (y v z) and (x a y) v (a: a z) always determine the same Boolean 
functions. 



tMore precisely, v is a Boolean esepremion if and only if there is a finite sequence . . .,r„ such that r„ is 
», and, if 1 — i — n, then either ri is a variable or there exist j,k < i such that tj is (tjAti^) or tj is 
(TjVTfc) or T: is (t!). 
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Theorem 3-10. Given a Boolean expression t{u), which may contain other variables 
Ui, . . . , Uk as well as u. Then the equation 

r{u) = [r(0)Att'] V [t(1)aW] 

is derivable from the axioms for Boolean algebras. 
Proof, See Problem 3.7, page 66. ^ 

Now we shall present a normal form theorem for Boolean algebras which is a gen- 
eralization of the disjunctive normal theorem for propositional logic (Theorem 1.6). The 
following notation will be convenient; 



For any expression t, 



_ fr if i = l 
" [t' if i = 0 



The sjonbol 2)» with appropriate indices, will be used to indicate repeated use of v. In 
particular, 2 «^(*) stands for a(0) v cr(l), while 2 2 ^a) stands for (r(0, 0) v a(0, 1) v 

cr(l,0)vcr(l, 1). 

Theorem 3.11. (Disjunctive Normal Form) For any Boolean expression t(mi, . . .fUk), the 
equation 

1 1 1 

is derivable from the axioms for Boolean algebra (and therefore the corre- 
sponding equation, with r replaced by t®, holds in any Boolean algebra 

Proof, See Problem 3,8, page 67. ^ 

Example 

When k = 1, Theorem 3.11 reads 

1 

r{u) = 2 r{a) a u« = (t(0) a u") v (t(1) a u) 
oi-o 

When k - 2, we obtain 

1 1 

r{UvU^ ^ 2 2 fig) A uj^ A 

ai-0 aa— 0 

= (rfO, 0) A ttf A Ui) V (t(0, 1) A U,' A Ug) V (r(l, 0) A ttj A ) V (t(1, I) A Uj A tto) 

Example 

When T is X V Theorem 3.11 states 

xvy - [(0 V 0) A x' A y'] V [(1 V 0) A X A y'] v [(0 v 1) a x' a y] v [(1 v 1) a x a y] 

— [0 A St' A y'j V [1 A X A y'j v [l A x' A y] V [1 A X A y] 

= [x A y'] V [x' A y] V [x A y] 

Exsmple 3.19. 

The ijepresentation of (x v y) a (x' v y') in disjunctive normal form is 

(xvy) A (x'vy') = (0 a x' a y') v (1 a x' a y) v (1 a x a y') v (0 a x a y) 
= (x' A y) V (x A y') 
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Corollary 3.12. Let r(ui, ...,Ufc) and viui, , , ,,Uic) be Boolean expressions, and let ^ be 
some Boolean algebra. If the Boolean functions r^{uu..,,Uk) and 
<F^{iLu , . . , Mfc) are equal, then: 

(a) the equation t{uu . . . , Mk) = a(tti, . . • , ttk) is provable from the axioms 
for Boolean algebras; 

(6) rC = €rC for all Boolean algebras C 

Proof, (a) Since {0, 1} £ B, r« (6i, , . . , bic) = cr« (bi, . . . , bk) whenever bi, . . . , bt € {0, 1}. 
But T«(bi, . . bfc) = ir^(bi, . . .,bfc) holds if and only if the corresponding equation 
rCbu . . . , bfc) = a(bi, . . . , bfc) can be proved from the axioms for Boolean algebras. For, 
the equations OaO = 0, Oa1 = 1aO = 0, 1a1 = 1, etc., are all derivable from these axioms, 
and the values r«(b., . . . ,bk) and cr^{bi, * * . , bt) are computable from, these equations. Hence 
by Theorem 311, r(tti, . . .,Wk) = v{Uu . . *,«fc) is derivable from the axioms, 

(b) is an immediate consequence of (a). ^ 

The remarkable thing about Corollary 3.12 is that, if an equation holds for one Boolean 
algebra (in particular, if it holds for the two-element Boolean algebra ^2), then it holds for 
all Boolean algebras. To mathematicians it probably would not have been surprising if we 
had only asserted that, if an equation holds for all Boolean algebras, then it is provable 
from the axioms. This latter assertion follows, in fact, from the completeness theorem for 
first-order logic (see Corollary 2.15(a), page 68 of [135]). 



3.6 ISOMORPHISMS 

A function * is called an isomorphism from a Boolean algebra = {B, a^, , 0^, 1^) 
into a Boolean algebra C — (C, a^, v^, 'c , 0^, 1^) if and only if 

(a) * is a one-one function from B into C, 

(b) for any x, y in B, ^/ v ^/ v 

4>(a;A«w) = *(«) A£. ^{w) 

<^{x y) = ^(x) ^{y) 
$(a;'«) = {^[x)yc 

Such a function $ is called an isomorphism from 9 ordo C in addition, $ is a function 
from B onto C. 

Theorem 3.13. Let ^ be an isomorphism from a Boolean algebra ^ into (respectively, onto) 
a Boolean algebra C (with the notation given above). Then 

(a) *(0,) = Oc and *(1«) = 1^. 

(b) It is not necessary to assume that 

^{x v« y) = 0{x) WQ ^{y) for all x.yinB 

Alternatively, we could omit the assumption that 

*(ic A, 2^) = ^x) Ac *(2/) 

(c) If 0 is an isomorphism from Q I'^to (respectively, onto) a Boolean 
algebra 2> = <Z). a^, v^, -i>, 0^, 1^), then the composite mapping* 
0 o * is an isomorphism from *B into (respectively, onto) 2). 



tThe eemposite mapping (or compoBiiiim) eo4» is the function defined on the domain B of * such that 
(eo A)(35) = e(*(5E)) for each * in B. The inverse *-i is the function whose domain is the ran^ of ❖ 
(here, «[J?] =■ {<^{x) :xSB)) and such that, for any y in *[B], (4>~*)(y) is the unique x in B such that 
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[d) The inverse mapping is an isomorphism from the subalgebra of 
C determined by *[J5] onto % and, in particular, if ^ is onto C» tben 

is an isomorphism from C ""to ^. 

Proof. 

(a) 4>(0^) = ^{x/^^x'^B) = A^*(a:'«) 

= ^{x) Ac {Hx)yc = Oc 

HU) = *(o;^) = (*(o«))'c = 0^^^ = 1^ 

= (<&(a:^) Ac*(»'«))t = a^ (^{y))'t:)t = 

(c) First, 0 o <^ is one-one. (If x^^y, then *(a;) and therefore 0(*(x)) 0(*(y)).) 

Second, (0o*)(x'«) = emx'v)) = 0((*(a;))'c) = (0(*(a:))yD = ((0o^.)(x))''z> 

Lastly, (0o$)(xA^jf) = 0(*(xa, 4/)) = e(^(x) $(2/)) 

= ©(^(^)) A^ 0(^(2/)) = (e^*-)!^) A^(0o#)(y) 

(d) Assume z, w ^^[B], Then 2; = ^x) and it; = *(2/) for some x and 2< in B. Hence 
X = and y = <&"^(tt?). First, if z¥=w, then ^ 2/ (for, if x = y, then 2; = *(a;) = 
^(y) = w). Thus is one-one. Second, *(rr v<g y) — ^{x) ^(y) — Zv^ w. Hence 
*"*(0vc w) = a;v^2/ = $"*(2r) v« *"i(w). Third, ^(x'^) = (^(a;))'c = z'c - Hence 
**»(z'c') = {^-^{z)y'B,^ 

We say that is isomorphic with Q if and only if there is an isomorphism from ^ onto 
C- From. Theorem 3.13(d,c) it follows that, if is isomorphic with C» then Q is isomorphic 
with *B, and if, in addition, Q is isomorphic with T>, then is isomorphic with Z>. Isomorphic 
Boolean algebras have, in a certain sense, the same Boolean structure. More precisely, this 
means that any property (formulated in the language of Boolean algebras) holding for one 
Boolean algebra also holds for any isomorphic Boolean algebra.'!' 

Exampia S.2G. 

Consider the two-element subalgebra C ~ {0*^, 1^} of any Boolean algebra 9. Let 7> be the Boolean 
algebra whose elements are the integers 0 and 1 and whose operations are: 

(a^): ordinary multiplication, i.e. 0 a*© 0 = 0a^1 = 1 a^j 0 = 0, 1a-2>1 = 1. 
(v-d): addition modulo 2, i.e. 0 0 = 0, 0 1 = 1 0 = 1, 1 v*p 1 = 0. 
Cd): the function 1 — x, i.e. O't) = 1 and l'i> = 0. 
Then the function * on {O^,!^} such that *(0*b) = 0 and *(!«) = 1 is an isomorphism of C onto 



3.7 BOOLEAN ALGEBRAS AND PROPOSITIONAL LOGIC 

A statement form A and a Boolean expression t are said to correspond if t arises from 
A by replacing T , &, v by % a, v (respectively) and by replacing the statement letters 
A, B, C, Ai; Bi, Ci, . . . by x, y, z, xi, yi, ^i, . . . (respectively). 



tFor a rigorous formulation of this assertion, see page 90 of [135]- 
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Example 3^1. 

A V {B& IQ corresponds to x v {y a z'). T { 1 A & (B| v A)) corresponds to (x' a (y, v x))\ 

The statement form corresponding to a Boolean expression r will be denoted SF(t). 

Theorem 3.14« The equation r = <r holds for all Boolean algebras if and only if SF(r) is 
logically equivalent to SF((r). Hence we have a decision procedure to deter- 
mine whether t = a holds for all Boolean algebras. 

Proof. By Corollary 3.12, t = a holds for all Boolean algebras if and only if t = a 
holds for the two-element Boolean algebra C = <{F> T}, &(f,t)» v^f,t} » '<'''T} , F, T), where 
the operations &{f.t>* "^{f.t} * '^^'"^^ have the obvious meanings given by the usual truth tables. 
These are given in detail in Problem 2,16, page 44, It is clear that r = « holds for C if 
and only if SF(t) and SF(a) always take the same truth values. (For, an assignment of 
tnith values, T or F, to the statement letters in SF(t) and SF(«r) corresponds to substitution 
of the same truth values for the corresponding variables in r and <r.) ► 

Examine 3.22. 

Gonsider the equation x a (« v z) =■ (x a «) v (at a «), The corresponding statement forms are 
A & V C7) and (A&B) v {A& C). To check that these statement forms are logrically equivalent, we 
substitute T and F for A, B, C in all possible ways and verify that the outcomes are the same. For 
example, if A is F, ^ is T, and C is F, then A & (B v C) and (A & B) v (A & C) both are F. The com- 
putation we make to determine this is essentially the same as the one we make to see that x a (|/ v z) = 
F = (xA4^J V (xAz) when x is F, y is T, and z is F. (Namely, F a (TvF) = F a T = F and 
(F A T) V (S* A F) - F V F = F.) 



Solved Problems 

3.1. In a Boolean algebra, let a: 2^ be defined as a: a y\ Prove: 

(a) X V y ~ X V (V'^x) 

(b) X ^ (x'-^'y) = 35 A y 

(c) A non-empty subset A determines a subalgebra if and only if A is closed under 

and 

(d) ar' = 1 

(c) x^y ^ x^y-0 (Le. x^y <-> x/Ky' = 0) 

{f)x^0^x = 0 

{g) XAy = 0 « x^y = x 

(h) XA(y^z) = (x/^y) ^ {x/\z) 

(i) Does xv(y^z) = {x v y) - (a: v z) hold? 
Sointion: 

(a) ap V (y ^ x) = « v (y a «') = (x v y) a (x v x') = (x v y) a 1 = x v y 
(5) x-(x-y) = XA(x-y)' = a!A(xAy')' = XA(x'vy") 

= X A (X' V y) = (X A X') V (x A tf) = 0 V (X A y) = X A « 
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(0) If A is a subalgebra and if x and y are in A, then ac-y = ocAy'^A. Conversely, if A is 
closed under and and if x and y are in A, then x-^ySA, and therefore x/\y — 
X — (x — € A. Since A is closed under a and A is a subalgebra. 

1 - a; = 1 A X' = x' 

(e) This is Theorem 3.5(xii). 

(J) X - at = « A a?' = 0= Now use part (e) with y = 0. 
(g) X'^y — X <r^ XAy' = x 

X A y" = 0 (Theorem 3,5(xii)) 
^ X/\y = 0 

(A) X A (y - «) = X A (y A zO = X A y A z'. On the other hand, 

(XAy) (XAZ) = (XAy)A(xAZ)' = (x A A (x* V z') 

= y A (x A (x' V z')) = y A (x A zO = x/\y/\z' 

(1) No. 1 V (1 - 1) = 1 V 0 = 1. However. (1 v 1) - (1 v 1) = 1 - 1 = 0. 

3*2. In our axiom system for Boolean algebras, prove that Axiom (9), 0^1, is equivalent 
(in the presence of the other axioms) to the assertion that the Boolean algebra contains 
more than one element, 

Solntton: 

Clearly, if 0 1, then there is more than one element. Conversely, assume 0 = 1. Then 
for any x, x = xa1=xaO = 0. (Notice that in proving results about Boolean algebras we have 
not used Axiom (9).) Thus every element is equal to 0, and the Boolean algebra contains just one 
element 

3-3. Let n be an integer greater than 1. Let B be the set of positivinntegera which are 
divisors of n. If x and y are in B, define x' = n/x, x^y = the greatest common 
divisor (gcd) of x and y, x\fy — least common multiple (1cm) of x and y, (This is a 
generalization of Example 3.5.) 

Show that (J5, a, v, '.1. n> is a Boolean algebra if and only if n is square-free (i.e. 
n is not divisible by any square greater than 1). 

Soiution: 

Remember that the zero 0^ and unit 1^ of the algebra are the integers 1 and n respectively. 
Aidoms (l)-(6) and (9) represent simple properties of integers and of greatest common divisors and 
least common multiples (cf., for example, [129]). However, Axioms (7) and (8) hold if and only if, 
for all a: in B, x and nfx have no factors in common (other than 1)» and this condition is equivalent 
to n being square-free. (Example: if n = 60, which is not square-free, 6' = 10 and 6 v 6' = 
1cm (6. 10) = 30 ^ 60 = 1«, 6 a 6' = gcd (6, 10) = 2 1 = 0„.) 

SUBAL6EBRAS 

S.4. In the Boolean algebra of all divisors of 70 (see Example 3.4), find all subalgebras. 
Solution: 

We must find all subsets A of {1,2,5,7,10,14,35,70} closed under a and Remember that 
« A y = gdd {x,y) and «' - 70/x. 

ill = {1,70} = {0«,1,} 

Az = {1, 2,35, 70} 

Ag = {1,5,14,70} 

A4 = {1. 7, 10, 70} 

A5 = {1, 2. 5, 7, 10, 14, 35, 70} 
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3^ (a) Given a subset D of a Boolean algebra % show that the intersectiont of all sub- 
algebras of *B containing D as a subset is itself a subalgebra of 9 (called the sub- 
algebra generated by D). 

(6) What is the subalgebra generated by the empty set 0? 

(c) If D = {&}, what is the subalgebra generated by Z>? 

Solution : 

(a) Let C be the intersection of all subalgebras containing D. Clearly, if x and y are in C, then 
XAy and x' are in ail subalgebras containing D and hence also are in C. 

W {(^cni ^*n} i^ ft subalgebra containing 0 as a subset and is contained in all other subalgebras. 
Hence {0^, ^ the subalgebra generated by 0. 

(c) {0^,1^,6,6'} is a subalgebra containing {b} and is contained in every subalgebra contain- 
ing {&}• Therefore {0^, 1^, 6, h'} is the subalgebra generated by {6}, 

BOOLEAN EXPRESSIONS AND FUNCTIONS^ NORMAL FORMS 

3.6. If D is a subset of a Boolean algebra % show that the subalgebra C generated by D 
consists of the set C of all values obtained by substituting elements of D for the 
variables in all Boolean functions. 

Solution: 

Every suc5 value, being obtained from elements of D by a, v, must belong to every sub- 
algebra containing Z>. On the other hand, the set C of all such values clearly forms a subalgebra 
containing Z>. Hence C is the intersection of all subalgebras containing D. 

3.7. Prove Theorem 3.10: Given a Boolean expression t(w), which may contain other 
variables Wi, . . . , tit as well as u. Then the equation 

r{u) = [t(0) a «'] V [t(1) a u] 

is derivable from the axioms for Boolean algebras. 
Solution: 

We shall use induction on the number m of occurrences of a , v , ^ in r. If m = 0, then r is 
either u or iii (for some t). If r is u, then t(0) = 0 and t(1) = 1. Thus 

r{u) = tt = [OAtt'JvflAu] = [r(0) A u'l V [t(1) A tt] 
U ristti, then r(0) = t(1) = u^. Hence 

t(u) = ttj = ttj A V 1i) = (tti A U') V (ztj A m) = [r(0) A «'] V a tt] 

Now let m > 0 and assume that the result is true for all expressions with fewer than m occur- 
rences of A, V, \ 

Case 1. t(«) = [»(«)]'. Now, by inductive hypothesis, 

ff(u) = [<r(0) AU'] V (<f(l)Au] 

Hence t(u) = Wu))' = ([<r(0) a u'] v Wl) ^ «])' 

= [ff(0)AU']- A [ff(i)Att]' = [*r(0)'vtt''] A [<y(r/vie'] 

= [t(0) V tt] a [t(1) V tt'] 

= HO) A t(1)] V [t{0) a «'] V [t(1) a u] V [tt a tt'l 

= [t(0) a t(1)] V [t(0) a tt'] V [t(1) a tt] 

- [(t(0) a t(1)) a (tt V tt')] V [t(0) a w'] V [t(1) a m] 

= [rtO) A r(l) A tt] V [t(0) a t(1) a tt'] V [r^O) A tt'l V [t(1) A tt] 
= [(t(0) a t(1) a tt) V (t(1) a tt)] V [(t(0) a t(1) a tt') v (t(0) a tt')] 

= [r(l)Att] V [t(0) Att'] 

tThe inUrBeetwn of a collection of sets is the set of all objects belonging to every set in the collection. 
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Case 2. r(u) = ^(u) v p(u). Then the inductive hypothesis holds for o and p. Hence 
t(u) = <r(tt) V p(u) 

= [WO) A U') V A U)] V [(p(0) A tt') V (p(l) A U)) 

= [{^(0) A UO V (p{0) A U')] V [WD A U) V (p(l) A U)] 

= [WO) V p(0)) A tt'] V [(ad) V p{l)) A u] 
= [T(0)Att'] V [t(1)au] 
Case 3, r{u} = ir{u) a p(u). This is similar to Cass 2 and is left to the reader. 



Prove Theorem 3.11: For any Boolean expression t{ui, . . .,Uk)t the equation 

1 i 1 

is derivable from the axioms for Boolean algebras (and therefore the corresponding 
equation for holds for any Boolean algebra S). 

Solution: 

We shall use induction on k. The case k = 1 is an immediate consequence of Theorem 3,10. 
Now assume that the result holds for k and we shall prove it for an expression r(ui,U2« . . .,tt];4.i). 
By Theorem 3.10, 

t(Mi, ...,Mfc + i) = [t(0,112, ...,Mfc + i) AttJ) V [T(l,tt2, ...,Ufc + ,)Atti] 

But, by inductive hypothesis, 

1 1 

T(0,tt2, ...,«fc + ,) = 2 2 [r(0,a2, ...,afc + i) A tt"« A Att^V"!] 

1 1 

and r{l,tt2,...,ttfe4.,) = 2 2 [r(l, ag, . . .,afe + j) a tt"' a • • • a tt"*/*] 

Hence 

r{UuU2 ttfc + i) - "\ \^ . . .,afc + i) A Mj* A - • A ^ '"'ij 

V 1(^2^ ^ 2^Jr(l,a2r ....^^fc + l) A A ^ ^ «l| 
= (2--- 2 [r(0,a2,...,afc^i) Attl Att^^A Att;';Y]') 

V f 2 2 [r(l.a2...-.*k + l) Atti Att^«A Att"^Y]) 
= 2 2 2 [T(a,.a2,...,tr,.i) Att^iAtt««A Att^-^Yl 



3*9* Show that in any Boolean algebra ^ there are 2^" different Boolean functions of n 
variables. 

Solution: 

By the Disjunctive Normal Form Theorem (Theorem 3.11), the equation 

1 1 „ 

...,ttj = 2 2 [r(a|, ....aj Att"l A ■•- A tt/1 

is derivable. Hence the function determined by r depends only on the 2* values t(oi, . . ..aj, where 
each u{ is either 0 or I. Each such value is 0 or 1. Hence there are 2^* different Boolean funcrlcns. 
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3.10. If D is a finite subset of a Boolean algebra % show that the subalgebra C generated 
by D is also finite. 

Solution: 

Let D have n elements. By Problem $.6, the elements of t are the values obtained by substi- 
tuting elements of D for the variables in all Boolean functions r^. Clearly, we may confine our 
attention to functions of at most n variables* since variables for which the same element of D is 
substituted may be identified. By Problem 3.9, there are 2** such functions. Hence since each of 
the n variables may be replaced by any of the elements of D, we obtain at most 2^**n*^ possible 
elements in C* 



^.11. If T and a are i^oolean expressions such that 

t(Ci, . . . , Cn) = 1 ^ ff(Ci, . . . , C„) = 1 

for all elements Cu . , Ct, of some Boolean algebra Cf then r — » is derivable from, the 
axioms for Boolean algebras. 

Selntion: 

Let p(U|, . . .,tin) = T A ff'. If U], . . u„ are given values 0 or 1, then: 

(i) if r takes the value 0, so does p; 

(ii) if r takes the value 1, then, by assumption, so does and therefore a' assumes the value 0, 

and so does p. Hence p{ui u^) = 0 for ail values of u^r - • •» u„ in the subalgebra {0,1}. 

Hence by Corollary 3.12, the equation p(ui, . . . , = 0 is derivable from the axioms for 
Boolean algebras. (Although 0 itself is not officially a Boolean expression » one can use the 
expression Ui a u[ instead of 0 so as to fit into the formulation of Corollary 3.12.) Thus 
TA<r' = 0 is derivable. Hence t - ^ is derivable (by Theorem 3,5(xii)), 



3.12. (Conjunctive Normal Form.) We shall use JJ to indicate repeated application of a. 
Thus PI a(cr) denotes a(0) a a(l). Given a Boolean expression t{ui, . . ^Wn) having its 
variables among Ui, . . ,fVm, show that the equation 

T{tt,,...,ttJ = ri n (r(a,,...,ajv<; V v<-) {1) 

is derivable from the axioms for Boolean algebras and therefore holds in every 
Boolean algebra. Also, write equation (1) for the cases n = 1 and n — 2. 

Solution: 

(r(U|, . . .,uj)' is a Boolean expressioni and, by the Disjunctive Normal Form Theorem, the 
equation ^ ^ 

r{ui yj' = 2 • • • 2 [r(ai, . . aj' A tt"i a • • • A u"-) (S) 

is derivable. Taking the complements of both sides of (S) and applying De Morgan's Laws, we 
obtain (i). In the case n = 1, we obtain 

r(u) = (T(O)Vtt) A (T(l)Vtt') 

For n = 2, we obtain 

T{Ui,u^ = (t(0, 0) V ttj V Ma) A (t(0, 1) V Ui V t4) 

A (r(l, 0) V ttj V ttj) A (t(1, 1) V «; V tfo) 
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3*13. Write the Boolean expression {z A,{y^\/z)) \/ z' in both disjunctive and conjunctive 
normal forms. 

Solution: 

Disjunctive: 

{X' A A Z') V (x' A V A r') V (aC A y' A 2') V (r A y' A V (flf A 3/ A z') A y A z) 

Conjunctive: (x v y v z') a {x v y' v z') 

Sometimes, instead of using the theorems on disjunctive and conjunctive normal forms, it is 
easier to find the appropriate expression by usine known laws for Boolean algebras. Thus 

(x A {y' V z)) V z' = (x V z') A ((y' V z) V zO = X V z' 

Then, xvz' = (x v z') v (y a y') = (xv yv z') a (xvy' vz'). 



3.14. Given a Boolean algebra 'B. (i) Show that the set of all Boolean functions is a 
Boolean algebra T. (ii) Prove that T is isomorphic to the Boolean algebra of state- 
ment bundles (cf. Example 3.6). (iii) Show that the set of all Boolean functions u^, 
where u is a variable, is a set of generators D of f (i.e. the subalgebra generated by 
D is the whole algebra f). 

Solution: 

(i) The operations of a, v, ' on Boolean functions are denned in the obvious way. The zero ele- 
ment is (X A x')* and the unit element is [x v x')® . The straightforward verification of Axioms 
(l)-(9) is left to tfie reader, 

(ii) For each Boolean function r^, let "("(r^) be the statement bundle containing the corresponding 
statement form SF(r) defined in Section 3.7. This is a well-defined function, for if t*^ = then, by 
Corollary 3.12, r = a holds for all Boolean algebras, and therefore by Theorem 3.14, SF(r) 
and SF(ff) belong to the same statement bundle. That the mapping y is one-one follows from 
the "if" part of Theorem 3.14. The fact that if preserves the Boolean operation can be 
checked easily by the reader, 

(iii) Every Boolean function belongs to every subalgebra containing the Boolean functions u^, 
since is obtained from the functions in the same way that t is built up from ttie corre- 
sponding variables. 



3.15. (Boolean Algebra and the Algebra of Sets.) For any Boolean expression t, form the 
corresponding set-theoretic expression Set (t) by replacing a, v, 'by H , U , Show 
that r = a holds for all Boolean algebras if and only if Set (r) = Set {a) holds in all 
fields of sets. 

Solation: 

Use Problem 2.16(a) and Theorem 3.14. 
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Supplementary Problems 

3J6. Prove the greneralized Distributive and De Morg:an'3 Laws: 
(a) X A (vi V ■ • • V v„) = {« A V,) V • • • V (x A y„) 

(6) it V («j A AVJ = (XV Vi) A A (XVI/.) 

(C) (X, V ■ • • V X„)' = A • • • A Xi 

(d) {*! A - • A x„)' = xj V ' ' ' V x;; 

3.17. For any Boolean lUgebra, prove: 

(a) X = 0 y = (x A y') V (x' A 3/) (Poretzky's Law) 

(6) xvy = xvz&x'vv = x'vz y = z 

(c) xvtf = 0<-^x = 0& y = 0 

(d) xAy = l x = l& y = l 

(e) (x J/) V (y — x) = 0 ^ x = y 

SUBAL6EBRAS 

3.18. Show by an example that a subset of a Boolean algebra containing 0 and 1 and closed under 
A and V need not be a subalgebra. 

3.19. If A determines a subalgebra of a Boolean algebra 9 (i.e. A is closed under a , v , ') and if 
h^B'-'A^ show that the subalgebra generated by A U {6} consists of all elements of the form 
(tti A 6) V (02 A 6'), where ai e A and A. 

3.20. Prove that, in any Boolean algebra, 

(a) X — sf ' « X A V = 0 

(5) ^ x' V y = 1 

BOOLEAN EXPRESSIONS AND FUNCTIONS. NORMAL FORMS 

3.21. Simplify the following Boolean expressions, 
(a) (x V y) A (x V s) a (x' a y)' 

(6) [«v(yA(zvxO)]' 
(c) (x'-avV V (xAy') 

3.22. Prove that two Boolean expressions either determine the same Boolean function in all Boolean 
algebras or they never determine the same Boolean function. 

3.23. Prove that, for any two disjunctive (conjunctive) normal forms in n variables r and r = « holds 
in all Boolean algebras if and only if r and are precisely the same (i.e. the identity 

2i 2 Haj, ...,a„) A ttj^ A A = 2^'" 2 [('(ai, ...,a„) Attj» A AU^-] 

holds in all Boolean algebras if and only if T\a\, . . .^een) = ff(ai, . . .,a„) for all ai, . . chosen 
from {0, 1}). 

3.24. Let r(u) be a Boolean expression. Prove: 

(a) t(t(0)) = t(0) a r(l) ^ t(u) ^ t(0) V t(1) = t(t{1)) 
(5) t(ui V ttj) V t(Ui A tta) = t(ui) v t(m2) 

S,ffi. Show that the dual of x ^ v is x ^ v 
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Switching Circuits 
and Logic Circuits 

4J SWITCHING CIRCUITS 

A switch is a device which is attached to a point in an electric circuit and which may 
assume either of two states, closed or oj>en. In the closed state the switch allows current to 
flow through the point, whereas in the open state no current can flow through the point* We 

shall indicate a switch by means of the symbol iiN , where A denotes a sentence 

such that the switch is closed when .4 is trae and open when A is false. We say that two 
points are connected by a switching circuit if and only if they are connected by wires (lines) 
on which a finite number of switches are located. 

Example 4,1 « 

In Fig. 4-1 points x and y are connected by a switching circuit. The four switches are said to be 
in parallel. Clearly, current flows between x and y if and only if A\/ Bv C\/ D is true. This exaniple 
may be generalized to the case of any finite number of switches connected in parallel. Current flows 
through the circuit of Pig. 4-2 if and only if the sentence v Ao v • • • v >4„ is true. 




Pig. 4-1 Fig. 4-2 



Example 4.2. 

In the switching circuit of Pig. 4-3 current can 
flow between the points x and y if and only if A & B is 
true. The two switches are said to be in series. This 

case may be generalized to the case of any finite number ^ ^^s^ 

of switches connected in series. The condition for cur- ^ 
rent flow through the circuit of Fig. 4-4 is A1&A2& 

A3&...&A„. Fig. 4-3 




Fig. 4.4 

Example ^.3. 

In the switching circuit of Fig. 4-5 below, current can flow if and only if (A & C) v (lA v B) is true. 
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Fig. 4-5 



Example 4.3 shows that we may combine switches in parallel and in series in the same 
circuit. Such a circuit is called a series-parallel switching circuit. More precisely, if A is 
any sentence, then o_A\ — o is a series-parallel switching circuit, and if S, Si, . , .,S„ 
are series-parallel switching circuits, we may form a new series-parallel switching circuit 
by replacing any switch in S by either 



or 




Clearly, a condition for flow of current through a series-parallel switching circuit can be 
written down by means of conjunctions and disjunctions, starting from the expressions 
representing the closure of the individual switches. In Example 4.3, this condition was 
(A&C)v(nAvB). 



4J2 SIMPLIFICATION OF CIRCUITS 

The condition for flow of current through the cir- 
cuit of Example 4.3 is (A & C) v (H A v B). The latter 
statement form is logically equivalent to the statement 
form ((A&C) V TA) V B, which in turn is logically 
equivalent to C v T A v B. Hence the circuit of Fig. 
4-5 may be replaced by the circuit of Fig. 4-6. 

The circuit of Fig. 4-6 is clearly a simplification 
of that of Fig. 4-5, since it involves fewer switches. 

Example 4.4. 

A condition for current flow through the circuit of Fi^. 4-7 is {A &B& IC) v (1C& 1A). However, 
this is JOfficaiiy equivalent to TC & [(a &B) v tA], which in turn is logically equivalent to iC « (S v tA). 
Hence an equivalent, but simpler, circuit is that of Fig. 4-8. (The two circuits are equivalent in the sense 
that one allows passage of current if and only if the other does.) 




Fig= 4-7 Fig. 4^ 




Fig. 4-6 
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Example 4^. 

A committee of three decides questions by majority vote. Each member can press a button to signify 
a "Yes" vote. Let us construct & switching circuit which wi!! pass current when and only when a majority 
votes "Yes". 

Let A stand for "member 1 approves", B for "member 2 approves", and C for "member 3 approves". 
Then a necessary and sufficient condition for a majority vote is 

(A&B) V (A&O V {B&CT} 

A corresponding: circuit is shown in Fig. 4-9. However, the given statement form is logically equivalent to 
[A & (B^/ O) V (B & C7), having the simpler circuit of Pig. 4-10. 




Fig. 4-9 Fig. 4-10 



Example 4.6. 

A light in a room is to be controlled independently by three wall switches (not to be confused with 
switches of a circuit), located at the three entrances of the room. This means that flicking any one of 
the wall switches changes the state of the light (on to off, and of to on). Let us design a circuit which 
allows current to fiow to the light under the required conditions. 

Let A stand for "wall switch 1 is up", B for "wall switch 2 is up", and C for "wall switch 3 is up". 
In the truth table of Fig, 4-11, we wish to construct a statement form f{A,B,0 for the required switch- 
ing circuit. 
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Fig. 4-11 Fig. 4-12 



The requirement on f{A,B,C) is that its truth value should change whenever the truth value of one 
of A, B, C changes. We arbitrarily assign the value T to /(A, B, C) when A,B,C are all T (the first row); 
thus the light will be on when all wall switches are up. Then we proceed down the truth table, changing 
the truth value of f{A,B,C) whenever the truth value of precisely one of A, By C changes. We have indi- 
cated such a procedure in Fig. 4-12 by writing to the left of each row a number showing at what step the 
truth value for that row has been determined. Another way of describing the assignment of truth values 
is to note that T is assigned when an odd number of statement letters have the value T. We find the 
resulting statement form by the method developed in the proof of Theorem 1.S; this amounts to forming 
the disjunction of the truth assignments in the rows to which a T is attached: 

(A &B&Q V (-iA& -iS&0 V (-A&5& -iC) V (A& TC) 

This is logically equivalent to 

[A&((B&C) V nC))] V [lA&((n5&C) V (B& IC))] 

having the circuit shown in Fig. 4=13 below. 



74 



SWITCHING CIRCUITS AND LOGIC CIRCUITS 



[CHAP. 4 




Fig. 4-13 



4^ BRIDGE CIRCUITS 

Sometimes a series-parallel circuit can be replaced by an equivalent circuit which is not 
a series-parallel circuit. 

Example 4.7. 

A series-pBrallel circuit corresponding to tiie condition [A & (B v ^)] v [C& (IB v ^ v is given in 
Fi^. 4-14. This is equivalent to the circuit shown in Fig. 4-15. Clearly, the only paths through this 
circuit €iTeAiiB,A&E&D,A&E&'^B,C&E&B,C&D,C&lB. Hence, a condition for fiow through 
this circuit is (A &B) \/ (A &E &D) v {A &E & IB) >/ {C &E & B) v {C &D) \/ (C & ^B\ which is logically 
equivalent to [A & (B v v [C & ( IB v E v D)h 




Fig. 4-14 Fig. 4-15 



The circuit of Fig. 4-15 is an example of a circuit which is not a series-parallel circuit. 
Such circuits are called bridge circuits. In Example 4.7, the bridge circuit had fewer 
switches (6) than the corresponding series-parallel circuit (7), 

Another example of a bridge circuit is given in Fig. 4-16. A corresponding statement 
form is (A & [Z) v (C&E)]) v [B & (£7 v (C&Z)))], whose series-parallel circuit is shown in 
Fig. 4*17. . 




Fig, 4-1? 
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Notice that any bridge circuit determines a truth function. A statement form for this 
truth function is obtained by finding all possible paths through the circuit. For example, 
the bridge circuit displayed in Fig. 4-18 corresponds tp the statement form 

(A&B&C&D) V (A&B&IC) V (1B&C&D) 
Notice that the path IB^C^^.C is impossible, since it contains a formula and its negation. 




rig. 4-15 



4.4 LOGIC CIRCUITS 

The processing of information is one of the most important roles of the modern digital 
computer. For this purpose, special devices are available. 

An and-gate operates on two or more inputs Ai, . . An and produces their conjunction 
Ai& A2& ... & An. An and-gate is denoted (&). 




Fig. 4-19 

More precisely, each input Ai has the form of a physical quantity (say, voltage level), of 
which we choose to distinguish tv/o states, denoted 0 and 1, The state 1 occurs if Ai is true, 
and the state 0 if Ai is false. The output of the and-gate is likewise in two possible states, 
0 and 1: it is 1 if and only if Ai & A2 & . . . & A„ is trae, and it is 0 if and only if 
Ai & A2 & . . . & A„ is false. Often the state of an input or output is taken to be 1 if it is 
transmitting current and 0 if not. Arithmetically, the output of an and-gate is the product 
of the inputs. 

Another common element of a logic circuit is an or-gate If the inputs are 

Ai, . . A„ (n — 2), then the output is Ai v A2 v • • • v An. 




Fig. 4-20 



Thus the output is 1 if and only if the output of at least one A i is 1. Arithmetically, the 
output is the maximum of the inputs. 
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An inverter is a device which has one input A and 
produces as its output 1A, Thus the output is 1 if the 
input is 0 and the output is 0 if the input is 1. 



0- 

Fig. 4-21 



HA 



A logic circuit is defined as a circuit constructed from various inputs by means of 
and-gates, or-gates, inverters, and possibly also other devices for performing truth- 
functional operations. 

The actual electronic (or mechanical) devices used to construct and-gates, or-gates, and 
inverters vary with the state of technology* For this reason, it is most convenient to 
ignore (as far as possible) questions of hardware (diodes, transistors, vacuum tubes, etc,). 
This also holds for our treatment of switching circuits. Readers interested in the physical 
realization of switching and logic circuits can consult [53] and [13]. 

Example 4.8. 

To construct a logic circuit producing the output A i Ag, notice that Aj is logically equivalent to 

(Aj&Ao) V (TAi& TAo) (Fig. 4-22^ as well as to (Aj&Ao) v T(Ai v A«) (Pig. 4-23). Clearly the second 
logic circuit is simpler. 

A* & An 




Fig. 4-22 



1 



Fig. 4-23 



Example 4^. 

Construct a logic circuit producing 

(A|& lAg) V lAi V (A2&A3) 



(1) 




Fig. 4.24 
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Notice that, instead of a log^ic circuit, one could construct a series-parallel switching circuit through 
which current fiows if and only if (1) is true (see Fig, 4-25). 




Fig. 4-25 

Example 4.9 indicates that the same effect can be obtained by logic circuits as by series- 
parallel switching circuits. Indeed, connection in series corresponds to an and-gate, while 
connection in parallel corresponds to an or-^ate. 



45 THE BINARY NUMBER SYSTEM 

We are accustomed to using the decimal number system. Thus 34,062 stands for the 
number 2 + 6 • 10 + 0 • 10^ + 4 • 10^ + 3 • 10\ In general, any positive integer can be rep- 
resented in one and only one way in the form 

Co + ai - 10 + az ao- + • • • - • 10*^ 

where O^ai^d for O^i — k and at > 0. This number is denoted afcttk-i- • -aaaiao in 
standard decimal notation. 

However, for any integer r > 1, every positive integer n can be represented uniquely in 

the form , . 

Oo + ai * r + tto • r- -I- - ■ • - Om • r"* 

where 0 = at = r — 1 for 0 = i^ m and am > 0. This can be proved by induction on n. 

In particular, every positive integer can be represented in binary notation: 

ao + ai • 2 + 02 • 2- -r ■ • • + am • 2"* 

where 0 =^ ai ^ 1 for O^i^m and Um ~ 1. 

ExampSe 4.10. 

The number 23 (in decimal notation) has the binary representation 10111, i.e. 2"* + 2- 4- 2 + 1. The 
decimal number 101 has the binary representation 1100101, i.e. 2« 4- 2^ + 2^ + 1. 

A procedure for finding the binary representation of a number n is to find the highest 
power 2"" which is ^n, subtract 2"» from n, then find the highest power 2' which is 

^ n - 2™, etc. 



Further examples: 



Decimal Notation 


Binary Notation 


Decimal Notation 


Binary Notation 


1 


1 


11 


1011 


2 


10 


16 


10000 


3 


11 


35 


100011 


4 


100 


52 


110100 


5 


101 


117 


1110101 


6 


110 






7 


111 






8 


1000 







78 



SWITCHING CIRCUITS AND LOGIC CIRCUITS 



[CHAP. 4 



4.6 MULTIPLE OUTPUT LOGIC CIRCUITS 

Occurrence of the same logic circuit as part of other logic circuits suggests the use of 
logic circuits with more than one output. 



example 4.il< 




^^^^^ ^ Cv(A&g) 



Fig. 4-26 

Example 4.12. 

Two numbers in binary notation are added in the same way as numbers in decimal notation. 



Binary notation: 10 0101 
10111 



111100 



Decimal notation: 37 
23 
60 



If we just consider the addition of one digit numbers, 0 and 1, we have the following 
values for the sum digit s and the carry digit c. 



Thus s corresponds to the exclusive-or (which we shall denote A -f-B), while c corresponds 
to the conjunction. 

If we wished to construct a separate logic circuit for s we would obtain 




Fig. 4-27 

Similarly we can construct a lOgic circuit for c: 



Pig. 4=2S 
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However, we can combine these two circuits into a single multiple output circuit: 
A » 



0 
1 




— © 
1 



Fig- 4-2S 

The circuit in Fig. 4*29 is called a kalf=adder. 

If we wish to add two single-digit numbers A and Bt, while taking into account a 
carry-over C from a previous addition, we obtain the table 



A 


B 


c 


s 




1 


1 


1 


1 


1 


0 


1 


1 


0 


1 


1 


0 


1 


0 


1 


0 


0 


1 


1 


0 


1 


1 


0 


0 


1 


0 


1 


0 


1 


0 


1 


0 


0 


1 


0 


0 


0 


Q 


0 


0 



Thus s corresponds to the statement form 

(C&T(A4-B)) V ({A^B)&1C) 

which is logically equivalent to {A + B) + C. The carry-over c corresponds to the statement 
form 

(A&B) V (C&(A+B)) 

We can use the circuit constructed for A + B in Fig. 4-27 to obtain the following diagram, 
corresponding to the above statement, 




c-lA&B)\^{C&{A-^B)) 



Fig. 4-30 

The circuit of Fig. 4-30 is called a fuU adder. 



t Actually, A is the proposition that the first number is 1, and B is the proposition that the second num- 
ber is 1. 
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We can construct a circuit for adding two three-digit binary numbers A2A1A0 and 

> 8 



B2BiB[t^ Let 



FA 



represent a full-adder, and let 



HA 



represent a half -adder. Then the sum is represented in Fig. 4-31 by csaSiSo. 



^0- 



HA 



Co 



FA 



FA 



Fig. 4-31 



4,7 MINIMIZATION 

The cost of constructing and running a switching circuit or logic circuit depends upon 
the state of technology and therefore varies with time. However, at a given time, some 
circuits will be less expensive than other equivalent circuits. 



Example 4.13. 

The circuit (Fig. 4-32) ccrrespondiRg to 1A v (B&A) is more expensive than the equivalent circuit 
(Fig. 4-33) corresponding to v since the latter contains fewer occurrences of statement letters and 
fewer connectives. In general, decreasing the number of connectives (i.e. gates and inverters in a logic 
circuit) lowers the cost, other things being equal, and decreasing the number of occurrences of statement 
letters also lowers the cost, other things being equal. These two criteria usually are not the only measures 
of cost; the special hardware used for constructing circuits imposes other criteria. 



lA 



Fig, 4-32 




Fig. 4-33 



The minimization problem consists of determining methods for finding a simplest (i.e. 
cheapest) circuit equivalent to a given circuit (or finding all simplest circuits equivalent 
to a given circuit). Since all that matters about the given circuit is the truth function that 
it determines, the minimization problem amounts to finding one or all simplest circuits 
defining a given truth function. In Example 4.13, the circuit of Fig, 4-33 is clearly the 
simplest circuit corresponding to the truth function represented by T A v B, Of course, 
for any given truth function, one can find a circuit representing the truth function and 
then check the cost of the finite number of all simpler or equally simple equivalent circuits. 
This method will yield all simplest equivalent circuits, but, for three or more variables, the 
application of this method often will be so involved and long that it becomes practically 
unfeasible. Therefore what we are seeking is a fast, convenient and practical way of 
finding one or all sim.plest circuits for a given truth function* 
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Let us assume that we are given a truth function. There are several forms of the 
minimization problem. 

(I) Find the "simplest" disjunctive normal form (dnf) representing the given truth 
function. 

(II) Find the "simplest" series-parallel switching circuit (or logic circuit) representing 
the given truth function. 

(III) Find the "simplest** switching circuit (either series-parallel or bridge) representing 
the given truth function. 

Example 4.14. 

Consider the truth function given by the following table. 



A 


B 


C 




T 


T 


T 


T 


F 


T 


T 


F 


T 


F 


T 


T 


F 


P 


T 


F 


T 


T 


F 


T 


F 


T 


F 


F 


T 


F 


F 


F 


P 


P 


F 


F 



A dnf for this function is (A &B &C) >^ (A & 1B &C) v (A & B &. iC), which is logieally equivalent to 
(A&B) \/ {A& C). It is easy to check that this is the simplest dnf for thus solving Problem (I). The 
corresponding series-parallel circuit is given in Pig. 4-34. However, a logically equivalent statement form 
is A&{B\/Q, which has the simpler series-parallel circuit shown in Fig. 4-35. It is obvious that this 
circuit cannot be replaced by a simpler one. Thus, a minimal dnf solving Problem (I) need not be a solution 
of Problem (II), that is, a solution of Problem (II) need not be a dnf. 




Fig. 4-34 Fig. 4-35 



The example shown in Fig. 4-16 demonstrates that there are bridge circuits which are 
simpler than any equivalent series-parallel circuit. Hence a solution of Problem (III) need 
not be a solution of Problem (II). 

Remarks: (1) Solving minimization problem (I) requires consideration only of dnf's. 
The solution will provide what is called a two-stage and-or logic circuit. For example, the 
dnf (A&B&IC) V (lA&B) V (IB&IC) corresponds to the circuit in Fig. 4-36. 




Fig. 4-36 
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Notice that we have not pictured inverters. This common convention stems from the 
fact that the presence or absence of a negation sign often results from an arbitrary decision 
as to v/hich of two contradictory assertions is to be labeled by a letter, say A, rather than 
by 1 A, Since the number of negation signs often depends upon arbitrary decisions, it is 
advisable to consider negations of letters as initial inputs, on a par with letters, and not to 
count the number of inverters in computing the cost of the circuit. 

(2) In solving minimization problem (II) for the case of logic circuits, we must consider 
arbitrary statement forms (not just dnf 's). In this case, inverters are counted in computing 
the cost, since negations may be applied not only to letters but also to arbitrary statement 
fonns. However, if we are only interested in switching circuits, consideration is restricted 
to statement forms in which negation is applied only to statement letters. 

Notational Conventiotu In writing statement forms, it is often convenient to omit the 
conjunction sign &, and to write A instead of T A. 

Example 4.15. 

ABCvAbC instead of (A & lB& C7) v (lA & J?& IQ 
AB V ABCD V AC instead of (1A& 1B) v {1A&B& IC&D) v (tA&C) 
(AvB)(AvBvC) insteadof (nA vB)&(Av =iBv TC) 

In Example 4.15 and in the sequel, we adopt the convention of omitting the parentheses 
around the disjuncts of a disjunctive normal form. Thus, we have written ASC\/ABC 
instead of (ABC) v {ABC), and AS v ABCD v AC instead of (AS) v (ABCD) v {AC). This 
alternative notation saves time and space, and is customary in work on circuits. 



4.8 DONT CARE CONDITIONS 

In many problems involving design of circuits there are certain conditions which are 
impossible or for which no requirement is made concerning the operation of the circuit. 
Such conditions are called don't care conditions. 



Example 4.16. 

The switching circuit of Fig, 4-37 has a corresponding statement form A(B C) \/ A B C, In the spe- 
cial case where A is "x is an even integer", B is "x is a perfect square", and C is "x is an integer divisible 
by 4", the three conditions ABC, ABC, AbC are impossible. Hence there is no danger if we build a 
circuit which happens to allow current to now if some of these impossible conditions occur. In particular, 
a circuit corresponding to the statement form 

A(B V C) V ABC V ABC V ABC 

will accomplish the_ same task as the original circuit. But this statement form turns out to be logically 
equivalent to A y which has the much simpler circuit of Fig. 4-38. (To derive the logical equivalence, 
notice that ABC v ABC is logically equivalent to AB, while i4(fi v C) v AJ?C is logically equivalent to 
AiB\^CvBC) and therefore to A. We are left with A v AB, which is logically equivalent to A v B.) 





Fig. 4-87 



Fig, 4-S8 
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Example 4.16 shows that addition of don't care conditions sometimes allows simplifica- 
tion of circuits. Later (Section 4.17), we shall learn a technique enabling us to choose 
those don't care conditions which lead to maximal simplification of the circuit. 

Example 4.17» 

The decimal digits 0 to 9 can be represented in binary notation as follows: 



Decinfel- 

NctaticR 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Binary 
Notation 


GGGO 


0001 


0010 


OOii 


0100 


0101 


0110 


Dili 


1000 


1001 



Consider the sentences: 

A The first (right-most) binary digit is 1 

B The second binary digit is 1 

C The third binary digit is 1 

D The fourth binary digit is 1 

Then ASCD corresponds to 0 

ABCD corresponds to 1 
ABCD corresponds to 2 

corresponds to 9 

In terms of inputs A, B, C, D, let us construct a switching circuit which passes current 
if and only if the number represented is 6, 7, or 8, i.e. under the condition ABCD v ABCD v 
ABCD. If the inputs A, B, C, D are such that they always represent a number between 0 
and 9, then we can ignore the six possibilities 1010, 1011, . . 1111 (i.e. the binary rep- 
resentations of 10 through 15). Hence the don't care conditions are ABCD, ABCD, ABCD, 
ABCD, ABCD, ABCD. In particular, we can use 

ABCD V ABCD V ABCD v ABCD v ABCD v ABCD v ABCD 

;Thus we are using four of the six don't care conditions.) This statement form is logically 
equivalent to BC v AD. (This is left as an exercise. It can be done laboriously by a truth 
table, or much more easily using well-known logical equivalences from Chapter 1.) The 
circuit for BC v AD is given in Fig. 4-39. 




Fig. 4-39 Fig. 4-40 



If__w€ had_not m.ade use of the don't care conditions, our original statement form 
ABCD V ABCD v ABCD could have been reduced to BCD v ABCD, with the costlier circuit 
shown in Fig. 4-40. 
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4.9. MINIMAL DISJUNCTIVE NORMAL FORMS 

Given any dnf say ABC v ABD v ABCD v ASCD. Let I* = the total number :: 
literals (i.e. letters or negations of letters) in *, and d* = the total number of disjuncts of ? 
In the example above, U = 14 and cU = 4, 

For dnf 's 4> and ^, we say that * is simpler than * if and only if U^h and cU ^ 
and at least one of these inequalities is strict (<). 

This definition of si7npler is most suitable in the case of logic circuits. If one is inter- 
ested only in switching circuits, then the size of alone would be a better measure ci 
simplicity. 

That we do not take into account the number of negation signs stems from the fac:, 
already mentioned, that the number of such signs often depends only on arbitrary decisions 
as to which one of a proposition and its negation is to be represented by a statement letter 

A dnf * is said to be a minimal dnf for a statement form A if and only if ^ is logical;:* 
equivalent to A and no other dnf simpler than * is logically equivalent to A. We shall no^ 
embark upon the task of describing various methods of finding the minimal dnf 's for £ 
given statement form. 

We must emphasize again that we shall not distinguish between a fundamental con- 
junction and any other permutation of the literals in that conjunction. Thus we shall no: 
distinguish between ABC, 5AC, BCA, ACB, CAB and CBA. Likewise we shall not dis- 
tinguish between a given dnf and any other dnf obtained by permuting the disjuncts. 
Hence for our purposes, AB \ ABC v ABC and ACB v BA v ACB are essentially the same. 



4.10 PRIME IMPLICANTS 

Let A be a statement form. A fundamental conjunction ij/ is said to be a prime implicant 
of A if and only if ii^ logically implies A but A is not logically implied by any other funda- 
mental conjunction included in ^. This is the same as saying that ^ logically implies A 
while any fundamental conjunction obtained by eliminating literals from ^ does not logically 
imply A. Clearly, a prime implicant of A is also a prime implicant of any statement form 
logically equivalent to A. 

Example 4.18. 

Let A be AS v ABC v ABC. Then AC is a prime implicant of A. For, AC logically implies A, while 
A alone does not logically imply A and C alone does not lo^rically imply A. Other prime implicants of A are 
AB and BC. (Verification of these facts is left to the reader. We have no way of knowing at this point 
whether we have found all the prime implicants of A.) 

Example 4.19. 

Let A be (B&(Av C)) v (i? & U v C)), This is logically equivalent to AB s/ BC v AB \/ BC. The 
prime implicants turn out to be AB, BC, AB, BC, AC and AC. 

The main significance of the notion of prime implicant is revealed by the following 
theorem. 

Theorem 4.1. Any minimal dnf * for A is a disjunction of one or more prime implicants 
of A. 

Proof. Let ^ be a disjunct of 4>. If if were not a prime implicant of A, then tj/ would 
include a fundamental conjunction & such that & logically implies A. If is formed from 
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^ by replacing ^ by a, then clearly is logically equivalent to (For, on the one hand, ^ 
logically implies <r, and therefore * logically implies On the other hand, a logically 
implies A, which is logically equivalent to v, and therefore logically implies But 
is simpler than contradicting the assumption that * is a minimal dnf. > 

We shall see shortly that a minimal dnf for A need not be a disjunction of all the prime 
implicants of A. 

Remark: Every fundamental conjunction which logically implies a statement form A 
must include a prime implieant of A, For, if the fundamental conjunction ^ is not itself 
a prime implieant of A, then ^ must include a fundamental conjunction ^, which logically 
im.plies A. If is not a prime implieant of A, then must include a fundam.ental conjunc- 
tion ^2 which logically implies A, etc. This procedure must eventually stop, yielding a 
prime implieant of A which is included in ^, 

Definition. If ^ is a fundamental conjunction and $ is a dnf, then we say that ^ is 
superfluous in ^ v * when and only when * is logically equivalent to ^ v e». 

If Of is a literal, ^ is a fundamental conjunction, and * is a dnf, then we say that a is 

superfluous in v # when and only when ^ v v is logically equivalent to af v ^, 

Remarks: (1) ^ is superfluous in ^ v * if and only if 6 logically implies (2) a is 
superfluous in of^ v * if and only if ^ logically implies a v 

We shall say that a dnf is irredundant if and only if it contains no superfluous disjuncts 
or literals. 

Of coui^, we may obtain an irredundant equivalent of a given statement form by 
eliminating superfluous conjunctions and literals one by one. Clearly, an irredundant dnf 
is a disjunction of prime implicants, for, if one of its disjuncts were not a prime implieant, 
some literal of that disjunct would be superfluous (cf. Problem 4.10). In addition, any 
minimal dnf must be irredundant (for, elimination of superfluous disjuncts or literals 
would yield a simpler dnf). 

Example 4.20. 

Start with the dnf AB v ABC v ABC v BC, 

(1) The first occurrence of B is superfluous. (For, AC implies B \/ AB v ABC v BC,) Thus we obtain 

V AC V ABC V BC, 

(2) AB is superfluous. (For, AB imphes AC v ABC \/ BC,) We now have AC v ABC v BC. 

(3) A is superfluous. (For, BC implies AC v A v BC.) This leaves us with AC v BC v BC, which turns 
out t^ be irredundant. (The reader can verify this without difficulty.) 

Notice that AB is a prime implieant of the original dnf but that AB does not occur in the irredundant 
dnf that we have constructed. Thus an irredundant dnf logically equivalent to a given statement form A 
need not contain all of the prime implicants of A. 

ExampSe 4.21. 

It is easy to verify that AB v AB v BC v BC is irredundant However, it is not a minimal dnf. 
since AB \/ AC v BC is a simpler logically equivalent dnf. Thus an irredundant dnf need Ttot be a 
minimal dnf. Hence the very simple procedure of reducing to an irredundant dnf does not solve the 
problem of finding minimal dnf's. 
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4.11 THE QUINE-M-CLUSKEY METHOD FOR FINDING 
ALL PRIME IMPLICANTS 

If A is a statement form and it>j and (^^g are fundamental conjunctions, then we say that 
is a completion of relative to A if and only if includes and the statement letters 
in 4>^ are precisely the letters occurring in A. 

Example 4.22, 

Let A be ABC v AD v AB, and let tf>y be AC, Then there are four completions of ^ relative to A, 
namely: ABCD, ABCD, ABCD, ASCD, 

L-emma 4,2, Let 4? be a full dnf (i.e. a dnf in which the letters contained in any one dis- 
junct are precisely the letters in any other disjunct; see page 14). Let ^ 
be a fundamental conjunction all of whose letters are in ^. Then ^ 
logically implies O if and only if all completions of ^ relative to 4> are 

disjuncts of 

Proof, (i) Assume 6 logically implies ^, but some completion of 6 relative to * is not 
a disjunct of Take the truth assignment corresponding to ^ (i*e. letters unnegated in ^ 
are T, while letters negated in jj/ are F), Since i/y is a completion of a. the assignment makes 
it> Tf and, therefore, it also makes $ T. But all disjuncts of ^, being different from ^ in at 
least one letter, must be F. Hence ^ would also be F, not T. 

(ii) Assume all completions of <j> relative to * are;, disjuncts of Take any truth assign- 
ment making ^ T, We must prove that * also is T. The truth assignment corresponds to 
some completion of ^ relative to 4> la letter appears unnegated in ^ if it is T and negated 
if it is F). Then c is a disjunct of 4>. But, since 6 is T, so is ^ 

Lemma 4^. If A is not a tautology, no prime implicant ^ of A contains any letters not 
in A. 

Proof. Assume some letter, say B, is in but not in A. Let x be the fundamental 
conjunction obtained from <p by removing the literal containing B. (Notice that ^ is neither 
B nor B, For, take a truth assignment making A false and choose the value of B so that 
<i> is T. Then ^ does not logically imply A.) x also logically implies (For, given any truth 
assignment making v T, extend it by making B true or false according as or £ occurs as 
a conjunct of i^*. Then ^isT and therefore A is also T.) But this contradicts the assumption 
that 4> is B, prim.e implicant of A, ^ 

Theorem 4,4, Let 4> be a non-tautologous full dnf, and let A be some fundamental con- 
junction. Then is a prime implicant of $ if and only if 

(i) all letters of ^ are also in 

(ii) all completions of 6 relative to $ are disjuncts of but no other 
fundamental conjunction included in ^ has this property. 

Proof. Direct consequence of Lemmas 4.2-4.3. ^ 

The Quine-McClttskey Method for Finding All Prime Implicants of a Nan-Tautologov^ 
FuU Dnf Let * be v • • • v ^fr^.. 

(1) List v^,, . . . , 

(2) If two fundamental conjunctions ^ and x in the list are the same except that 4> con- 
tains a certain letter unnegated while y contains the same letter negated, add to the list 
the fundamental conjunction obtained by eliminating from ^ the letter in which ^ differs 
from x- Place check marks next to A and y. 
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(3) Repeat the process indicated in (2) until it can no longer be applied. Fundamental 
conjunctions which already have been checked can be used again in applications of (2). 

The unchecked fundamental conjunctions in the resulting list are the prime implicants 
of *. (This assertion will be justified after consideration of a few examples.) 



Example 4^. 

Let * be ABC v ABC v ABC v ABC v ABC, 



Start with 
ABC 
ABC 
ABC 
ABC 
ABC 



Application of (2) yields 



ABC 
ABC 
ABC 
ABC 
ABC 



BC 
AC 
AB 



Notice that ABC and ABC yield BC; ABC and ABC yield AC: ABC and ABC yield AB. Now (2) is no 
lon^r applicable. Hence the prime implicants are ABC, BC, AC, AB. 



Example 

Let ^ be 

(1) List 



ABCD V ASCD V ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 

I ABCD 



ABCD 
ABCD 

ABCD 
S ABCD 
ABCD 

( ABCD 
I ABCD 

Notice that the disjuncts are listed in groups: first, those with no negations, then those with one 
negation, etc. Since process (2) is applicable only to a pair of fundamental conjunctions which differ 
by one in the number of negationsj in seeking to apply (2) we need only compare fundamental con- 
junctions with those in the next grroup. 

(2) Application of process (2) yields 



ABCD 




ABD 


r ABCD 




^ACD 


Xabcd 


/ 


' ACD 


^ ABCD 


/ 


ABC 


< ABCD 


✓ 


ABD 


ABCD 


✓ 


bCd 


r ABCD 




BCD 


\ ABCD 


✓ 


ABD 
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Further application of (2) produces 
ABCD / 
J ABCD / 

[abcd / 

ABCD V 
< ABCD / 

Abcd / 

\ABCD / 

\abcd / 

Process (2) is no longfer applicable. Hence the prime implicants are ABC^ BCD, BCD, ABD, AD, 

Justification of the Quine-McChiskey Method: All fundamental conjunctions in the list 
logically imply *. (It is only necessary to observe that application of process (2) to funda- 
mental conjunctions which logically imply * yields a fundamental conjunction which also 
logically implies Every prime implicant ^ of * will appear unchecked. (For, by Theorem 
4.4, all completions of ^ will be disjuncts in Hence ^ will eventually appear in the list 
after suitable applications of process (2) to these completions eliminate all the letters not 
in ^. ^ itself will never be checked, since if it were it would not be a prime implicant of 
On the other hand, no fundamental disjunction ^ which is not a prime implicant will remain 
unchecked. (For, must include a fundamental conjunction ^ which is a prime implicant 
of By Theorem 4.4, all completions of <}> originally appear in the list. By suitable 
applications of process (2) to these completions, we obtain a fundamental disjunction x 
differing from c in precisely one letter. Then application of process (2) to ^ and x imposes 
a check on c,) 

Liynitation of the Quine-McCluskey Method: One must start with a full dnf. If we 
are given a dnf which is not full, we must expand it into a full dnf. This tedious and long 
process can be avoided by another procedure which we shall study lat«r* 



4.12 PRIME IMPLICANT TABLES 

Once we have obtained all prime implicants of a given statement form we must find 
out which disjunctions of prime implicants are minimal dnf's. 

Theorem 4.5. Let * be a non-tautologous full dnf, and let be a dnf. If ^ is a minimal 
dnf for then each disjunct of * includes a disjunct of 4^. 

Proof. Assume not. Let ^ be a disjunct of * which does not include any disjunct of 
Hence each disjunct of -i' differs in at least one literal from <j>. But then the assignment 
of truth values making 4, T makes * F, and therefore makes 4> F. But ^ is a disjunct of 
so V must be T, which is a contradiction, p 

Our overall strategy can now be made clear. We choose a disjunction * of prime impli- 
cants so that every disjunct of the full dnf * includes a disjunct of ^. (Clearly, ^ is logically 
equivalent to <>. Since >k is a disjunction of prime implicants of ^ logically implies 
On the other hand, since each disjunct of * includes a disjunct of * logically implies 
Among all such ^'s we find the minimal ones. We shall indicate techniques for narrowing 
this choice to a relatively small number of i^'s. 



\ ABD 


/ 


\acd 


/ 


^ ACD 


/ 


^ ABC 




ABD 


✓ 


''BCD 




^ BCD 




ABD 
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Construct a matrix, one row for each prime implicant of * and one column for each 
disjunct of Place a cross (x) at the intersection of a row corresponding to a prime 
implicant 0 and a column corresponding to a disjunct ^ of such that ^ includes p. This 
matrix is called the prime implicant table for 

Example 4.25. 

Let * be ABC v ABC v ABC v ABC. Using the Quine-McCIuskey method, we obtain 

ABC / 
J ABC / 
[ABC / 
ABC / 

Thus the prime implicants are AC, AB, BC, and the prime implicant table is shown in Fig. 4-41. 





ABC 


ABC 


ABC ABC 


AC 


X 


X 




AB 






X 


BC 






X X 



Fig. 4-41 



We shall now describe various operations performed on prime implicant tables in order 
to obtain minimal dnf's. 

Core Operation. Assume there is a disjunct C of v such that the column under ^f con- 
tains a single cross. Lret ^ be the prime implicant corresponding to this cross. ^ belongs 
to what we shall call the core of <p. By 'Rieorem 4.5, ^ must be a disjunct of every minimal 
dnf for We eliminate the row corresponding to ^ as well as all columns containing a 
cross in the row corresponding to 0. (Since ^ must be a disjunct of every minimal dnf, the 
condition of Theorem 4.5 is met for the disjuncts heading any such column.) 

Example 4.25 (continued). 

In Fig, 4-41, the columns under ABC and ABC have a single cross each. Hence AC and BC belong to 
the core. But all the columns contain a cross in the rows corresponding to AC and BC, Hence AC v BC 
is the unique minimal dnf for 4>. 

Example 4J6. 
Let 4» be 

ABCD V ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 
Find the prime implicants: 



ABCD 




' ABD 




abCd 




ACD 




ABCD 




BCD 


✓ 


ABCD 




ABC 




ABCD 




BCD 




ABCD 




ABC 




ABCD 




^ABD 




ABCD 




ACD 





Hence the prime implicants are BD, ACD, ABC, ABC, ACD. 



AC 
AB 
BC 
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The prime implicant table is 





ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


abCd 


abCd 


BD 


X 


X 








X 




X 




ACD 














® 


0 


® 


ABC 








© 




X 




ABC 




X 




© 








ACD 


X 















We draw circles around crosses which are the only ones in a given column. In this case there are such 
crosses in the columns under ABCD, ABCD, ABCD, ABCD, Hence ABC, ACD, ABC and ACD are in the 
core. We draw a square around each cross in any row in which there is an encircled cross. In Example 
4.26 we then have a square or circle in every column. Thus every disjunct of «^ includes a prime implicant 
in the core. Hence ABC \^ ACD v ABC ACD is the unique minimal dnf for <f». 

The results of Examples 4.25 and 4.26 are exceptional. Sometimes a single application 
of the core operation is not sufficient. Wider coverage is afforded by adding the following 
two operations. 

Dominant Column Operation. Jf a column p has a cross in every row in which a column 
a has a cross, then we can eliminate column ^. (To satisfy the condition of Theorem 4.5, 
we have to use a prime implicant included in the fundamental conjunction heading column 
a. Then by assumption the same prime implicant is included in the fundamental conjunc- 
tion heading column /?.) 

Dominated Rou^ Operation, If the row corresponding to a prime implicant ^, has a 
cross in every column in which the row corresponding to a prime implicant ^ cross, 

and if the number of literals of is smaller than that of then we eliminate the row 
corresponding to y',- (For, if a minimal dnf had as a disjunct, replacing by would 

lower the cost, contradicting the assumption that is minimal.) 

Example 

Let 4> be 

ABCD V ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 
First we obtain tiie prime implicants: 

ABCD ✓ 

ABCD / 
^ ABCD / 
ABCD / 

ABCD / 

ABCD V 

ABCD |/ 

,ABCD / 

[ABCD / 
ABCD / 



ACD 




r AC 


ABC 






BCD 


/ 


r AB 


ABC 




\AB 


ABD 


/ 




BCD 






ACD 


/ 




ABC 


/ 




ABD 






ABD 






ABD 


/ 




ABC 






ABC 






BCD 






ACD 
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Thus the prime implicants are BCD, AcD, AC, BC, AB, AB, The prime implicant table is 





ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


BCD 








X 














X 


ACD 










X 












X 


AC 


X 


X 








X 


X 










BC 


X 




X 






X 






X 






AB 




E 


E 


X 


a 




a 


© 




© 




AB 










s 





The columns under ABCD and ABCD have unique crosses, which we circle. Thus AB and AB belong to 
the core. Put a square around each cross in the rows belonging to AB and Ab. Hence all the columns 
containing a circle or square can be eliminated. The new table is 





ABCD 


ABCD 


AbcH 


BCD 






X 


ACD 






X 


AC 


X 


X 




BC 


X 


X 





The columns under ABCD and ABCD have crosses in the same row. Hence by a dominant column opera- 
tion we may eliminate either column, say, the one under ABCD, This leaves us with the new table: 







ABCD 


ABCD 


(1) 


BCD 




X 


(2) 


ACD 




X 


(3) 


AC 


X 




(4) 


BC 


X 





Fijr. 4-42 



None of our operations are applicable to this table. However, notice that in order that each column 
include some disjunct of the required minimal dnf, we must have {(i) or (2)) and ((3) or (4))t, i.e. 
((1) V (2)) & ((3) V (4)), This is logically equivalent to 

((1) & (3)) V ((1) & (4)) V ((2) & (3)) V ((2) & (4)) 

Thus there are four different ways of choosine the rest of the prime implicants, and we obtain the 
four dnf's: 

ABs/ ABv BCD v AC 
ABv ABv BCD V BC 
ABv ABv ACD V AC 
ABv ABv ACD V BC 

These are the only possibilities for minimal dnfs. Since they all have the same cost, all four are mini- 
mal dnf's. , 

We shall call the method we have used for handling the table of Fig. 4-42 the Boolean method. 

Example 4^. 
Let <t be 

ABCD V ABCD v ABCD v ABCD v ABCD 

V ABCD V ABCD v ABCD v ABCD v ABCD 

tBy (1), we mean that row (1) appears as a disjunct in the required minimal dnf, by (2) we mean that 
row (2) appears as a disjunct, etc. 
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We obtain the prime implicants: 

ABCD / 

jABCD ✓ 

\abcd -/ 

abCd ✓ 

ABCD / 

ABCD / 

ABCD / 

[ABCD ✓ 

1 iiBCC / 



[BCD ✓ 

aCd / 

BCD / 

VABD / 
ACS / 

AcD 
[BCD 

[abd 



BD 
AC 



Thus the prime implicants are ABC, AcD, BCD, ABD, BD, AC. The prime implicant table is 

ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD 



ABC 
ACD 

BCD 
Abd 

BD 

AC 



© 



© © 



© 



0 



Circle the crosses which are unique in their columns. Hence BD and AC are in the core. Place squares 
around all crosses in the rows of BD and AC, We then eliminate the rows of BD and AC, and all columns 
containing squares or circles. The new table is 







AbcD 


ABCu 


AbCD 


(1) 


Abc 


X 






(2) 


ACD 


X 


X 




(3) 


BCD 






X 


<4) 


AbD 




X 


X 



Fig. 4-43 

Now we can apply the Boolean method used in Example 4.27. We obtain [(1) v (2)] & [(2) v (4)] & [(3) v (4)], 
which is equivalent to 

[(l)&(2)&(3))v [(1)&(2)&(4)] V [(1)&(4)] V [(1)&(3)&(4)] V [(2) & (3)] v [(2) & {4)J v [(2) & (3) & (4)] 

But, taking into account the fact that, when (2) is used, (1) is not required, and that, when (4) is used, 
(3) is not required, we obtain 

({2)&(3))v((2)&(4))v((l)&(4)) 

Thus there are Uiree possibilities for minimal dnf's: 

BZ) V AC V ACD V BdD 

BD\/ ACv AcD V Abd 
BD^ AC V Abc V Abd 

Sinee the costs are ttie same, all three are (the only) minimal dnfs for 4>. 
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Instead of the Boolean methodt we may use the so-called branching method for handling* the table of 
Pig. 4-43. We take a column with a minimal number of crosses. In our example, there are^two crosses in 
each column: so we may choose any column, say the one under AbCD. To ensure that ABCD includes 
a prime implicant of the sought-for dnf's, we may use either ABC or ACD, Hence we obtain two tables 
(in general, if there are n crosses in the column, we would obtain n tables) as follows: in the left-hand table 
(Fig. 4-44) we assume that ABC is taken as a disjunct and we eliminate the row containing ABC as well 
as every column containing a cross in that row. For the right-hand table (Fig. 4-45), we do the same 
with ACu, 





ABCD 


ABCD 




ABCD 


ACD 


X 




ABC 




BCD 




X 


BCD 


X 


ABD 


X 


X 


ABD 


X 




Fig. 4-44 




Fig. 4-45 



In the left-hand table, we can again apply the Boolean method or branching, but in this simple case it is 
obvious thatjonly the choice of ABD will yield minimal cost. In the right-hand table, we can choose either 
BCD or ABD. Thus we have the following possibilities: 

From the left-hand table, fiZ> v AC v ABC v ABD, 

From the right-hand table, BD v AC v ACD v 665 and BD v AC v ACD ABD. 
This is identical with the result of the Boolean method. 



4.13 MINIMIZING WITH DONT CARE CONDITIONS 

Let us assume that we must find a minimal dnf for a statement form assuming that 
the additional fundamental conjunctions ^j, . . don't care conditions. Then we can 

adapt the method used in the preceding section in the following manner. Find all prime 
implicants of v v v ■ ■ • v However, in constructing the prime implicant table, use 
columns only for the disjuncts of not for - »^fc (since we are concerned only that 
each disjunct of * include some prime implicant of the required minimal dnTsj. 

Example 4^. 

Let *be _____ 

ABCD V ABCD v ABCD v ABCD v ABCD 

Let the don't care conditions be: ABCD, ABCD, ABCD, ABCD, ABCD. By the standard procedure (left 
as an exercise for the reader), we find that the prime implicants of * v ABCD v ABCD v ABCD v AbCDw 
ABCD are: BD, AC, ABC, ACD, BCD, ABD. 

The prime implicant table is 





ABCD 


ABCD 


ABCD 


ABCD 


ABCD 


BD 


X 




X 






AC 


X 


X 








ABC 






X 


X 




ACD 








X 


X 


BCD 




X 








ABD 










X 



Now AC has crosses wherever BCD has, and AC has fewer literals than BCD, Hence by a dominant row 

operation we eliminate the row of BCD, obtaining: 
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ABCD 


ABCD 


ABCD 


ABCD 


A BCD 


BD 


X 




X 






AC 


E 


© 








ABC 






X 


X 




ACD 








X 


X 


ABD 










X 



Now the column cf ABCD has a unique cress. Hence we place AC into what we call the secondary core, 
(AC must be a disjunct of every minimal dnf.) Then by the core operation we drop the row of AC, 
toother with the columns under ABCD and ABCD: 





ABCD 


ABCD 


ABCD 


BD 


X 






ABC 


X 


X 




ACD 




X 


X 


ABD 






X 



Now we can apply either the Boolean method or the branching method. However, it is clear that the first 
and third rows yield the only minimal dnf. Hence the unique minimal dnf is AC \/ BD v ACD. 

4.14 THE CONSENSUS METHOD FOR FINDING PRIME IMPLICANTS 

Given two fundamental conjunctions and c^. If there is precisely one letter p which 
occurs negated in one of and C,^ and unnegated in the other, then the fundamental con- 
junction obtained from CjCv, by deleting p and p and omitting repetitions of any other literals 
is called the cGnsensiis of and v^. 

Example 4.30. 

(i) The consensus of ABC and ABD is ACD, 

(ii) The consensus of AB and ABCD is BCD. 

(iii) There is no consensus of ABC and ABD. 

(iv) The consensus of A and AB IbB. 

(v) The consensus of A and AB is B, 

Theorem 4.6. The consensus <h of i^. and logically implies ^. v i^-. 

Proof, Consider any truth assignment making true. Let p be the letter occurring 
negated in and unnegated in If p is T, then Is T. If p is F, then is T. In either 
case, V ^2 is T. > 

Corollary 4.7. If A is the consensus of 6. and 6^, then i^. v i^. is logically equivalent to 

Consider the following two operations transforming a dnf into a logically equivalent dnf. 

(i) Eliminate any disjunct which includes another. 

(ii) Add as a disjunct the consensus of two disjuncts, if that consensus neither is identical 
with nor includes some disjunct of the given dnf. 

Given a dnf *. (If we are given an arbitrary statement form, first transform it into a 
logically equivalent dnf.) The consensus method consists of applying operations (i) and (ii) 
until these operations are no longer applicable. The result turns out to be the disjunction 
of all prime implicants of *. 



CHAP. 4] 



SWITCHING CIRCUITS AND LOGIC CIRCUITS 



95 



Example 4^1. 

Let '^ be ABC v ABCD v AS v ABC v ABCD. 
By (i), ABC v AB v ABC v ABCD (ABCD includes AB). 
By (ii), ABC v AB v ABC v ABCD v AC (Consensus of ABC and AB). 
By(i), AB \^ ABC \/ ABCD V AC (ABC includes AC). 
By (ii), AB v ABC v ABCD v AC v BCD (Consensus of AB and ABCD), 
By (i), AB V ABC v AC v BCD (ABCD includes BCD), 
By (ii), AB v ABC v AC? v BCZ) v BC (Consensus of ABC and AC). 
By (i), AB V AC V BCD v BC (AB(5 includes BC), 
By (ii), AB V AC V BCD v BC v CD (Consensus of BCD and B(5). 
By (i>, AB V Ao V BC V CD (BCD includes CD). 
Thus, the prime implicants are AB. AC. BC, CD. 

Example 4.32, 

Let * be AB V ABCD v ABC v BD. 
By (ii), AB V ABCD v ABC v BD v ACB (Consensus of AB and ABCB). 
By(i), ABv ABCvBDv ACD (ABCD includes A CC). 
By (ii), AB v ABC v BD v ACD v BC (Consensus of AB and ABC). 
By (i). AB^ BDv ACD v BC (i4B(? includes BC). 
By (ii), AB V BD V ACD \/ BC v AD (Consensus of AB and BD). 
By (ii), AB V BD v AC5 v sC v AD v ABC (Consensus of BD and ACD). 
By (ii), ABv BD V ACD v BC v AD v ABC v AC (Consensus of AB and ABQ. 
By (i). ABv BDv BCv ADv AC {ABC includes AC; ACD includes AC). 
By (ii), ABvBDvBCvADvACv CD (Consensus of BD and BC). 
Hence the prime implicants are AB, BD, BC, AD, AC, CD. 

Example 4^. 

Let * be ABCD v ABCD v ABCD v ABC v ACD. 
By (i), ABCD v ABCD v ABC v ACD {ABCD includes ACD). 
By (ii), ABCD v ABCD v ABC v ACD v ACD (Consensus of ABCD ar.d ABO. 
By (i), ABCD v AB5 v ACD v ACD (ABCD includes ACD). 
By (ii), ABCD v ABC v ACD v ACD v BCD (Consensus of ABC and ACD). 
Hence the prime implicants are ABCD, ABC, ACD, ACD, BCD. 

Justification of the Consensus Method, 

(1) The process mtist come to an end. Since there are only a finite number of dnf's using 
the letters of the given statement form €>, we must show that there can be no cycles in the 
application of (i) and (ii). Once we drop a fundamental conjunction 4> by (i), then 4> can 
never reappear by virtue of (ii). For, in all future steps, there will always be a fundamental 
conjunction which is included in ^. Hence if there were a cycle, it would consist solely of 
applications of (ii). But (ii) increases the number of disjuncts. 

(2) Every prime implicant 4> of ^ occurs as a disjunct in the dnf * remaining at the end 
of the pracess. Assume the contrary. Hence there must be a fundamental conjunction S 
which has the maximum number of literals among all fundamental disjunctions t such 
that: (a) r includes (&) r includes no disjunct of ^; (c) the letters of t occur in <!►. 
Notice that ^ is such a fundamental conjunction t. Clearly, by (a), 0 logically implies 
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Also, S cannot contain all the letters of (Otherwise, by (b), 6 would logically imply the 
negation of each disjunct of and therefore would logically imply T*. But only con- 
tradictions logically imply both 4> and and no fundamental conjunction is a contradic- 
tion.) Let A be a letter of $ not in 9. By the maximality of tf, A$ and A9 must lack one of 
the properties (a)-(c). The only one they can lack is (6). Hence there are disjuncts and 
^2 of * such that Ad includes and AO includes i^g- By property (b) of 0, A must be a literal 
of and A must be a literal of Since AO includes and A$ includes and ^2 do ^^t 
have any other literals which are negations of each other. Then the consensus fi of i^, and 
^2 is included in 6, and therefore, by (&), includes no disjunct of ^. Hence an application of 
(ii) can be made to and i!/^, contradicting the assumption that the process has ended. 

(3) Every disjunct 4> of the dnf ^ remaining at the end of the process must be a prime 
implicant of ^. Otherwise would include some prime implicant By (2), tfr would be a 
disjunct of the final dnf, and operation (i) would still be applicable. 



415 FINDING MINIMAL DNF's BY THE CONSENSUS METHOD 

If we have obtained all the prime implicants of a statement form $ by the consensus 
method, the problem remains to find the minimal dnf's. Of course, we could construct the 
full dnf for 4» and then apply_the methods already described. However, constructing the 
full dnf for * sometimes would involve a long and tedious process, and it would be conven- 
ient to have ways of producing minimal dnf's without going through that process. One 
such method is to eliminate superfluous literals and disjuncts from the disjunction of the 
prime implicants, obtaining irredundant dnf*s. Then one can compare the irredundant 
dnf's and pick out the minimal ones.t 

Example 4.34. 

We have already found (Example 4.33) that _the_ dnf ABCD v ABCD v ASCD v ABC v ACD has as 
its prime implicants ABCD, ABC, ACD, ACD, BCD. Now we shall eliminate superfluous disjuncts from 

ABCD V ABC V ACD v ACD v BCD 

To determine whether a given disjunct ^ is supeFfluGUs in a dnf ^ v we check whether y is logically 
equivalent to 4>v^. This holds if and only if ^ logrically implies But the latter holds if and only if 
the result is a tautology whenever, for each literal p in a. wg replace p in ^ by T and the negation of « 
by F. Hence we construct the following table. 





ABCD 


ABC 


ACD 


ACD 


BCD 


ABCD 




F 


F 


F 


F 


ABC 


F 




F 


F 


D 


ACD 


F 


F 




F 


B 


ACD 


F 


B 


F 




F 


BCD 


F 


A 


A 


A 





In the row corresponding to a fundamental conjunction ^ we calculate what each of the other disjuncts 
must be when ^ is T. Then we check to see whether the disjunction _of the results in that row is a 
tautology. In the table above, this holds only in the last row. Hence BCD is the only superfluous disjunct. 
All the other disjuncts must occur in every minimal dnf. Thus we are reduced to 

ABCD V ABC V ACD y/ ACD 



tThe method we shall outline is due to J. Ghazala [261. 
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To eliminate superfluous literals, remember that a literal p is superfluous in v 4" if and only if ^ logi- 
cally implies p v ^i^. A quick check shows that none of the literals is superfluous. Hence we have a unique 
irredundant dnf, which must be the only minimal dnf. 



Example 4.35. 

Consider the statement form 4»: 



BC V SC V SD V CD V AD 



Since the consensus method yields no additional disjuncts, this is already the disjunction of all the prime 
implicants of For finding superfluous disjuncts, we construct a table as in the preceding: example. 







01 


02 


03 


04 


03 






BC 


BC 


BD 


CD 


AD 


01 


BC 




F 


F 


D 


AD 


92 


BC 


F 




D 


F 


AD 


03 


BD 


F 


C 




C 


A 


04 


CD 


6 


P 


B 




A 


05 


AD 


BC 


BC 


B 


c 





superfluous 
superfluous 



Since the disjunctions of the terms in the first, second and fifth rows respectively) are not tautologies^ 
BC, BC and AD are not superfluous and occur in all minimal dnf's for 4>. Let mean that occurs as 
a disjunct in a gfiven dnf for *. Hence from the third row, if "a^ then Of>a^, for, if ^3 does not occur in the 
fiven dnf for then both ^nd 04 must occur. (Otherwise, when o.t is T, then 4> would not necessarily 
be T» contradicting the fact that 0,3 logically implies Thus ^3 v {u^v^) is true. Similarly, from the 
fourth row, ^4 v (^1^3) is true. Hence we must have 

which is equivalent to ^\^2'^\<r^ v 717273^5 

Hence the two irredundant dnf's are BC \/ BC \/ CD v AD and BC s/ BC \/ BD v AD. Since these are 
of equal cost^ they are both minimal dnf's. Notice that in this example we could have guessed this 
immediately from the third and fourth rows. 

Example 4^6. 

Let the prime implicants of a statement form be DE, CDS, ACD, ACE, ABD, ABE, BCD, BCE, 
(Observe that the consensus method is no longer applicable to ^he disjunction «h of these fundamental con- 
junctions, and therefore the latter are all the prime implicants of 4>.) 





01 


02 


03 


04 


05 


06 


07 


0s 






DE 


CDE 


ACD 


ACE 


ABD 


ABE 


BCD 


BCE 




DE 




P 


P 


AC 


F 


AB 


F 


BC 




CDE 


P 




A 


P 


AB 


F 


B 


F 




ACD 


P 


E 




E 


F 


F 


B 


BE 


superfluous 


ACE 


D 


P 


D 




P 


F 


BD 


B 


superfluous 


ABD 


F 


CE 


P 


F 




E 


C 


CE 




ABE 


D 


P 


F 


F 


D 




CD 


C 


superfluous 


BCD 


P, 


E 


A 


Ae 


A 


AE 




E 


superfluous 


BCE 


D 


F 


Ad 


A 


AD 


A 


D 




superfluous 



Rows 3, 4,. 6. 7, 8 show that ACD, ACE, ABE, BCD, BCE are superfluous. Thus ^i. <r2» <'z are true. Prom 
the third row, v 0^9^ is true. From the fourth row, ^4 v ^1^3 is true. From the sixth row, ug v pjes 
is true. From the seventh row, 

ffy V ffjffs V C-2«7|«75 V wou3erQ V Gvff^v^ V cr3W5 
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is true. This has been obtained by finding those subsets of the entries in the seventh row, the disjunction 
of which is a tautology and such that no proper subset of this subset has the same property. This process 
can be carried out by constructing a table for the entries in the seventh row similar to the one constructed 
above. From the eighth row, 

is true. Hence we have 

This is equivalent to <riff2*^3*^5 ^ ^1^2*^4'^^ 

(When multiplying out, we see that these are two of the disjuncts in the expandon, and, since all the other 
disjuncts include one of these, all other disjuncts may be dropped.) 

Thus the irredundant dnf's are 

DE V CDE V ACD v ABD and DE v CDE v ACE v ABD 

Notice that none of the literals is superfluous. Since the costs of these dnf's are equal, both are 
minimal dnf's. 



4.16 KARNAUGH MAPS 



There is a pictorial method for obtaining minimal dnf's which is convenient for problems 
involving at most six statement letters.^ 



Let us start with the case of two statement letters. 
In this case the Karnaugh map is based upon Fig. 4-46. 
Each square represents the fundamental conjunction 
whose conjuncts are the literals standing at the head of 
the row and column determining the square. To rep- 
resent a full dnf * we place a check in each square cor- 
responding to a disjunct of 



B 



Fig. 4-46 



Exampje 4.37. 

AB V AB is represented in the Karnaugh map of Fig. 4*47 and AB v AB v AB in the Karnaugh 
map of Fig. 4-48. 



B 



B 



B 



Fig. 4-47 

By adjacent squares we mean squares which have a 
side in common. Clearly, a single square represents a 
fundamental conjunction consisting of two literals, while 
two adjacent squares differ in one statement letter and 
therefore represent a single literal. Thus in Fig. 4-47 
v/e have AB v AB, which is logically equivalent to B. In 
Fig. 4-49 we notice two pairs of checked adjacent 



Fig. 4-48 



B 




Fig. 4-49 



tSee Karnaugh [42]. Another pictorial method, somewhat less graphic than Karnaugh's, has been given 
by Veitch [93]. 
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squares* We place loops around the checks in each pair. Then the corresponding dnf is 
logically equivalent to B v A. {B corresponds to the horizontal loop, and A to the vertical 
loop.) Clearly, v A is minimal. 

Nov/ let us turn to the case of three statement letters (Fig. 4-50). Each square rep- 
resents the conjunction of the fundamental conjunctions heading the column and row 
intersecting in that square. 





AB 


AB 


AB 


AB 


c 










c 






1 

i 






Fig. 4-50 




Example 4^. 










ABC V ABC V ABC is represented in Fig. 4-51. 








AB 


AB 


AB 


AB 


C 




/ 


/ 


G 












Fig. 4-51 




Example 4.39. 










ABC V ABC V ABC v ABC v ABC 


is represented in Fi^. 4-52. 




AB 


AB 


AB 


AB 


C 


V 


V 


1 


/ 


C 











AS 



Fig. 4-52 

In Fig. 4-50, by adjacent squares we mean squares which differ in precisely one literal. 
Thus two squares which have a side in common are adjacent, (Observe that we have used 
the labeling AB, AB, AB, AB so that as we move from one square to an adjoining one, 
only one literal changes.) In addition, in the first row the left-most square ABC is adjacent 
to the right-most square AbC\ and in the second row, ABC 
is adjacent to ABC. This amounts to an identification of 
the left-most vertical line with the right-most vertical line. 
Pictorially we can imagine the left-most vertical line glued 
to the right-most vertical line so as to form a cylinder 
(Fig. 4-53). 

On the cylinder, adjacent squares are adjacent in the 
usual geometric sense* Fig^ 4-53 



AB 
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In Fig^. 4-50, a single square represents a fundamental conjunction of three literals, 
while two adjacent squares differ in one literal and therefore represent a fundamental 
conjunction of two literals. 

Example 4.40. 

Fig, 4*54 shows ABC v ABC which is logrically equivalent to AB, 

AB AB AB AB 



Fig. 4-54 



Example 4.41. 

ABC V ABC is represented in Fig. 4-55 and is logically equivalent to BC. 

AB AB AB AB 



Fig. 4-55 

Furthermore, four squares forming a square array or arranged in one row represent 
a single literal. 



Example 442. 



AB AB AB AB 



Fig. 4-56 

Fig, 4-56 exhibits ABC \/ ABC \/ ABC v ABC, which is logically equivalent to B. 



Example 4.43. 





AB 


AS 


AB 


ab 


c 


✓ 


✓ 






c 











Fig. 4-57 

In Fig, 4-57 we see ABC v ABC v ABC v AB6, which is logically equivalent to A, 
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Example 4.44. 



AB AB AB 



AB 



Fig, 4-58 

In Fig, 4-58 we have ABC v ABC v ABC v ABC, which is logically equivalent to C. 
Example 4^. 



AB AB AB Ab 



Fig. 4-59 

Fig. 4-59 represents ABC v ABC v ABC v ABC, which is logically equivalent to B. 
Notice that if we picture Fig. 4-59 on a cylinder, the four checks form a square array. 

The technique for minimization is straightforward. V/e draw loops around single 
checks, or pairs of adjacent checks, or groups of four checks (forming a square array or 
arranged along a row), in such a way that every check belongs to at least one loop. We try 
to make maximal use of groups of four checks or two checks so as to minimize the number 
of disjuncts and literals.^ 



Example 4.46. 



AB AB Ab AB 





0 















Fig. 4-60 

The Kazpaugh map of Fig. 4-8G represents ABC v ABC v ABC v ABC. The unique miriixnal dnf is 
AB s/ AC s/ AbC* AB corresponds to the vertical loop, and AC to the horizontal loop. 



Example 4.47. 



AB 



AB AB Ab 



Fig. 4-61 



Pig. 4-61 represents ABC v ABC v ABC v ABC v AbC. There is a unique minimal dnf: B v AC. 
B corresponds to the four checks ABCy ABC, ABC, ABC, while AC corresponds to the horizontal loop 
covering ASC and ABC. 
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Example 4.48. 



AB AB AB Ab 




Fig. 4-62 



The unique minimal dnf is A \/ C. 
Example 4.49. 



AB AB AB Ab 




Fig. 4-83 



In this case, ABC can be combined with either ABC or ABC, Hence we have two minimal dnf's: 

AC V Ac V AB, ACw ACw SC 

Let us consider now Karnaugh maps for four statement letters (Fig. 4-64). 

AB AB AB Ab 



CD 



CD 



CD 



CD 



Fig. 4-64 

Again, adjacent squares are those which differ in exactly one literal. In particular, ABCD 
and ABCD are adjacent, as are ABCD and ABCD. This amounts to identifying the left- 
most and right-most vertical lines, and identifying the lowest and highest horizontal lines. 
Pictorially we can imagine that we have glued together the left-most and right-most vertical 
lines, and the lowest and highest horizontal lines, to form a doughnut-shaped surface 
{called a tones). On this doughnut, adjacent squares are adjacent in the usual geometric 
sense. 

A single square represents a fundamental conjunction of four literals. A pair of 
adjacent squares represents a fundamental conjunction of three literals. Four squares, in 
a square array or along a single row or along a single column, represent a f undam.ental 
conjunction of two literals. Finally, eight squares arranged in two adjacent columns or in 
two adjacent rows represent a single literal. 
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AB AB AB AB 



CD 
CD 
CD 
CD 



Fig. 4-( 



The Kamaugrh map in J*'ig. 4-66 represents Ats. 
Example 4^i. 



CD 
CD 
CD 
CD 



Fig. 4-66 represents AD. 
Exsinple 4.52. 



CD 
CD 
CD 
CD 



Fig. 4-67 is the Karnaugh map for BD, 
Esampie 4.53. 

CD 
CD 
CD 
CD 



AB AB AB AB 



Fig. 4-66 



AB AB AB AB 



Fig. 4-67 



AB AB AB AB 



Figr. 4-68 



Fig, 4-58 represents B. 
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Example 454. 



AB AB AB AB 



CD 



CD 



CD 



CD 



Fig. 4-69 



Pig. 4-69 represents D. 



Minimization techniques for four statement letters are similar to those for three. 
Example 455. 





AB 


AB 




Ab 


CD 








VL 


CD 










CD 










CD 











Fig. 4-70 

The unique minimal dnf is AD v BD, Observe that the four squares in the column under AB are 
not joined by a loop, since the corresponding fundamental conjunction AB would be superfluous. 



Example 456. 



CD 
CD 
CD 
CD 



AB AB Ab Ab 



Fig. 4-71 



The check in ABCD cannot be combined with any other. Hence ABCD mustj>e in any minimal dnf. 
The check in ABCD can be combined only with the check in ABCD, Hence BCD must be a disjunct of 
any minimal dnf. Similarly , the check in ABCD can be combined only with the check in ABCD, Hence 
ACD is a disjunct of any minimal dnf. Now the checks in ABCD and ABCD already have been covered. 
Thus the unique minimal dnf is 

AbCD V BCD V ACD 



Examples 4.55-4.56 illustrate the method t-o be used. For each checked square, deter- 
mine whether there is a unique largest combination of checked squares containing it. If 
SO; put a Iccp around that combination. To avoid superfluous disjuncts» first handle each 
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checked square whose unique largest combination consists only of itself; then, among the 
remaining uncovered checks, handle those whose unique largest combination consists of two 
checks; among the still uncovered checks, handle those whose unique largest combination 
consists of four checks, etc. For any remaining checked square, determine all the possible 
largest combinations containing them, and, among the corresponding dnf 's,* find the minimal 
ones« 

Example 4.57. 





AB 


AB 


AB 




Ab 


CD 






1 






CB 


}^ 










dB 










CD 











Fig. 4-72 



Considering ABCD,^ we see that ABC must be a disjunct (covering ABCD and ABCB), Looking at 
ABCD, we note that ABC must be a disjunct (covering ABCD and ABCD). None of the other three checks 
belongs to a unique largest combination. The only uncovered check is ABCu, which can be combined 
either with ABCD or with ABCB, Hence we obtain two minimal dnf's: 

ABC \/ ABC s/ ACD and ABC ABC \^ BCD 

In the case of five statement letters, we can use a three-dimensional Karnaugh map 
(Fig. 4-73). 




tSome choices among the remaining combinations may render superfluous some of the diajuncts already 
obtained (cf . Problem 4.22). 
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The usual definition of adjacent squares implies that corresponding squares in the two 
planes (e.g. ASCDE and ABCDE) are adjacent. Combinations of sixteen squares are pos- 
sible and yield a fundamental conjunction consisting of a single literal. Combinations of 
eight squares yield fundamental conjunctions of two literals, etc. 

For six statement letters one could use four planes, but in that case, and even more so 
for larger numbers of statement letters, the geometric picture oft^n is too com.plex to permit 
easy construction of minimal dnfs. 



4.17 KARNAUGH MAPS WITH DONT CARE CONDITIONS 

If we are given a full dnf ^, together with various don't care conditions, we construct a 
Karnaugh map by placing checks in the squares corresponding to the disjuncts of * and 
crosses in the squares corresponding to the don't care conditions. In constructing minimal 
dnf's, we are free to use any of the crosses which allow us to form larger combinations of 
squares. 



Example 4.58. 
Let « be 



ABCD V ABCD v ABCD v ABCD v ABCD 



and assume that ABCD, ABCD, ABCD, ABCD, ABCD are don't care conditions. The 4ijarnaugh map is 
shown in Fig. 4-74, 

AB AB AB AB 



CD 



CD 



CD 



CD 





Pi 
















X 


X 




X 


vJ 




X 



Fig. 4-74 

First we handle the checked squares which belong: to unique largest combinations (possibly including 
crosses). Thus ABCD belongs to a unique largest combination: {ABCD, ABCD}, Hence ABC must be a 
disjunct of all minimal dnf s. Likewise, ABCD belongs to a unique largest combination (the second column), 
and therefore AB must be a disjunct of all minimal dnf 's. The other checks do not belong to unique largest 
combinations. The only check still not included in a loop is ABCD. For the latter, there are two possible 
combinations of four squares. Hence we may use either AD or BD. Thus there are two minimal dnrs: 
ABC V ABv AD and ABC v AB v BD. 



Example 4.59. 
Let * be 

ABCDE V ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
V ABCDE V ABCDE v ABCDE v ABCDE v ABCDE 
Let the don't care conditions be 

ABCDE, ABCuE, ABCDE, ABCUE, ABCUE, ABCDE 
The Karnaugh map is shown in Fig. 4-75 below. 
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Fig. 4-75 



We seek the checks belonging to unique largest combinations. First, ABCDE belongs to such a com- 
bination (the four corners of both planes). Hence BD is a disjunct of all minimal dnf's. We get the 
same result from the checks for ABODE, ABODE, ABODE, ABODE. The checks Jn the middle squares 
of both planes belong to a unique 8-square combinatjon; {ABODE, ABODE, ABCDE, ABCDE, ABODE, 
ABODE, ABODE, ABODE}, yielding the disjunct BD, The only check still unaccounted for is ABODE. 
This belongs to two 2-square combinations. Hence we must have either ABOE or AODE. Thus there are 
two minimal dnf's: 

BD V BD V ABOE 
BD\/ BD V AODE 

4.18 MINIMAL DNF's OR CNF*s 

Given a statement form *, we can obtain the minimal dnf's for and we also can obtain 
the minimal dnf's for T*. But the minimal dnf's for yield minimal cnf's (conjunctive 
normal forms) for ^. 

Example 4.60. 

Recall that a cnf is a conjunction of one or more disjunctions of one or more literals. The cnf 

(A V fi V Q & (A V & (B V C) 

has as its negation 

ABO \r AB\/ BC 

Thus by comparing the costs of the minimal dnf's and minimal cnf's for «^, we can obtain those state- 
ment forms which are minimal among all dnf's or cnf's for 

Example 4.^1. 
Let * be 

ABOD V ABOD v ABCD v ABOD v ABCD v ABCD v ABCD 
If we examine the Karnaugh map for * (Pig, 4-76, below), we find that there are three minimal dnf's: 

ABD V ACD V AOD v BOD 
ABD V AOD V ABD v ABO 

ABD V AC5 V ABO v BOD 
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AB AB AB AB 



CD 






/ 


/ 


CD 




/ 


/ 




CD 


/ 


/ 






CD 











Fig. 4-76 

On the other hand, n<f> has the Karnaugh map (Fig. 4-77) obtained by putting checks in the empty squares 
and erasing the checks already present in Fig. 4-76. 





AB 


AB 


AB 


AB 


CD 




/ 






CB 








/ 


CD 






/ 




CD 











Fig. 4-77 



From Fig. 4-77, we see that the minimal dnf's for T* are 

AD V ABC V ABD v ABC 
AD V BCD V ABD v ABC 
AD V BCD V ACD v ABC 

AD V BCD V ACD v BCD 

Thus the minimal cnf 's for * are 

(AvD)& (AvBs/C)& {AvBvD) &(AvBvC) 
(A vD) & (fivCvD) & (A v5vD) & (A vBvC) 
(Av5)&(BvCvZ?)& (Ay/Cy/D)iL(A\^B\/C) 
(iivD) & {BvCvD)& (A vCvD)& (BvCvB) 

Since these are cheaper than the minimal dnf's for these are minimal among all dnf's or cnf's for <t. 

The procedure in the above example for finding the minimal statement forms am.ong all 
dnf's or cnf 's for * does not provide a general method for finding minimal statement forms 
for 4> (i.e. minimal series-parallel switching circuits, or minimal logic circuits)* For example, 
{A&B) V {C&{Dv E)) is minimal, but it is neither a dnf nor a cnf. 

Final Remarks: (1) We have indicated methods for finding minimal dnf's (or minimal 
dnf's or cnf s). This constitutes a solution of Problem (I) on page 81, although possibly 
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not the best solution (cf. Remark (2)). No reasonably good general solutions for Problems 
(II) or (III), page 81, are known. (2) The methods we have given for finding minimal 
dnf's require us to find all prime implieants, (This is not true of Karnaugh maps, but these 
are useful only for statement forms involving at most five or six statement letters.) How- 
ever, there are certain cases in which the number of prime implieants is so large that our 
methods are not practical, t There is need then for a method for finding minimal dnf 's which 
does not use the set of all prime implieants, but no general method of this kind is available. 



Solved Problems 

SWITCHING CIRCUITS. SIMPLIFICATION 

4.1. Replace the series-parallel circuit of Fig. 4-78 by a simpler bridge circuit. 




Fig. 4-78 

Solution: 

Consider the brid^ circuit shown in Fi^. 4-79. The paths through this circuit are A&B&C, 
AiiD&E,A&D&C, A&BSlC, A&B&E. Hence a condition for passage of current is 

(A&B&Q\/ (AiiD&E)v (A&D&C)v {A&B&Ov {A&B&E) 

which is logically equivalent to [A&B&C] v [{EvC)& {{A&D) v (A &B))]. But this is a con- 
dition for passage of current through the given circuit. 




Fig. 4-79 



tFridshal [?4] states that, for nine statement letters, the full dnf whose fundamental conjunctions are 
those with 1, 3, 4, 5, 6, or 8 negated literals has 1698 prime implieants. The full dnf whose fundamental 
conjunctions are those with 0, 1, 5, 6, or 7 negated literals has 765 prime implieants, and its negation has 
the same number of prime implieants. 
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4JZ. A committee consists of the chairman, president, secretary, and treasurer. A motion 
passes if and only if it receives a majority vote or the vote of the chairman plus one 
other member. Each member presses a button to indicate approval of a motion. 
Design a switching circuit controlled by the buttons which passes current if and only 
if a motion is approved. 

Solution: 

Let C, P, S, T stand for "The chairman approves", "The president approves", etc. Then the 

condition for approval is 

[C&lPs/SvT)] V {P&S&T) 
which has the corresponding' series-parallel circuit shown in Fig. 4-8G. 




Fig. 4-80 



LOGIC CIRCUITS. BINARY NUMBER SYSTEM 

4.3. Let a non-negative integer less than 10 be given by its binary representation a9a2aiao, 
(For example, if the integer is 3, then a&~a2 = 0 and ai = ao=l; while if the 
integer is 9, then as = cto = 1 and 02 = Qi = 0.) If Ai is the statement that Oi is 1, 
construct a logic circuit corresponding to the condition that the given integer is prime. 

Solution: 

The prime integers are 



Decimal Notation 


2 


3 


5 


7 


Binary Notation 


0010 


0011 


0101 


0111 



A corresponding statement form is 

nA3& [(nA2&Ai& nXo) v (-iAz&Ai&AQ) V (A2& lAi&Ap) V (Az&Ai&Ao)] 
which is iogicaiiy equivalent to 

TA3& ([Ao&W,vA2)l V [nAo&Ai& lAal) 
A corresponding logric circuit is 
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4.4. Justify the following algorithm for translating a number x from decimal into binary 
notation. 



Use two columns. Place x at the top of the left column 
(in our example, a: = 43). Divide x by 2, putting the re- 
mainder To in the right hand column and the quotient Qo in 
the left hand column below the given number. Repeat this 
process with ^o, etc. Stop when we get a quotient 0. The 
resulting binary number is to be found by reading the right 
hand column from the bottom up (in our example, 101011). 



Solution: 



9o = 2g, + ri, 



^fc-i = 2-1 + rfc, 
1 = 2-0 + 1 



ro = 0 or 1 
rt = 0 or 1 

rjc- 1 — 0 or 1 
rjc = 0 or 1 



43 
21 
10 
5 
2 
1 
0 



Then 

= 8^2 + + 2ri + ro = 16^3 + Sr^ + 4r2 + 2ri -h = • • • 
= 2fc + i + 2fcrfc + • • • + 23r3 + 2^t,2 + + ro 
Thus the binary expansion of x is Irjcrk-i* * •r2rjro. 



4.5. Construct a logic circuit for adding 1 to a four-digit binary number a3a2aiao. 
Solution: 

Let i4j stand for "a^ is 1". Let be the result of adding 1, and let Bi stand for 

'% is 1". Then 

= IAq and the carry C© = Aq; 

Bi — TCo)v(Tai&Co) = Ai + Co and the carry Ci = Ai& Co = & Aq; 

B2 = (A2& TCi) V (TAa&Ci) = A2 + C1 andthecarry Cg = A2& Cj = A2& Aj & Aq; 

B3 = (A3& nC2) V (1A3&C2) = A3 + C2 andthecarry C3 = A3& = A3& A2& Aj & Ao = ^4- 

If we use @ to designate the circuit of Fig, 4-27, we obtain 
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4.6. Describe a method for reducing the operation of subtraction of binary numbers to 
the use of addition only. 

Solution: 

Assume given two numbers x and y in binary notation. Let us assume that they are at most 
n-digit numbers. 

Example: x - 11010 

y = 1101 (n = 5) 

Changre all digits of y to their opposites; in our example, 10010. Add this new number z to x. 

11010 
+ 10010 

101100 

Add 1 to the result: 101101. Omit the leading 1: 1101. This is x-y. 

What we did in obtaining z from y was to form (2" — 1) — y = 111. . .1 — y. Adding this to x 

n dUrlts 

yielded x + [(2"-l) — y] = (ar-v) + (2« — 1). Addition of 1 then gave (x-y)+2«, and omission 
of the leading 1 finally reduced to x — y. 

Another example: x = 101111 and y = 110100. Then « = 001011. 

lOUll 
+ 001011 

111010 
1 

111011. Answer: 11011. 

The purpose of reducing subtraction to other operations (addition, adding 1, etc.) is to facilitate 
its implementation by logic circuits. 

What does the process described above yield when y is greater than x? 

4.7. Assume that a number between 0 and 9 is given as a four-digit binary number. 
Employing the notation of Example 4.17, make use of don't care conditions in order 
to construct a simple switching circuit (or logic circuit) for the condition that the 
given number is a prime. 

Solution: 

The condition for being a prime ss 

ABCD V ABCD V ABCD v ABCD 

The don't care conditions correspond to the numbers 10 through 15: 

ABCD, ABCD, ABCD, ABCD, ABCD, ABCD 

Of these six conditions, we select three and obtain the dnf: 

ABdD V ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 

(A method for choosing the proper don't care conditions is presented in Section 4.17.) This state- 
m_ent form is logically equivalent t-o BC \/ AB (exercise for the reader) and hence to S((?vA), 
which has the switching circuit 
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MINIMAL DISJUNCTIVE NORMAL FORMS. PRIME IMPLICANTS 

4.8. To test whether a fundamental conjunction ^ is superfluous in ^ v 4', show that it 
suffices to replace all occurrences in * of unnegated letters of iff by T and occurrences 
of negated letters of ij/ by F, and then observe whether the result is a tautology. 

Example: To see whether AC is superfluous in ABv ACv BC^ we obtain TJ? v 
TF V St, i.e. B V B, which is a tautology. (Note that any T in a fundamental con- 
junction may be dropped, and any fundamental conjunction containing an F as a 
conjunct also may be omitted.) 

Solution: 

We must see whether iff logically implies ^, i.e. whenever ^ is T, then 4> also must be T. 
When 4f is T, all the unnegated letters of iL are T and all the negated letters are P, When this 
truth assignment is made in 4>, we observe whether the result is always T, i.e. whether the result 
is a tautology. 



4.9. If ^ is a fundamental conjunction and a is a literal, to test whether a is superfluous 
in V show that it suffices to replace all occurrences in a v * of unnegated letters 
of ^ by T and occurrences of negated letters by F, and then to observe whether the 
result is a tautology. 

Example: Is B superfluous in AB v AB v ABC*! We obtain TB v 5 v FBC, i.e. 
B v B, which is a tautology. 

Solution: 

We must see whether ^ logically implies av <i»; i.e. whenever is T> then av* also must be T. 
But, if ^ is T, the unnegated letters of ^ are T and the negated ones are F. Then the result of 
the indicated substitution must always be T, i.e. must be a tautology. 



4.10. Prove that if one of the disjuncts of a dnf * is not a prime implicant of then a 
literal of that disjunct is superfluous. Hence an irredundant dnf * must be a dis- 
junction of prime im.plicants of 

Solution: 

Let 4> be v& V "{r, where ^ is not a prime implicant of This means that there is a fundamental 
conjunction $ which is a proper part of ^ and such that 0 logically implies ^ vf^. Let a be any 
literal of ^ which is not a literal of 0, and let ^ be obtained from jf/ by deleting a. Thus 6 is 
included in J. Hence J logically implies 6, and therefore J logically implies ^ v Prom this we 
may conclude that ^ logically implies a v Sk. Thus a is superfluous in aj^v Sk, i.e. in ^, 

4.11. Find an irredundant dnf logically equivalent to 

ABC V ACD V ABD v ABC v BCD 

Solution: 

(1) ACD is superfluous (since 5 v B is a tautology). This leaves 

ABC V ABD V ABC v BCD 

(2) B is superfluous (since BC v Bv BC is a tautology). This leaves 

ABC \/ ADs/ ABC v BCD 

(3) BCD is superfluous (since A v is a tautology). This leaves 

ABC V AD V ABC 

which is irredundant. 
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4.12. Find all prime implicants of ((A v 5) C) v AfiC by the Quine-McCluskey method. 
Solution: 

First we must expand the given statement form into a full dnf : 

1 (A V fi) V C V ABC 
iJB V C V ABC 

ABC V ABC V ABC V ABC v ABC v ABC 

Then 



ABC 




BC 


/ 


ABC 


: \ 


^AC 


/ 


ABC 


V 


AB 


/ 


abC 


/ 


AC 


/ 


ABC 


/ 


BC 

< 


/ 


ABC 




Ac 


/ 






AB 





Thus there are two prime implicants: C, A. 



4.13. Find all minimal dnf s logically equivalent to 

ABCDE V ASCDE V ABCDE v ASCDE v ABCDE v ABODE 
V ABCDE V ASCDE V ASCDE v ASCDE 
using the Quine-McCluskey method and prime implicant tables. 
Solution: 

First we find the prime implicants. 



ABCDE 




r ABDE 


J ABCDE 


/ 


\acde 


\ ABCDE 




ABCE 


] ABCDE 




f BCDE 


\ abcDe 


✓ 


\acDe 


[ ABCDE 




j ACDE 


j ABCDE 




1 AbDe 


\ ABCDE 


/ 




j ABCDE 


/ 




\ ABCDE 


/ 





The prime implicants are ABCDE, ABDE, ACDE, ABCE, ACDE, BCDE, ACDE, ABDE. The 
prime implicant table is 

A.BCDE ABCDE ABCDE ABCDE ABCDE ABCDe ABCDS ASCDE ABCDE ABCDE 



ABCDE 
ABDE 
ACDE 
ABCE 

acDe 
bcDe 
aCde 
AbDe 



0 



© 



© 



© 



© ® 



0 



© s 
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Hence the core consists of ABCDE, ABDE, ACDE, ACDE, ABDE, Thus we obtain the new table: 





ABODE 


ABCDE 


ACDE 




X 


ABCE 


X 


X 


BCDE 


X 





It is clear from this table that a minimal dnf is obtained only if we choose ABCE (since all other 
ways of covering- both columns would require two disjuncts, each having four literals). Hence there 
is a unique minimal dnf: 

ABCDE V ABDE v ACDE v ACDE v ABDE v ABCE 



4.14. Find the minimal dnfs for the dnf 

ABCDE V ABCDE v ABCDE v ABCDE v ABCDE 
V ABCDE V ABCDS V ABCDE 
with the don't care conditions ABCDE, ASCDE, ABCDE, ABCDE. 
Solution: 



First find the prime implicants: 

ABCDE / 

ABCDE / 

ABCDE / 

ABCDE / 

abCde / 

ABCDE / 

ABCDE / 

ABCDE / 

ABCDE / 

ABCDE / 

\ ABCDE / 

\ ABCDE / 



ABDE / 
^ ACDE / 
ABCD 

^ ACDE / 
BCDE 
ABDE J 
, ABCE 
f ABCD 

\bcde 

ACDE 



ADE 



Therefore the prime implicants are ABCD, BCDE, ABCE, ABCD, BCDE, ABCD, ACDE, ACDE, 
ADE, We obtain the prime implicant table: 

ABCDE ABCDE ABCDE ABODE ABCDE ABCBE ABCDE ABCDE 



ABCD 

bCde 

ABCE 
ABCD 

bcBe 
aBcd 

ACBE 
ACDE 
ADE 



© 



X 



Hence ABCD and ADE belong to the core. 
ABCE has been dropped, since it is empty.) 



© 

We obtain the following: new table. (Notice that row 
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ABCDE 


ABCDE 


ABCDE ABCDE 


BCDE 


X 






ABCD 


X 




X 


BCDE 




X 




ABCD 




X 


X 


ACDE 






X 


ACDE 






X 



We may now use the Boolean or branch ing:_ method. However, in this case» it is obvious that the 
minimal dnf is obtained using^ ABCD and ABCD (since any other way of covering all the columns 
would require more than two disjuncts). Hence there is a unique minimal dnf: 

ABCD V ADE v ABCD v ABCD 

4.15. Find all solutions of Problem 4.7, using the Quine-McCluskey method and a prime 
implicant table. 

Solution: 

The ^ven dnf is ABCD v ABCD v ABCD v ABCD, The don't care conditions are: ABCD, 
ABCD, ABCD, ABCD, ABCD, ABCD. First we find the prime implicants. 



ABCD 


/ 


^ ABC 




AB 


ABCD 


/ 


ABD 




AC 


ABCD 


/ 


ACD 




BD 


< 

ABCD 




^BCD 


/ 


.CD 


. ABCD 


/ 


ABD 


y 


BC 


' ABCD 


/ 


ACD 


/ 








ABCD 


ABC 


/ 










i 

ABCD 


BCD 


/ 












^ASCD 




ABC 


/ 








BCD 


V 




Abcd 


✓ 


ABD 


/ 








.ACD 


/ 








"BCD 


/ 






\ 


^abC 







Hence the prime implicants are AB, AC, BD, CD, BC; and we obtain the following prime 

implicant table 





ABCD 


ABCD 


ABCD ABCD 


AB 




X 


X 


AC 






X 


BD 








CD 








BC 


© 


a 





Thus BC is in the core. We then obtain the table 





ABCD 


AB 


X 


AC 


X 
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Thus we may choose either AB or AC, and there are two minimal dnf's: BC\^AB (which factors 
into B{C\/A)), and_ BCv AC. Notice that in Problem 4.7 we obtained only BC\/ AB, However, 
the other answer BCv AC cannot be factored, and therefore the first answer gives us the simplest 
statement form (although both give equally simple dnf's). 



416» Using the Quine-McCluskey method and prime implicant tables^ find all minimal dnf's 
for 

ABCDEG V ABCDEG v ABCDEG v ABCDBG v ABCDEG v ABCDEG 

V ABCDEG V ABCDEG v ABCDEG v ASCDEG v ABCDSG v ABCDSG 

with the don't care conditions 

ABCDEG, ASCDEG, ASCDSG, ASCDEG, 
ABCDeG, ASCDEG, ABCDEG, AbCDSG 

Solution: 

The prime implicants turn out to be 

BCDG, CDEG, CDEG, BDEG, ADEG, BCDE, ACEG, ADEG, CDEG, ACD 
(Verification is left as an exercise for the reader.) We then draw up the prime implicant Table I. 

Table I 

ABCDEG ABCDEG ABCDEG ABCDEG ABCDEG ABCDSG 



BCDG 
CDEG 
CDEG 
BDEG 
ADSG 
BCDE 
ACEG 
ADEG 
CDEG 
ACD 



ABCDEG ABCDEG ABCDEG ASCDEG ABCDBG ABCDEG 



BCDG 
CDEG 
CDEG 
BDEG 
ADEG 
BCDE 
ACEG 

aDeG 

CDES 

ACD 
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No applications of the core operation are possible. However, we can eliminate the following col- 
umns by dominant column operations: 

ABCDEG (since it dominates ABCDEG), 

ABCDEG (since it dominates ABCDSG), 

ABCDEG (since it dominates ABCDEG), 

ABCDEG (since it dominates ABCDEG), 

ABCDeB (since it dominates ABCDeG), 

ABCDEG (since it dominates ABCDEG). 

Thus, we obtain Table II. 



ABCDEG ABCDEG 



Table II 
ABCDEG 



ABCDEG ABCDEG ABCDEG 



BCDG 
CDEG 
CDEG 
BDEG 
ADEG 
BCDE 
ACEG 
ADEG 
CDEG 
ACD 



In Table II we can apply the dominated row operation to eliminate the rows of CDEG and 
ADEG (both dominated by ACD). We can also drop the first row, since it is empty. Thus we 
obtain Table III. 



Table III 

ABCdEG ABCDEG ABCDEG ABCDEG ABCBeS ABCDEG 



CDEG 
BDEG 
BCDE 
ACEG 
ADEG 
CDES 
ACD 



© 



© 



0 



In Table III. the first and third columns have unique entries. Hence ACD belongrs to the secondary 
core. We then can drop the last row and the first, third and fourth columns, obtaining Table IV. 
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Table IV 





ABCDEG 


abcDeg 


ABCDEG 


CDEG 


X 






BDEG 


X 






BCDE 






X 


ACEG 




X 




ADEG 




X 




CDEQ 






X 



Clearly, application of the Boolean method to Table IV yields eight different minimal dnf's 
(by choosing^ either the first or second row, either the third or sixth row, and either the fourth or 
fifth row): 

ACD V CDEG V ACES v BCDB 
A6Dv CDEG V ACEG v CDEG 
ACD V CDEG V ADEG v BCDE 
ACD V CDEG V ADEG v CDEG 
ACD V BDEG v ACEG v BCDE 
ACDw BDEG v ACEG v CDEG 
ACDw BDEG V ADEG v BCDE 
ACDw BDEG v ADEG v CDEG 

Observe that ACD must be present because it is in the secondary core. 



4.17* Using the consensus method, find all minimal dnf's for the dnf of Problem 4.11. 
SoiBtien: 

(1) ABC V ACD V ABD v ABC v BCD 

(2) ABC V ACD V ABD v ABC v BCD v ABD (Consensus of ABC and BCD) 

(3) ABC V ACD V ABD v ABC v BCD v ABD v ACD (Consensus of ABD and BCD) 

(4) ABC V ACD V ABD v ABC v BCD v v ACD v AD (Consensus of ACD and ACi?) 

(5) A5C V ABC V BCD v AD (since ACD, ABD, ABD, ACD all include AD) 

Operations (i) and (ii), page 94, are no longer applicable. Hence ABC, ABC, BCD, AD are the 
prime implicants. 

Let us draw the following table: 





91 


V2 


5^3 


^4 




ABC 


ABC 


BCD 


AD 


ABC 




F 


F 


D 


ABC 


F 




D 


F 


BCD 


F 


A 




A 


AD 


BC 


F 


BC 





superfluous 



From the third row, ff3Vor2ff4, and we obtain CierzWz^ ^s^*)^^* which is equivalent to o'iO'2^4. Hence 
the only irredundant dnf is 

ABC V ABC V AD 



Therefore this is the only minimal dnf. 
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4J8. Apply the consensus method to find all minimal dnfs for 

ABC vBD\/ ACD V ABC 

Solution: 

(1) ABC w BDs/ ACD v ABC 

(2) ABC \/BDv ACD v ABC v ABD (Consensus of ABC and A6D) 

(3) ABC V BDv ACD v ABC v ABD v ABC (Consensus of BD and ACD) 

(4) ABC V BD \/ ACD v a5C v ABD v i4B(? v ACD (Consensus of BD and ABC) 

(6) ABC V B5 V ACI> V ABC V A5I> v AbC v jiCC v Afi (Consensus of BD and ABD) 

(6) BD V ACD V ABC V AtfC v AB (ABC, ABZ>, ABC? all include AB) 

(7) BB V ACZ) V ABC v AC5 v AB v BCD (Consensus of ACD and ABC) 

Operations (i) and (ii), page 94, are no longrer applicable. Hence the prime implicants are BD, 
ACD, ABC, ACB, AB, BCD, 

Now we construct the following table: 







^2 


4>z 






^6 






bD 


ACD 


ABC 


ACD 


AB 


BCD 




BD 




F 


P 


AC 


A 


P 




aCd 


F 




F 


F 


B 


B 


superfluous 


ABC 


F 


F 






F 


Z) 


supernuous 


ACD 


B 


F 


B 




P 


F 


superfluous 


AB 


D 


CD 


F 


F 




F 




bCd 


F 


A 


A 


F 


F 




superfluous 



Hence we have the result 
which is equivalent to 

Therefore there are three irredundant dnf's: 

BD V ABC V AB V BCd 

bD V AbC V AB V a<;d 

Bfl V ACD ^/AB^/ BCD 
Since they are of equal cost, all three are minimal dnf s. 

KARNAUGH MAPS 

4.19. Using a Karnaugh map, find all minimal dnf's for 

ABCD V ABCD V ABCD V ABCD v ABCD v ABCD v iiJ5C5 v ABCD 

Solution: 

Draw the Kamaogh map: 
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AB aB AB AB 

CD 

CD 
CD 
CD 

Handling the checks whose unique largest combination consists of two squares, we obtain the 
four loops indicated in the diagram. Since all checks are covered, the unique minimal dnf is 

iifiC V ACS V ABC V ACD 

Notice that, although each of the four checks in the middle belongs to a unique largest combination 
of four squares, that combination is not required, since all the checks in it already have been 
covered. 

4^0. Use a Karnaugh map to find all minimal dnf's for the dnf of Problem 4.18: 

ABC wBD\^ ACD v ABC 

Solution: 

To use a Karnaugh map we need not expand the given dnf into a full dnf. It suffices to place 
a check in every square containing one of the disjuncts. (For example, ABC generates the two 
checks in ABCD and ABCD; BD generates four checks, etc.) 





AB 


45 


AB 


AB 


CD 










cD 


PI 








CD 






/ 




CD 


w 


/ 







There are no isolated checks and no checks with a unique largest 2-square combination. 
However, there are checks belonging to unique largest 4-square combinations. The first column 
gives AB, and the other 4-square combination yields BD, The remaining three checks produce 
three minimal dnf's: 

>4B V b5 V ACD V ABC (ABCD combines with ABCD, and ABCD with ABCD) 
AB\^ BD\/ BCD V ABC (ABCD combines with ASCD, and ABCD with AbCD) 
ABv BB\/ BCd V AcD {ABCD combines with AbCD, and ABCD with ABCD) 
This verifies the solution of Problem 4.18. 

iJZl. By means of a Karnaugh map, find all minimal dnfs for 

ABCDE V ABCDE v ABCDE v ABCDE v ABCDE 

V ABCDE V ABCDE v ABCDE v ABCDE v ABCDE 
V ABCDE V ABCDE V A.BCDE v ASCDB 
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There is one isolated check, yielding the disjunct ABCUE\ There is one check (ABCDE) 
belonging to a unique 2-square combination, which yields the disjunct ACDE. There are two 
checks (ABCDE and ABCDE) belonging to a unique S-square combination, which yields BC. 
Another check {ABCDS) belongs to a unique 8-square combination, yielding BD. Since all the 
checks are covered, we have obtained a unique minimal dnf: 

ABCDE V ACDE \/ BC\/ BD 



AJ22. Use a Karnaugh map to find all ininimal dnf 's for 

ABCDE V ABCDE v ABCDE v ABCDE v ASCDE 
V ABCDE V ABCDE V ABCDS v ABCDS v ABCDE 

Solution: 



AB AB AB AB 





There ar* four checks belonging to unique largest 2-square combinations (ABCDE with 
ABCDE, ABCDE with ABCDE, ABCDE with ABCDE, and ABCDE with ABCDE), yielding the dis- 
juncts ABCE, ABCD, ABCD, and ABCD.^ There is a unique largest 4-square combination containing 
ABCDE, and this yields the disjunct BDE, Now there is one check still uncovered: ABCDE, 
There are apparently two equally simple ways of covering this check: 

(1) ABCDE with ABCDE, yielding the disjunct ACDE. 

(2) ABCDE with ABCDE, yielding the disjunct ABCE. 
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However, notice that in case (2) the 4-sqiiare combination {ABCDE, ABCDE, ABCdE, ABCdE) 
has been covered by four different 2-3qaare combinations, and the disjunct BDE becomes super- 
fluous. Thus there is actually only one minimid dnf: 

ABCE V ABCD V ABCD V ABCD v ABCE 



4.23. Using a Karnaugh map, find all minimal dnf's for 

ABCD V ABCD V ASCD 

assuming ABCD, ASCD, ABCD, ABCD, ABCD, ABCu, ABCD, ABCD are don't care 
conditions. 

Solution: 

We use checks for the disjuncts of the given dnf, and crosses for the don't care conditions. 





AB 


AB 


Ab 


AB 


CD 




X 


X 


X 


CD 






/ 


X 


CD 


X 


/ 




X 


CD 




X 


X 





The check in ABCD is in a unique largest 4-square combination, yielding the disjunct AB. The 
only uncovered check is in ABCD, This belongs to two 4-square combinations. Hence there are 
two minimal dnf 's: AB v AC and AB v BC. 



4.24. Use a Karnaugh map to find all minimal dnf 's for 

ABCDE V ABCDE v ASCDE v ABCDE v ABCDE v ABCDE 
with the don't care conditions ABCDE, ASCDE, ABCDE, ABCDS, ASCDS, ABCDE. 

Solution: 

AB AB AB AB 
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There is an isolated check at ABODE. Hence this must be a disjunct. The checks at ABCDE 
and AbCDE belong to unique largest 2-square combinations, producing the dispncts ABCE and 
ABCS.^ The check in ABCDE belongs to a unique largest 4-Bquare combination* yielding the dis- 
junct BD£, The only uncovered check is ABCDE, This belongs to two 2-8quare combinations, 
yielding either ABCE or ABCD, Hence there are two minimal dnf's: 

ABCDE V ABCE v ABCE v BDE v ABCE 

ABCDE V ABCE v AbCE v BDE v ABCD 



4.25. Find all minimal dnf s or cnf's for 

ABCD V ABCD V ABCD v ABCD v ASCD v ASCD v AbCD 



Solution : 

Draw the following Karnaugh map. 



CD 
CB 
CD 
CD 



ab ab as Ab 



The checks in ABCD, ABCD and ABCD belong to unique largest 2-8quare combinations, yield- 
ing the disjuncts ABC, ABC and AbC. The remaining check in AbCd belongs to Uiree 2-square 
combinations. Hence there are three minimal dnf's: 

ABC V AbC V ABC V bCd 

abC V AbC V ABC V Abd 

ABC V ABC V ABC V ACd 
To find the minimal cnf's, we draw the Karnaugh map for the negation: 





AB 


AB 


AB 


kB 


CD 


V 


/ 




/ 


CD 


/ 








CD 


/ 




/ 




CD 


/ 









ABCD belongs to a unique largest 4-square combination (the first column), yielding the disjunct AB. 
ABCD belongs to a unique largest 4-square combination, producing the disjunct AC, and ABCD 
belongs to a unique largest 4-square combination, yielding BC. The only uncovered check is ABCD, 

which is isolated. Hence the unique minimal dnf for the negauon is 

AB V AC V 5C V ABCD 

Therefore the unique minimal cnf is 

(A V B)(A V C){B V C)(A v B v C v D) 



This is simpler than any of the minimal dnf's. Hence it is the minimal dnf or cnf. 
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4,26- Find all minimal dnf 's or cnf's for 

ACDE V ABCDE v ABCDS / ABCD v ABCDS v ABCDE 

with the don't care conditions ACDE, ABCE, BCDE, ASDE, ABCDS, ABC£, 
ABCDE\ 

Scliitien: 

First we draw the Karnaugh map. 



AB AB AB AB 




The check in ABGDE Is in a unique largest 2-squaFe combination, yielding the disjunct ABCD. 

The check in ABCDE is in a unique largest 4-square combination, yielding the disjunct BCE, 

The other checks are covered by two S-square combinations, yielding BD and AC. Hence there is 

a unique minimal dnf: 7 a« 

ABCD V BCE V BD V AC (t) 



The Karnaugh map for the negation is: 



AB AB AB AB 



CD// 





The check in ABCDE belongs^ to a unique largest 2-square combination, producing the dis- 
junct BCDE, The check in ABCDE belongs to a unique largest 4-square combination, yielding ABD, 
The remaining checks are covered by two unique largest 8-square combinations, generating AC and 

AC, Hence there is a unique minimal dnf for the negation: 

BCDE V ABD v AC \^ Ac 
and therefore a unique minimal cnf for the given dnf: 

(B V C V 5 V E){A V B V D)(A v 0(A v C) (2) 

This cnf and the minimal dnf (1) are of equal cost Hence there are two minimal dnf's or cnf's: 
(1) and (2). 
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Supplementary Problems 

SWITCHING CIRCUITS. SIMPLIFICATION. BRIDGE CIRCUITS 

4.27, Write down a statement form representing a condition for flow of current through each of the 
following- series-parallel circuits. 



(«) 



(W 




4.28. Write down a statement form representing a condition for fiow of current through each of the 
following bridge circuits. 




4-29. Draw a switching circuit having the following corresponding statement forms, 
(a) [(EvA)&(TBvO] V (C&TA) 
(6) (A&nB&(CvZ>)) V (nA&(BvO) 
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4,30. Replace the foUowingr series-parallel switching circuits by simpler brid^ circuits. 



B 



Use at m<^t five switches. 



(6) 



Use at most ten switches. 



Use at most seven switches. 





4.31. Is there an equivalent bridge circuit simpler than the series-parallel circuit of Pig. 4-13 
(Example 4.6)? 



4.32. A light is to be cGntroUed from two wall switches such that flicking one of the wall switches changes 
the state of the light ("on" to "off", or "off" to "on"). Construct a switching circuit that will allow 
current to flow to the light under the given condition. (Hint: Compare Example 4.6.) 

4.33. A municipal board consists of the Mayor, President of the City Council, Comptroller, and three 
Borough Presidents, The Mayor has two votes and all the others one vote. A motion obtaining 
a majority passes except that any motion opposed by all three Borough Presidents fails. Write a 
switching circuit which will indicate passage of a motion. 
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LOGIC CIRCUITS 

4.34. Construct logic circuits corresponding to the following statement forms, 
(a) {A & -iS) V (S & (C V - A)) 

(5) (A -5) V 1C 

4.35. Write down statement forms corresponding to the following lo^ic circuits. 



B 



C 




BINARY NUMBER SYSTEM 

4,36. Write tke ^inarsr notation for the following numbers given in decimal notation: 36, 74, 165, 320. 

4.3?. Write the decimal notation for the following numbers given in binary notation: 101 10, 11 1011, 
10001101. 

4.38. Write the ternary notation (base 3) for the numbers given in Problem 4.36. 

4.39. Write the decimal notation for the following numbers in ternary notation: 12011, 222110, 10110. 

4.40. Solve Problem 4.36 for base 6 and base 8, instead of base 2. 

4.41. Do the following additions in the binary system (and check by going over to the decimal system), 
(a) 11101 (6) 11000 

+ 1011 + 101110 



4.42. Do the following multiplications in the binary system (and check by going over to the decimal 
system). 

(a) 11101 (D) 11000 

X 1011 X 1010 
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4.43. (a) Let a non-negative integer less than 10 be given in binary notation: a3a2<^i<^o* Letting stand 

for "ai is 1", construct a logic circuit producing the statement that the given integer is a per- 
fect square. 

(5) Same as (a), except that the resulting proposition states that the given integer is even, 
(c) Same as (a), except that the resulting proposition states that the given integer is a perfect 
cube. 

4.44. (a) Using half-adders and full adders, draw a logic circuit which carries out the addition of two 

four-digit binary numbers. 

(b) Same as (a), except that three two-digit numbers are to be added. 

4.45. Translate the following decimal integers into binary notation using the method of Problem 4.4: 
27. 59, 124. 

4.46. Translate the decimal numbers of Problem 4.45 into ternary notation, using a method analogous 
to the one given for binary notation. 

4.47. Perform the following binary subtractions directly and also by the method indicated in Problem 4.6* 
(a) 1100110 (5) 1110001 (c) 10101 

- 111011 -1011100 -ilOlD 



MINIMAL DISJUNCTIVE NORMAL FORMS. PRIME IMPLICANTS 

4.48. Show that 

ABCD V ABCD v A BCD v ABCD v A BCD v ABCD v ABCD 
is logically equivalent to BCs/AD (cf. Example 4.17). 

4.49. Under the same assumptions as in Problem 4.7. use don't care conditions to find a simple switching 
circuit for the follovdng properties: 

(a) the given number is odd; 

(5) the given number is composite (i.e. has a divisor different from 1 and itself). 

4.50. Which of the following dnf's are simpler than the dnf ABC v AB v BCD1 

[a) AB V ABC; {b) A v B v CD s/ AC; (c) ABCD v ABC, {<£) ABCD \/ AC v AB, 

4.51. Which of the following are prime implicants of the dnf ABC v AB v BCDl 
(a) A, (5) AC, (e)ABD, (d) BCD, 

(Note: There are prime implicants which do not occur in this list.) 
4 Show that * is logically equivalent to v * if and only if logically implies 

4.53. Determine whether the fundamental conjunction AB is superfluous in 
(a) ABC w AB\/ BC; (b) AC BC \/ Ab, 

4.54. Determine whether the fundamental conjunction BC is superfluous in 
(a) ABGD V ABCD V ABCD v BC; (6) BC v ABD \/ BD s/ ACD. 

4.55. Show that* ^ V ^- is logically equivalent to aip v ^ if and only if v& logically implies a v 

4.56. Determine whether the first occurrence of the literal C is superfluous in 
(a) ABC V Afi V CA; (b) ACv BCv AC. 

4.57. Determine whether the first occurrence of the literal B is superfluous in 

(a) A5C V BC V AC; (5) ABC v BC v AC. 
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4^8. Find irredundant dnf's logically equivalent to 

(a) ABCD V ABD CD s/ ABD v ABC\ (h) ABD v AC v ABD v BCD v BD, 

4.59. Prove that a full dnf containing n letters is not a tautolo^ if and only if it has fewer than 2« 
disjuncts. 

4.60. Find full dnfs logically equivalent to (a) ABD v ABC\ (h) A v BC AC. 

4.61. Carry out the proof of Theorem 4.4, using Lemmas 4.2-4.3. 

4.62. Show that if logically implies 4> and ^5 logically implies then ^ logically implies ^. 

4.63. Find all prime implicants of the following statement forms, using the Quine-McCluakey method. 

(a) {AB<^C)&AC 

(b) ABC s/ AbC s/ ABC s/ ABC 

(c) ABCD V ABCD v ABCD v ABCD v ABCD 

{d) AbCDE V ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 

4.64. Do the irredundant dnf's of Problem 4.58 contain all their prime implicants? 

4.65. Prove that a statement form is logically equivalent to the disjunction of all its prime implicants. 

4.66. Find all the prime implicants of the dnf in (o) Problem 4.11, (5) Problem 4.51. 

4.67. Construct the prime impltcant tables for the dnf*s in Problem 4.63&, c^d. 

4.68. Find the minimal dnf's for the dnf*s in Problem 4.636, using the Quine-McCluskey method 
and prime implicant tables. 

4.69. Find the minimal dnf's for the following dnf's, using the Quine-McCluskey method and prime im- 
plicant tables. 

(a) ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ASCDE 

V ABCDE V ABCDE v AbCBE v ABCDE 

(5) ABCD V ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 
(e) ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG 

V ASCDEG V ABCDEG v ABCDEG v ABCDEG v ABCDES v ABCDEG 

V ABCDEG V ABCDEG v ABCDSG v AbCDEG 

(d) ABCDE V ABCDE v ABCDE v AbCDE v AbCDE v ABCDE 

V ABCDE V ABCDE v ABCDE v ABCDff 

4.70. Are the irredundant dnf's of Problem 4.58a, & minimal dnf's? 

4.71. Give a full argument showing that, if 4> is a full dnf and, in the prime implicant table for 4>, every 
column contains an entry from a row corresponding to a fundamental conjunction in the core, 
then the disjunction of the members of the core is the unique minimal dn£ for ^ (cf. Examples 
4.25-4.26). 

4.72. Verify the assertion in Example 4.29 that members of the secondary core must be a disjunct of 
wery minimal dnf. 
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4.73. Find minimal dnf's for the followingr dnf's with don't care conditions. Use the Quine-McCluskey 
method and prime implicant tables. 

(o) ABCDE V ABCDE v ABCDE v ABCDE v ABODE v ABCDE, with don't care conditions 
ABCdE, ABCDE, ABCDE, ABCDE, ABCDE, ABCDE. 

(b) ABODE V ABODE v ABCDE v ABODE v ABODE v ABCDE, with don't care conditions 
ABODE, ABODE, ABODE, ABCDE, ABODE, ABODE, ABODE. 

(c) ABCDSG V ABcDeG V ABODEG v ABODEG v ABODEG v ABODEG v ABODeS v 
ABCDEG V ABODEG, with don't care conditions ABODEG, ASCDEG, ABCDES^ AbCdSG, 
ABCDEG, ABCDSG, ABODEG, ABCDeG, ABCDEG. 

4.74. Show that if one fundamental conjunction includes another ^^^^ ^2 logically equivalent 
to ^1 V 

4.75. By the consensus method* find all prime implicants of the following dnf's: 

(a) ABC V ABCD v ABC v BCD; (6) ABOD \/ AB v BCD v ABCD v ABCD, 

4.76. By the consensus method, find all prime implicants of the dnf's in: 

(a) Problem 4,ii, (o) Problem 4.13, (c) Problem 4.63D, (cf} Problem 4,69a, c. 

4.77. Check the solution to Problem 4.18 by expanding the original dnf into a full dnf and using the 
Quine-McCluskey method. 

4.78. Apply the consensus method to find all minimal dnf's for: 

(a) AE V BCE v ABCD v ABODE; (b) ABO v BCD v AOD v ABD; (c) AC v BC v ^5 v BD, 
Check your results by using the Quine-McCluskey method. 

4.79. Apply the consensus method to find all minhnal dnf's for: 

(a) dnf in Problem 4.13; (6) dnf's in Problem 4.69a, c, d; (c) dnf's in Problem 4.75a» 6. 

KARNAUGH MAPS 

4.80. Using Karnaugh maps, find the minimal dnf's for: 

(a) ABC V ABC v ABO v ABC v ABC 

(b) ABCD V ABCD v aSOD v ABCD v ABOD v ABCD v ABCD 

(c) ABOD V ABOB v ABCD v ABCD v AbOD v ABC5 v 

(d) ABCD V A5C5 V ABOD v ABCD v ABCD v ABCD v ABCD 

V ABOD V ABCC V ABCD V ABCD 

(e) Abode v Abode v abode v abode v Abode v abode v Abode v abCde 

V ABCDE V ABODE v ABODE v ABODE v ABCM 

V Abode v Abode v abode 

(f) AB V iCDJ? V ABD v CDF v ABD 

4.81. Solve Problem 4.48 by means of a Karnaugh map. 



4.82. By use of Karnaugh maps, solve Problems 4.69a, 6, c, d and 4.7Sa, 6. 
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4.83. Using a Karnaugh map, find all minimal dnf's for 

ABCDE V ABCDE v ABODE v ABODE v ABCDE v ABCDE v ABODE 

V abCde V Abode v abode v abode v abode v abcDS 
V AbcDe V abode V aBCde V AbCde 

(Be sure that you are not using superfluous disjuncts.) 

4.S4. Draw a Karnaugh map for six statement letters, and try to use it to solve Problem 4.69e and 
Problem 4.16. 

4.85. Using Karnaugh maps, find all minimal dnf's for the given statement forms, with the indicated 
don't care conditions. 

(a) ABO V ABD v ACD v ABOD, with the don't care conditions ABCD, ABOD, ABCD. 

(5) ABODS V ABODE v ABODE v ABODE v ABODE v ABODE v ABODE, with the don't care 
eondidons ABdD, ABODE. 

(c) ABC V ABOD V AC, with the don't care conditions ABCD, ABCD, ABOD, ABCD. 

4.86. Find all minimal dnf 's or cnf's for the statement forms in 
(a) Problems 4.13, 4.18, 4.19, 4.21, 4.22. 

(5) Problems 4.635, c, d, 4.69a, 6, c, d, 4.78a, 6, c, 4.80a-/. 

4.87. Find all minimal dnf's or cnf's for the following statement forms, with the indicated don't care 
conditions. 

(a) ABOD V ABOD v ABCD, with the don't care conditions ABOD, ABOD, ABOD, ABCD, ABOD, 
ABOD, ABOD, ABOD, as in Problem 4«23. 

(6) Same as Problem 4.24. 

(c) Same as Problem 4.16. 

(d) Same as Problem 4.14. 

(e) Same as Problem 4*73a, b, c. 
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Topics in the Theory 
of Boolean Algebras 

5.1 LATTICES 

A lattice is an ordered pair (L,^ consisting of a non-empty set L together with a 
partial order ^ on L satisfying: 

(L4) For any a: and y in L, the set {x, y} has both a least upper bound (lub) and a greatest 
lower bound (gib). 

We have seen in Chapter 3 (Theorem 3.9) that a Boolean algebra *B determines a lattice 
(B, with ir V y and x a y as the lub and gib respectively. Therefore it should cause no 
confusion if, for any lattice {L, ^) and for any x and y in L, we use xvy and x/\y to denote 
the lub and gib of {x, y), respectively. 

Example 5JL. 

The set {a, 6, e, d, e, /} is not a lattice with respect to the partial order pictured in Pig. 6-1. For, 
{a, 6} has no lub. 




V 

Fig. 5-1 



Theorem 5.1- For any elements x, y,z of sl lattice (L, ^): 

(a) x/\x = X and xvx — x (Idempotence) 

(b) xr.y — y/\x and x\/y = ywx (Commutativity) 

(c) X A (y A 2;) = (x A J/) A 2 and x v (y v z) = (x v y) v 2: (Associativity) 

(d) X A (x V y) = X and x v (x a y) = x (Absorption) 
{e) x^y X A y = X and x ^ xvy = y 

(/) x^y-^(x/\z^y/\z&x\/z^yvz) 

Proof, (a) and (b) follow directly from the definition of lub and gib. 

(c) First, notice that x a (y a «) ^ y a z ^ Also, XA(yA2:)^yAi2;^y and x a (y a ;?) — x. 
Therefore by definition of gib, x a (y a iS) ^ x a y. Thus since we have x a (y a s) — z 
and XA(yA2;) =^ XAy, it follows by the definition of gib that XA(yAz) — (xAy)A2;. 
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Using this result twice, we have {x/^y)j\z = z/^{x/^y) ^ (zAic)Ay = y/\{z/^x) ^ 
{yAz)/\x — X A (y A z). Thus x/\{y /\z) ^ (x a j/) a « and (x/\y)/\z ^ a; a (y a z), and 
therefore by (PO 3), Xr^{y r.z) = [x a y) a z. A similar proof shows that 



(d) Clearly, x =^ a; and x^x^y. Hence by definition of gib, x^x/\{xs/y). But x a (x v 2/) 
— X. Therefore by (PO 3), x/\{x\/y)-x. Similarly, x\/{X/\y) = x, 

{e) First, if x a y = x, then a; = x a g,' =^ y. Conversely, if a; ^ y, then, by definition of 
gib, xr.y — x. Similarly, x^y xvy = y. 

(/) Assume x^y. Then 

(a; A z) A (y A if) = (a; Ay) a z (by (a), (b), (c)) 

= X A.z (by (e)) 

Therefore ar a « =^ y a z, by (e). Analogously, (x v z) v (y v z) = (x v y) v z = y v z, and 
therefore xvz^yvz. ► 

By a unit 1 of a lattice {L, — ) we mean an upper bound of the whole set L. It is clear 
that, if a unit exists it is unique. By a zero 0 of (L, ^) we mean a lower bound of L, and 
clearly, if a zero exists it is unique. Obviously we have Oax = 0, Ovx = x, xv1 = 1, 
X A 1 = X for all X in the lattice. 

A lattice may lack a unit For example, the set of all finite subsets of the set of integers, 
with respect to the partial order C , is a lattice without a unit. A lattice may lack a zero, 
e.g. the lattice of all cofinite subsets of the set of integers with respect to the partial order 
C. In the lattice determined by a Boolean algebra (B, a^, v^, 0^, 1^), 1^ is the unit of 
the lattice and 0^ is the zero of the lattice, 

A lattice is said to be distributive if and only if it satisfies the following two laws: 

(L5) X A (y V ^) = (x A y) V (x A zy, 

(L6) xv(yAz) = (xvy)A(xvz). 

Theorem 5^ In any lattice, (L5) is equivalent to (L6) (and therefore in the definition of 
distributive lattice it suffices to assume either (L5) or (L6)). 

Proof, Assume (L5). Then 



Therefore (L6) holds. Tne proof of (L5) from (L6) is similar and is left to the reader. ^ 

The lattice determined by a Boolean algebra is distributive. (L5) and (L6) are simply 
Axioms (3) and (4) for Boolean algebras. 



X V (y V z) = (x V y) V z 



(x V y) A (x V z) = [(x V y) A x] V [(x V y) A z] = x v [(x a z) v (y a z)] 
= [x V (xaz)] V (y az) = xv(yAz) 



Example 5.2. 

The lattice shown in Fig. 5-2 is not distributive. For, 





while 



(d A 6) V (d A c) = 0 V 0 = 0 



0 



Fig. 5-2 
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A lattice with zero 0 and unit 1 is said to be complemented if, for any x in the lattice, 
there exists an inverse in the lattice such that a; a z' = 0 and x v x' = !♦ Obviously the 
lattice determined by a Boolean algebra is complemented. 

If a distributive lattice with zero and unit is complemented, then, for any the inverse 
X* is unique. To see this, note that the proof of Theorem 3*1 (uniqueness of complements 
in Boolean algebras) still is valid under the given assumption. 

Theorem 5.3* A com.plemented distributive lattice (L, ^) with 0^1 determines a Boolean 
algebra (L, a, v, 0, 1). 

Proo/. Axioms (l)-(2) were proved in Theorem 3,l(b). Axioms (3)-(4) are just the dis- 
tributive laws. Axioms (5)-(6) have already been treated above. Axioms {7)-(8) follow 
from the fact that the lattice is complemented, and Axiom (9) is part of our hypothesis. \ 

5*2 ATOMS 

A nonzero element b of a Boolean algebra is said to be an atom if and only if, for all 
elements x of the Boolean algebra, the condition x^h implies that x — h or a: = 0. 

Example %X 

In the Boolean algrebra "^{A) of all subsets of a non-empty set A, the atoms are the singletons {x}, 
i.e. the sets consiatingr of a single element 

Example 5.4. 

The Boolean algrebra of all positive integn^ral divisors of 70 (cl Example 3.4) has as its atoms {2, 5, 7}, 
as is evident from Fig. 5-3. (Remember that the integer 1 is the zero element.) 



.70 




Fig. 5-3 



For any atom b and any element x, either b ax = b or b/\x = 0 (since b /\x^b). 
This has the following consequences: 

(i) If b is an atom and 6 - aji v • • - v Xn, then b^xi for some i. (For, if 6 ^ Xi, then 
6 A Xi ^ b and so 6 a Xi = 0. Hence if b'^ Xi for all i, then b = 6 a (aji v - - • v Xn) = 
(6 A Xi) V • • • V (& A ic„) = 0 V • - * V 0 = 0, which is a contradiction.) 

(ii) If b and c are different atoms, then b a c = 0. (For, if b a c 0, then b = b a c = 
c A b = c.) 

(iii) If b is an atom and b 4 x, then b ^ x\ (For, b^l = x\/x\ and we then use (i).) 

A Boolean algebra is called atomic if and only if, for every nonzero element x of the 
algebra, there is some atom b such that b ^ x. The Boolean algebras of Examples 5.3-5.4 
are both atomic. 
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Theorem 5.4. Every finite Boolean algebra is atomic. 

Proof. Given a nonzero element xq of the algebra. Assume there is no BXom b such 
that 6 ^ xo. In particular, xo is not an atom and therefore there is some nonzero element 
Xi such that Xi ^ Xo and Xi ¥- xg, i.e. 0 < Xi < Xv> xi cannot be an atom; hence there is 
some nonzero element X2 such that X2 < xi. Continuing in this way, we obtain a sequence 
Xo, xi, X2, ... such that Xo> xi> xz> "J All the terms of this sequence are distinct 
(by Theorem 3.8), contradicting the fact that there are only a finite number of elements 
in the algebra, f 

Given an element x of a Boolean algebra *B, we define -^{x) to be the set of all atoms b 
of *B such that b^x. Clearly, *(0) = 0 and is the set A of all atoms of *B, 

Lemma 5^ In an atomic Boolean algebra the function is one-one, i.e. if X'^y, 
then ^x)^^y). 

Proof, Assume * ^ if. Then x^y or y^x; say, x^y. Hence X/\y'¥'0. Since 
9 is atomic, there is an atom b — x/^y\ Then b^ x and ao b € -irix). However, b — 
and therefore b € ^{y). (For, if b=^y, then b ^ y /\y' = 0, and b would have to be 0.) 
Hence *(a;) ¥^ ^{y). ^ 

Theorem 5.6. Every finite Boolean algebra ^ has 2" elements, where the positive integer 
n is the number of elements in the set A of atoms of 

Proof. By Theorem 5.4, = (B, a, v, % 0, i> is atomic, and, by Lemma 5.5, * is a 
one-one function from B into the set *P(a) of all subsets of A. Now let C be any subset of 
A. Since 9 is finite, so is A and therefore also C. Thus C = {bi, bk}. Let x = 
6i V V bk. Then ^{x) = {6i, . , bk} = C. (For, bi ^ bi v • • • v bk = x for all i. Thus 
Cc*(^). On the other hand, if b € i^(a;), then b ^ a? = bi v • • • v bk. Hence 

b = b A X = b A {bi V • ' • V bit) = (b A bi) v • • • v (b a bk) 

Now if b were different from all the bi's, then each b a bt = 0 and we would have 
b = Ov •••vO = 0 which is impossible. Thus b = bi for some i, i.e. '^{x)QC.) We have 
proved that is a one-one correspondence between B and the whole set 7(A). Since A 
has n elements, ^(A) has 2" elements and therefore B also must have 2* elements. ^ 

Something more can be said about the function -ir. 

Theorem 5.7. If *B is an atomic Boolean algebra, then the function * is an isomorphism 
from 9 into the Boolean algebra 7(A). If 9 is a finite Boolean algebra, then 
* is an isomorphism from onto 9*(A). 

Proof. Remember that A is the set of atoms of % and ^{x) = {b : bGA & b ^x) . 
We already know from Lemma 5.5 that * is one-one. Next, we show that i^(a;') = ^{x). 
For, on the one hand, if b is an atom and b ^ x% then b x. Thus *(jr')c*(S), On the 
other hand, if b is an atom and b4x, then b^a;'* Thus ^x)Q'^{x'). Hence *(a;') = *(^). 
Finally, we shall show that -^-{XAy) = *i'{x) n -i'(^*). On the one hand, if an atom b^x/\y, 
then b^x and b^i/. Thus ^{x/^y)Q^(x)n'^{y). On the other hand, if b is an 
atom and b^x & b^y, then b ^ x /^y. Thus y(x) Pi ^(y) C v(x a -y). Hence ^{a? a y) = 
*(a:)n*(i^). Hence * is an isomorphism from B into ^(A). When B is finite, the proof of 



tWe xise the usual conventions: x — y means y — sc; x>y means y < «; x ^ y means 1 (x - y); x < y means 
T(*<y). 



CHAP. 6] 



TOPICS IN THE THEORY OP BOOLEAN ALGEBRAS 



137 



Theorem 5.6 shows that the range of ^ is all of ^ 

Corollary 5A Any two finite Boolean algebras with the same number of elem.ents are 
isomorphic. 

Proof. By the second part of Theorem 5.7 and Theorem 5.6, it suffices to show that, if 
A and C are finite sets with the same number of elements, then the Boolean algebras «P(A) 
and «P(C) are isomorphic. Let A = {ai, . , . , a»} and C = {Ci, . . Define the function 
0 from <P(A) into 9>(q as follows: for any subset {a^, . . .,aifc} of A, let 0({a^i, . . .,ajfc}) = 
{Cju . . c>k}. It is obvious that 0 is the required isomorphism. ^ 

The second part of Theorem 5.7 shows that any finite Boolean algebra is isomorphic 
with a Boolean algebra of aU subsets of a set A. This turns out not to be true for arbitrary 
infini te Boolean algebras, although, as we shall see later, any Boolean algebra is isomorphic 
wiA a field of sets {i.e. to a subalgebra of the Boolean algebra of all subsets of a set). 

5uS SYMMETRIC DIFFERENCE. BOOLEAN RINGS 

In a Boolean algebra *B we define the operation + of symmetric difference as follows: 

X + y = {x A y') V {x' A y) 

In the Boolean algebra *P(A) of all subsets of a non-empty set A, x-\-y = xAy (cf. 
Section 2.6). In the Boolean algebra of statement bundles (cf , Example 3.5), [A] + [B] = 
[A + B]j where the second + is the exclusive-or connective. 

Theorem 5.9, The operation + has the following properties, 
(a) a; + y = y + z 
(&) » + 0 = X 

(c) x + x' = 1 

(d) x + {y + z) = {x + y)'\'Z 

(e) X A (y + z) = (x A y) + (a; A z) 

(f) x-^x = 0 
{g)x-^y = x-^Z'*y = z 
(k) 1+x = x' 

(f) X = z y = x + z 
(;■) x = Zir^X'^z = 0 

Proof. 

(a) x-t-y = (x A r ) V (x' A y) 

2^ + x = (2/AX') V (y ax) = (2/'ax) V (tfAX') = (a;A2/') V (x'a2/) 
(&) x + 0 = (x a 0') V (x' a 0) = (XaI)vO - xaI = X 

(c) X + X' = (X A (x')') V (x' a X') = (X ax) V X' = XvX' - 1 

(d) x + Cy + z) = x + ((2/Air') v(rAz)) 

= (x A Uy A z') V (y A z)]/) V (X' A Uy a «') v (y' a z)]) 
= [xa(2/'v2:) a (»v«')1 V [(x'AyA^r')^ (^'^2/'a0)] 
= [x A ((y' A z') V (y A z))] V [(x' A y A «0 ^ A y' A z)] 

= (X A A Z') V (X A y A ^) V,' (X' A y a 2') V (X' A y' A 5?) 
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On the other hand, (a; + + z = z + {X'^y). But, to calculate z + {x + y), we use 
the equation just found for x + (y-k-z) after substituting z for z, x for y, and y for z. 
V/e obtain 

z + (x + y) — (z A a;' A y') V (0 A x A 2^) V (2;' A a; A y') V {z' a x' a y) 

= (X A A 2;') V (X a 2^ A 2) V (X' A 2/ A Z') V (x' A A ^f) 

= x + {y±z) 

(e) XA.iy-^-z) = X r.{{yr.z')v {y' az)) = (x aj/a^O ^ (x a^' a^). 

(X A 1/) + (X A 2;) = [(X A 1/) V (X A 2;)'] V [(X A yY a (X A 

= [(x A y) A (x' V z')] ^ [(ic' V y") a (x a z)] 

= [y A (X a (x' V Z'))] V [((X' V y') A X) A Z)] 

= [y A X A z'] V [x A y' A z] = (X A y A z') v (x a y' a z) 

if) X + X - (X A X J V (x' a x) = 0 V 0 - 0. 

(«) Assume x + y = x + 0. Then x + (x +y) = x + (x + Henc« 

(x+x)+y = (x + x) + z, 0 + y = 0 + 2;, y = if 

(A) Add X to both sides of (c) and use (/). 

(i) Add X to both sides of x + y = z and use (/). 

(j) Taking y = 0 in (i) yields x = z x + z = 0. If we exchange y and z in (i) and set 
y = 0, we obtain x + z = 0-»x = z. ► 

By a Hngr, we mean a structure % = {R, ^,x, 0), where /f is a set, + and x are binary 
operations on and 0 is an element of R, such that 

(1) (x + y)+z = x-(y + z); 

(2) X + y - y + x; 

(3) x + 0 = x; 

(4) for any x, there is a unique element (— x) such that x + (— x) = 0; 

(5) (xxy) X z = XX (yxz): 

(6) xx(y + z) = (xxy) + (xxz); 

(7) (y + z) X X = (y X X) + (z X x), 

A ring % is said to be commutative if and only if, in addition, 

(8) X X y = y X X, 

A ring % is said to have a unit element if and only if there is an element 1 in /c such that 

(9) X X 1 = 1 X X = X. 

(Clearly, there cannot be another unit element u, for we would then have m = 1 x u = 1.) 

In Theorem 5.9 we have already verified that a Boolean algebra determines the com* 
mutative ring (B, +, a, 0) with unit elem.ent 1* This enables us to apply the highly developed 
algebraic theory of rings to the study of Boolean algebras. But we also can give a more 
precise characterization of Boolean algebras in terms of rings, in the following way. 



CHAP. 6] 



TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS 



139 



A rinfir % = {R, +, X, 0) is said to be a Boolean rirhg if and only if it satisfies the 
identity _ 

for all X. (Here we employ the usual abbreviation: = x x x,) 

Theorem 5.10. Let 9t = <fi, +, x, 0) be a Boolean ring. Then 

(a) X + X = 0 

(b) X = -X 

(c) x + y = 0 x = y 

(d) xxy = yxx (Thus the ring must be commutative.) 

Proof. First, we observe that for an arbitrary ring the cancellation law xH-y = x + «-> 
y = z holds. For, if x-ry-x-rz, then 

(-X) + {x+y) = (-X) + (X + z) 

((-x) 4- x) + y = ((-x) +x) +z 

0 + y = O + z 

y - z 

From the cancellation law it follows that 

x = x + z-^z = 0 (i) 
For, if X — X + z, then x + 0 = x + z, and the cancellation law yields « = 0. 

'u) x-rx ~ (x + X) X (x + x) = X- + X- + x^ + X' = X + X -h X + X. By (i), x + x = 0. 

' b) Since x + x = 0, x = (— x) by the uniqueness assumption for (-x) (cf . Axiom (4) for 
rings). 

■ D If x + y-0, then, again using x + x = 0, we conclude that x = by the uniqueness 
assumption of Axiom (4). 

(x + y) = (x + y)x(x + 2/) = x^ (xxy) (yxx) + = (x + y) + (x X 2/) + (y x x). 
By (i), 0 - (x X y) + (y X X), Hence by (c), xxy = yxx. ► 

Theorem 5.11. Let 9^ = (ff, +, x, 0) be a Boolean ring with unit element 1^0. If we 

define , 

x' = l + x, X /\y = X X y, xvy = x + y + (xxy) 

then *B = (fi, a, v, 0, 1) is a Boolean algebra. 
Proof, Vve must verify Axioms (l)-(9) for Boolean algebras. 

: I X V y = a/ V X. 

xvy = x + y + (xxy) = y + x + (yxx) = yvx 

2 i A y = y A X. This is just (d) of Theorem 5.10. 

3 r - (ys/z) = (xAy) V (xas). 

a;A(yv^:) = x X (y + 0 + (y Xz)) = (xxy) + (xxz) + (xx(yxz)) 
(XAy)v(xA^;) = (xxy) + (xxz)-f ((xxy)x(xXi2;)) 
= (x X y) + (x X 2;) + (x2 X y X z) 
= (x X y) + (x X z) + (x X y X z) 



140 



TOPICS IN THE THEORY OP BOOLEAN ALGEBRAS 



[CHAP. 6 



(4) x\/ {y/\z) - V 2^) A (a: V z). 

xv {y /\z) = X (yxz) + {xxyxz) 
(a; V y) A V z) = [{x V y) A x] V [{x \/y) ^z] by (3) 

= [{x A a;) V (y A x)] V [(x A 2;) V (y A z)] by (3) 
= [* V {y X *)] V [(x X z) V (y x »)] 

= [x + (xxy)'{- (xxxxy)]v \(x X z) (y X z) + Ixx y X z^)] 
= [x + {xxy) + {xx y)] s/ [{xxz) + {yxz) + [xxyx z)] 
= x\/ [{xxz) (yxz) + {xxyxz)] 

= x + {xx z) + {y x z) + (xx y X z) + (X X [{x X z) {y X z) {x x y X z)]) 
= X (xxz) + (yxz) (xxyxz) 

+ [(a; X (a; X z)) + {xx{yxz)) + {xx{xxyx z))] by (3) 
= x + {xxz)'{'{yxz) + {xxyxz) + {xxz)-h{xxyxz) + {xxyxz) 
= a; + (y X (a; X 2^ X «) -f [(a; X + (ar X z)] + [(a; X 2^ X z) + (a; X y X z)] 
- x-r {y xz) -rixx y X z) 

(5) arvO = a 

a;vO = x + 0 + (a;xO) = a; + 0 + 0 = x 

(Note that we have used the fact that, in any ring, a; x 0 = 0. To see this fact, observe 
that a; X 0 = a; x (0 + 0) = (x x 0) + (a; x 0); and then by {1) in the proof of Theorem 
5.10, arxO = 0.) 

(6) a; A 1 = a*. 

This is just a; x 1 = x, which follows from the definition of a unit element. 

(7) a: V a;' = 1, 

xsyx' = x-^-x' ^{xxx') = a; + (1 + a;) + (a; X (1 + a;)) 

= 1 + (a; + a;) + ((xxl) + (a;xa;)) = l + 0 + (a: + a;) = 1 + 0 + 0 = 1 

(8) XAX* = 0. 

X A a;' = X X (1 + x) = (x x 1) + (x x x) = x + x = 0 

(9) 0 7^ 1. This is an assumption of the theorem. ^ 

Thus we see that a Boolean ring with nonzero unit element determines a Boolean algebra, 

and vice versa any Boolean algebra determines a Boolean ring with nonzero unit element 
(essentially Theorem 5.9). 

5.4 ALTERNATIVE AXIOMATIZATIONS 

There are numerous axiom systems for Boolean algebras.t The following system is t 
variation of one due to Byrne [101], 

A Byme algebra is a structure {B, a, 0) where B is a set, a is a binary operation on B 
' is a singulary operation on J5, and 0 is an element of B, satisfying the postulates: 

tThe one we have used (Axioms (l)-(9)) is due to Huntin^n [121]. For systems proposed up to 1933 

cf. Huntington [122], For later work, cf. Sikorski [148], p. 1, footnote 1* 
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(Bl) x^y = 2^ax 

(B2) a;A(yA2) = {XAy)AsZ 

(B3) a: A X = a: 

(B4) X A = 0 ^ X A y — x 

(B5) 0^0' 

Let us introduce a few definitions. 



Definitums. 



1 for 0' 

x\/y for (x' a2/')' 
a; ^ 2^ for x/\y = x 



From what we have already proved, it follows that, for any Boolean algebra {B, a, v, 0, 1), 
the structure (J?, a/,0) is a Byrne algebra. The converse is established in the following 
theorem. 



Theorem 5.12. 



For any Byrne algebra (B, a, 0), the structure (B, a, v, 0, 1) is a Boolean 
algebra, where v and 1 are defined as above. In particular. 



(a) 
(b) 
(c) 
(d) 

(e) 
if) 

is) 

(h) 

(i) 
(/) 

(k) 

(l) 
(m) 
(n) 
(0) 



(V) 
iQ) 
(r) 
is) 
it) 
(u) 
(v) 



x /\x' = 0 

x^y' = 0 ^ X ^ y 

X ~ X 

x^y & y^x x = y 
x^y & y^z x^z 
xr<y^x 
aj A 0 = 0 
x'-' = X 

x/^y - [x's/yy 
xvy = y V X 
xv{yvz) — (xvy) V z 
X V X — X 

x^y y' ^x' 

Xwy' — 1 <^ Xvy — X 

Duality: Any theorem in the language of Byrne algebras (i.e. involv- 
ing the symbols a, 0) is transformed into another theorem when we 
replace a by v, and 0 by 1. Under this replacement, the defined term 
Xvy (i.e. (x' a yy) becomes [x' v yy, which is equal to x a i^, and the 
defined term 1 (i.e. 0') becomes 1'. which is equal to 0 (by (A)). Thus 
the dual of a theorem is a theorem. 

X ^y ^ Xvy — y. (Hence the dual otx^y is equivalent to y =^ x.) 

X A 1 = X 
X V 0 = X 
X V X' = 1 
X — Xv y 

X V (x A y) = X A (x V 2/) = X 

^~y {x j^^z ^ y A.z & xvz ^ y v z) 
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{w) (x^z&y^z) xs^y^z 

{x) {z^x &z^y) ^ XA.y 

(y) X /^(x' vy) = X /^y 

(zi) XA.{yvz) = (a; A V (x A z) 

(««) X V (y A z) = {x V y) A {x v z) 

(zs) Axioms (l)-(9) for Boolean algebras hold. 

Proof, 

(a) X /\x — X, Hence by (B4), x /^x' - 0. 

(b) This follows immediately from (B4) and the definition of =. 

(c) This follows immediately from (B3) and the definition of ^. 

(d) Assume x^y & y^x. Then x ^y = x & y /\X =■ y. By (Bl), x = y, 

(c) Assume x^y & y^z. Then xj\y = x & y/\z = y. Hence x /\Z = {x/\y) rsz = 
X /\{y /\z) = X /\y = X, Thus x — z. 

if) A 2/) A a; = {x/\x) Ay = x /\y. Thus x /\y ^ x, 

{g) a: A 0 = rc A (a: A X') = (a: a a — a; a a:' = 0. 

(h) X" A X' =_jc' A x" ^ 0 (by (a)). Therefore a:'' ^ x (by (b)). Likewise, a;"' ^ x' and 
a;""^a;". Hence a*"" ^ a; (by (e)). Theref ore a;''" a a;' = 0 (by (&)). Hence a;' a;'" 
(by (0)), and therefore x' = x''' (by (d)). Thus a;Aa;'"'' = 0 [oy (a)), and then x^x'' 
(by {b)). Therefore x = x" (by (d)). 

(i) x'vi/' = (a:"A?/")' = (a: A 2^)'. Hence {x'vyy = (a;Ay)" — x/\y. 

(j) a; V 2/ = (x'' A 2/'*)'' = {V ^ ^'J = y v x, 

(k) xvivvz) = (z'AfT/'Az'V'V = (aj'Afw'A^O)'. 

(xvy) ^ z — z^ (x\^y) = (z' a {x' a 2^'))' = (a;' a {y' a ^^:'))^ 

(Z) XV X = (ar'Aa:')' = a:" = x. 

(m) Assume * - y. Then a: A ir' = 0 (by (b)). Therefore y' a.x" = 0, and, by (&), y' = 
Conversely, if y' — x\ then x'' — y"- Hence a; ^ 2/* 

(n) 2^ =^ X a;' ^ 2<' (by (w)). Therefore a:' a 2^ = 0 a;' a 2^' = a;'. Hence {x' a 2^)' = 
0' <^ {x' A ^')' = and so a;v^' = l «^ xvy = x. 

(0) Changing a to v and 0 to 1 transforms the axioms for Byrne algebras into theorems. 
((Bl) becomes (;); (B2) becomes (k); (B3) becomes (1); (B4) becomes (n); and (B5) becomes 
1 9^ 1' which by (h) is equivalent to 1 0.) Hence if we make these changes in all 
propositions of a proof, we obtain a proof of the transformed theorem. 

(p) x^y y'^x' 

^ y' /\x' = y' 

« {y'^xy = y'' 

4^ X V y = y 

(q) 0 ^ x\ by (g). x^l, by (m) and (ft). Therefore a: a 1 = a;, 
(r) This is the dual of (q). 
(s) This is the dual of (a). 
It) This is the dual of (/), 
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(m) x/^y^x, by {/), Hence by (p), (a; a y) v x = x. The dual of this is (ar v y) a x = x, 

(v) Assume x^y. Then x /\y — Hence (x a 2;) a a z) = {x/\y) /\z = x a z. Thus 
X A 2; ^ y A 2. Also, since x ^ we have, by (p), x v y = j^. Hence (x v z) v (y v 2:) = 
(x V 2/) V 2; = y V z, and so by (p), x v z ^ y v z. 

(w) Assume x=^z&y^z. Then z = zvx=^zvy. Therefore zv(xvy) = (zvx)vy = 
z\r y = z. Hence xvy^z, 

(x) This is the dual of (w). 

(y) X A (x' V y) = X a (x'' a yy = x a (x a y')'. Hence 

(x A (x' V y)) A y' = (x A y') a (x a y')' = 0 

Then by (B4), XA(x'vy) = (xA(x'vy))Ay = xA((x'vy)Ay) = x a y (by (w)). 

yzi) First, y = yvz&z = yvz (by (c)). Therefore by (v), x Ay = x A(y vz) & x az ^ 
a? A (y V z). Hence by (w), (x a y) v (x a z) ^ x a (y v z). On the other hand, 

a; A (y V z) A ((x a y) V (x A z))' = x a (y v z) a (x a y)' a (x a z)' 

= X A (y V z) A (x' V y') a (x' v z') 

= (y V z) A (x A (x' V y')) A (x A (x' v z')) 

= (y V z) A (x A y) A (X A z') (by (y)) 

= X A (y V z) A (y' A z') 

= X Afy'AZ'V A(yAzO 

= xaO = 0 

Hence x a (y v z) — (x a y) v (x a z), by (b)). Now apply (d). 
(Z2) is the dual of (zi). 

(Z3) All the Axioms (l)-(9) for a Boolean algebra already have been proved. ^ 
5^ IDEALS 

An ideal of a Boolean algebra = (B, a, % 0, 1) is a non-empty subset J of B such 
that: 

(i) (x t J & y e/) -> X V y G J 

(ii) (x€/ & yGB) xj\y^J 

It is clear that (ii) is equivalent to 
(ii') (xG/ & y^x) -* y G J 

For, assume (ii) and let x € / & y ^ x. Then since y — x, we have y = x a y. Hence by 
(ii), y G/- Conversely, assume (ii') and let x^J & yGB. Since XAy ^x, it follows by 
(iiO that xj\yGJ. 

Notice that 0 belongs to every ideal, since 0 ^ x for all x. 

Example 5ii. {0} is. an ideal. 

Example 5,6. B is itself an ideal. 

Every ideal different from B is called a proper ideal. In particular, {0} is a proper ideaL 

Note-, An ideal / is proper if and only if 1 € /. For, if 1 g /, then JCB. Conversely, 
if 1 G / and if y g B, then y ^ 1. Hence by (ii'). y G B. Thus / = B. 
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Example 5.7. 

If i4 is a non-empty set and if 7(A) is the Boolean algebra of all subsets of A, then the set J of all 
finite subsets of A is an ideal. / is proper if and only if A is infinite. (More ^nerally, if m is any 
infinite cardinal number, the set of all subsets of cardinality less than m is an ideal.) 

Example 5.8. 

Given w e B, the set of all t; — u is an ideal. For, if v^ — u and — u, then v — u; and if 
V — u and y — v» then y ~ u. The ideal is called the prineipai ideal generated by u. 

Theorem 5a3, Given any subset C of a Boolean algebra tB, the intersection IF of all ideals 
J containing C (i.e. such that CC/) is itself an ideal containing C. W is 
said to be generated by C, and is denoted Gen (C). 

Proof, There is at least one ideal containing C, namely B itself. Assume x and y are in 
W, and z is in B. If J is any ideal containing C, then zGJ & yGJ. Hence xvy GJ, 
Likewise, xa\z GJ. Thus z v y and x/\z are in IF, and therefore W is an ideal, p 

Theorem 5.14. Given any subset C of a Boolean algebra, the ideal Gen (C) consists of all 
elements of the form 

(2/1 A iCi) V • • • V (l/k A Xfc), fc ^ 1 

where xi, . . ,,Xk GC and yi, . . . , ifk are arbitrary elements of B. 

Proof. Let D be the set of elements of the given form. The join of any two elements 
of D is clearly again of the same form and therefore also in D. In addition, for any y GB, 

the meet 

y A {{yi A ji) V ■ • - V (2/fc A Xk)) = (2/ A {yi a Xi)) v • • • v {y^{yk/\ Xjt)) 

= ((2/A2/,) aXi) V ■ • • V ((2/A2/fc) A^Tk) 

is again in D. Thus D is an ideal. Since x = Iax, every member a; of C is in D. Every 
member (yi/^Xi) v - ■ • v (yk/^Xk) of D belongs to any ideal / containing C, for, since Xi € C, 
it follows that yi/\XiE J and therefore that {xi a 2/1) v • • • v (a:k a 2/fc) G /. Hence D is the 
intersection of all ideals containing C. ^ 

Theorem 5.15. Given any subset C of a Boolean algebra 'S, the ideal Gen (C) consists of 
the set E of all y such that 

1/ — a;i V • • • V ojfc 
where . . . , are arbitrary members of C. 

Proof, If 2/ — iCij V * • • V and z ^ Xj^ v • — v then 

2/ V 2; — ajij V • • • V dti^ V ic^j A • • • V 

and if y^Xiv - " vXk and v ^ 2/» then v^Xi\/ • • • v art. Thus is an ideal. In addition, 
if X is in C, then a: ^ x and therefore x is in E. Clearly, every member of E belongs to every 
ideal containing C. Hence E = Gen (C). > 

Corollary 5.16. If C is any subset of a Boolean algebra % then the ideal Gen (C) generated 
by C is a proper ideal if and only if 

V • • • V Xfc 1 

for all Xu . . ,9Xk in C. 

Proof. Note first that 1 ^ w if equivalent to 1 = for any u. Hence by Theorem 5,15 
1 e Gen (C) if and only if 1 = Xiv - - • vXk for some Xi, , ..,Xk in C. But, 1 G Gen (C) il 
and only if Gen (C) is not a proper ideaL ^ 
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Theorem 5.17. If / is an ideal of a Boolean algebra % and if y^B, then the ideal 
Gen(/U(y}), generated by / plus consists of all elements of the form 

where z^B and x^J. 

Proof. Let J? be the set of all elements (z a w) v x, where z^B and x^J. First, y^H, 
since 2/ = (1a2<)vO. Also, if J, then v = (OAy)vi;eH, Thus J\J[y)QH. In 
addition, 

{{^i A 2^) V Xi) V {{z% A y) V x%i — {{Zi V Z2) A 2() V [xi s/x^j^H 
Also, if a; e 7, then 

w A ((z A y)^/x) = {{w A z) A y) v (t« a x) g H 

Hence H is an ideal. Finally, if / is an ideal containing JU[y}, and if xGJ, then (z a y) v a; 
e/; thus 

Corollary 5.18. If J is an ideal of a Boolean algebra and if y GB^-^J, then the ideal 
Gen (J U {w}) generated by J plus w is a proper ideal if and only if x\^yy^l 
for all X in 7, i.e. if and only if, for all x in J, y' + x. 

Proof, By Corollary 5.16, Gen(/U{2/}) is proper if and only if a;i v • • • vajk 7* 1 
for all xu . . ,fXk in J. (Note that if rci v • • • v arfc v 1/ 7^ 1, then Xiv - - - \/Xk^l.) But since 
/ is an ideal, a; = a;i v • • • v ajt is also in 7. Hence the indicated condition is equivalent to 
saying that x v yy^l for all x in /. The additional remark follows from the fact that 
x\/y=l is equivalent to y" ^x,^ 

Definition An ideal ilf of a Boolean algebra *B is said to be maximal if and only if M 
is a proper ideal and there is no proper ideal / of *B such that McJ. 

Theorem 5.19. Given a proper ideal M of a Boolean algebra 'S. Then M is maximal if 
and only if, for any y in B, either y G M or y' G M. 

Proof. 

(a) Assume M is maximal. Assume y S M, We must show that y' G M. Let / = Gen (Mu {y}). 
Then I is an ideal of <B such that McI. Hence by the maximality of 3f, / = B. There- 
fore by Corollary 5.18, y'^x for some x in M, Since M is an ideal, y'GM. 

(6) Assume that y G M or y' G M for all y in B. Assume M C /, where / is an ideal. We 
must prove that J = B. Let y GJ ^M. Since y^M, y'GM. Hence y' G 7. Then 
1 = y V y' G 7. Therefore 7 = B. ► 

Definition. An ideal 7 in a Boolean algebra *B is prime if and only if, for any x and ^ 
in B, (a; g 7 & y S 7) -* a; a y S 7. 

Theorem 5.20. A proper ideal 7 in a Boolean algebra *B is maximal if and only if it is 
prime. 

Proof. 

(a) Assume 7 is maximal. Assume x^J&y&J. Then by Theorem 5.19, x'GJ and y' G 7. 
Hence x'vy' G 7. Since 7 is proper, x/^y = {x'v yy C 7. Thus 7 is prime. 

(5) Assum.e 7 prime. Given yGB. By Theorem 5.19 it suffices to show that yG-J or 
y'GJ. Assume y^J and y'^J. Since 7 is prime, 0 = y/Ky'€J which is a 
contradiction. ^ 
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Theorem 5*21. The maximal principal ideals are the principal ideals where u is an 
atom. 

Proof. 

(a) Assume u is an atom. To prove maximal, we shall use Theorem 5.19. Assume 
yGB and y C Then y 4 u\ Hence u ^ 3/'. Since u is an atom, w ^ 2^ (by Remark 
(ill) on page 135). Hence y' ^ u', i,e. y' G Ju-. 

(&) Assume /«' maximal. To prove that u is an atom, we assume v^u and we must show 
that t? = 0 or v - u. Assume v¥-u. Since Ju- is maximal, vGJu- or v'GJn\ Hence 
v^W or v' ^ u', i.e. u' or v. But u4v, since v^u & v¥'U. Hence v ^ u\ 
Since 2; — u and v ~ u\ it follows that 2; — w a le' = 0. Therefore v = 0. ► 

Example 5.9. 

In the Boolean algebra <P(A) of all subsets of a non-^mpty set A, the atoms are the singrletons {a}, 
where a€A. Hence a maximal principal ideal consists of all subsets X of A such that a^X. 

Example 5.10. 

In a finite Boolean algrebra 9, every maximal ideal M is principal. Fori there are a finite number of 
atoms aj, . . .,afc in B, and v 02 v • • • v = 1. Hence there is some atom o which is not in M, Then 
M = J^', To see this, observe first that since a€M, then a*SM, Therefore J^-Q^^. On the other hand, 
if y^M, then a^y since a€M. Since a is an atom and a^y, it follows that a — y', and so y — a*. 
Therefore M g J^-, 

5.6 QUOTIENT ALGEBRAS 

Let J be an ideal of a Boolean algebra 9. 

Definition, z y if and only if x-^-y GJ. 

Recall that x-^-y - (x /\y') v (x' Ay) (cf. Section 5.3). Hence, since / is an ideal, 
xGJ &yGJ x-k-y GJ. 

Theorem If / is an ideal of a Boolean algebra 

(a) X =j X. 

(b) x^jy y X, 

(c) X y & y z X z. 

(d) (x^jy & a^jb) -* (x' sj w' & a? a a sj w a 6 & a; v a sj w v 6). 

Proof. 

(a) x + x = 0 G J, 

(b) X -ry - y-rx, 

(c) X z = X -\- 0 + z = a: + (w + w) + 2; = (a? + 1/) + (w + z). 

(d) Assume x^jy and a Since x' + y' = x + y, it follows that x' sj 2/'. Next, 
notice that for any 0, {xAz)=j{y/\Z), since (a; a^) + (i/az) = (a;+2^)AZ. Hence 

X /\ a y /\ a = a a =j 6 a = y /\b 
LastJy, ^ V a = (ar" a ay (y' a b')' = « v 6 k 

Definition. [x] = {1/ : x 

[x] is called the equivalence class of x inodulo /, Clearly, x G[x], 
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Theorem 5,23. (a) [z] = [z] ^ x z. 

(b) [x]^[z]^[x]n[z]=0. 

Proof, 

(a) First, assume [x] = [z]. Since xG[x], we obtain xG[z], i.e. x z. Second, assume 
X =j z. Then for any y, 

y G[x] X =jy ^ z sjy y G[z] 
Hence [a;]C[z]. Similarly, [a;]. Therefore [x] = [z]. 

(b) yG[x]n[z] (x^jy & z^jy) x^jz [x] = [z]. ^ 

Given an ideal / of the Boolean algebra Let B/J be the set of equivalence classes 
modulo /. We define operations a^, vj, 'j on B/J as follows: 

[^]-^j[y] = [^"^^y] 

M [y] = [x^y] 

[xyj = [X'] 

These definitions are meaningful by virtue of Theorem 5.22(d). For example, if X and Y 
are equivalence classes modulo J, we select any xGX and any ySY. If xiGX and yi G Y, 
then [x/\y] = [xiA.yi] by virtue of Theorem B22{d) and Theorem 5.23(a). Thus [xA.y] 
does not depend upon the particular x chosen in X or the particular y chosen in Y, This 
shows that our definition of a, makes sense. 

Let Oj stand for [0], and let Ij stand for [1]. Clearly, Oj = / and h = [y : y' G J). 

Let ^IJ stand for (J?//, a^, Vj, 0, 0^, 1^). 

Theorem ^2A. If / is a proper ideal of a Boolean algebra % then is a Boolean algebra 
(called the quotient algebra of by /). 

Proof. We must check the axioms for Boolean algebras. 

1 [x]v[w] = [xs/y] = [y^,x] = [w] v [a:]. 

Axioms (2)-(8) are proved in a similar manner. (This is left as an exercise for the reader.) 

9 Oj^- Ij, since 0 #j 1. (This follows from the equation 0 + 1^1 and the assumption 
that / is a proper ideal.) ^ 

ExAmple 5.IL 

Let J be the ideal {0}. Then x =j y if and only if x = y. Thus the elements of B/J are the single- 
•xrj {x}, where xGB, The function f(x) = {x} is an isomorphism between ^ and "B/fO}. 

Theorem 5.25. B/J = {Oj, h] if and only if / is a maximal ideal. 

Proof. If J is maxim_al, then, for any x, either x G J or x' G J. Hence [x] = Oj or . 
[x] = Ij. Conversely, assume that for every x in B, [x] = Oj or [x] = Ij. Hence a; e / or 
x*GJ, Therefore by Theorem 5.19, / is maximal. ^ 

Remark. If xGB, then [x] =35 + /, where «+/ stands for {^ + «*: J}. For, on 
the one hand, yG[x]-^x + yGJ-*'X + y = u for some win / ->y = a; + tt for some uGJ. 
On the other hand, if y^x-^-u for some u in J, then y-^x - uGj, and therefore y G [x]. 
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5.7 THE BOOLEAN REPRESENTATION THEOREM 

The theory of Boolean algebras is intended to be a generalization of the algebra of sets. 
We already have proved (Theorem 5,7) that every finite Boolean algebra is isomorphic to the 
Boolean algebra of all subsets of some set A (namely, A is the set of atoms). This is not 
true for all Boolean algebras. For, in Problem 5.16 we cite an example of an atomlesa 
Boolean algebra "S; and since the Boolean algebra 7(A) of all subsets of any set A is atomic^ 
*B cannot be isomorphic to 7(A). However, we shall show in what follows that every Boolean 
algebra is isomorphic to some field of sets. 

To this end, we shall need the following general mathematical principle. 

Zorn's Lemma: Given a set Z of sets such that, for every C-clutin C in Z,+ the union 
U A is also in Z. Then there is an C -maximal set M in Z, i.e. MgZ, 

A € C 

and, if A is any set in Z, then M(^A. 

A proof of Zorn's Lemma (based upon the use of a more transparent assumption, the 
so-called axiom of choice) is given in Appendix C. 

Theorem 5^6 (Maximal Ideal Theorem). If 7 is a proper ideal in a Boolean algebra % 
then there is a maximal ideal M in *5 such that JQM (i.e. every proper 
ideal can be extended to a maximal ideal). 

Proof. Assume / is a proper ideal. Let Z be the class of all proper ideals X in ^ such 
that JCK. Now assume that C is an C-chain in Z, Then u / is a proper ideal (cf. 

Problem 5.34) containing J. Hence by Zom's Lemma there is a maximal set M in Z. But 
M^J and M is a maximal ideal in *5 (for, if Af- is any proper ideal such that McM=, then 
G Z and hence M = A/^). ^ 

Esampie 5.12. 

Consider the Boolean algrebra ^{A) of all subsets of an infinite set A. Let / be the ideal of all finite 
aubsets of A, By Theorem 5.26, J can be extended to a maximal ideal M, M cannot be a principal ideal. 
(For, a principal maximal ideal consists of all subsets of A not containing some fixed element 6 of A 
(cf. Example 5.9), while every singrlston {6>, being finite, belongrs to / and therefore to Hence if M 
were principal, we would have A = {6}U(i4 — {5})eAf, and then M would not be a proper ideal.) No way 
is known for describing such an idea! JIf in a constructive way, i.e. no property is known for which the 
sets satisfying this property form a maximal ideal M containing «/ as a subset. 

Corollary 5*27. Every Boolean algebra has at least one maximal ideal. 

Proof, The set {0} is an ideal. Hence by Theorem 5.26, {0} can be extended to a 
maximal ideal. ^ 

Corollary 5^* If C is any subset of a Boolean algebra ^ such that for any Mt, . . . , Wn in 
C, tti V • * • vitn # 1, then there is a maximal ideal M containing C, 

Proof. By Corollary 5.16, the ideal Gen (C) generated by C is a proper ideal. Then 
by Theorem 5.26 there is a maximal ideal M containing 6en(C), and therefore also 
containing C. f 

tBy an C-chain C in Z we mean a subset of Z such that, ii ABC and BeC and a -j^B, then either 
A<zB or B C A. More generally, if i2 is a binary relation on a set W, then an iZ-chain in is a subset 
of W on which R is transitive, connected, and antisymmetric (i.e. acRy yRs -» a* = «). 
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Corollary 5.29. If x is a nonzero element of a Boolean algebra "S, there is a maximal ideal 
M not containing the element x. 

Proof. X' 7* 1. Hence by Corollary 5.28 there is a maximal ideal M containing x\ 

Hence x&M. (Otherwise, 1 = a? v x' € M.) ^ 

Theorem 5^0. (Stone's Representation Theorem). Every Boolean algebra <B is isomorphic 
to a field of sets. 

Proof. For each x in B, let E(a;) be the set of all maximal ideals of ^ such that x^M. 
Clearly, E(l) is the set 31 of all maximal ideals of % while H(0) is the empty set. For any 

z 0, is non-empty, by Corollary 5.29. Also, S{x') = H(x), since every maximal ideal 
3f contains precisely one of the elements z and x\ Finally, '^{x\/y) = ^{x)U'={y). (First, 
if x^M, then xvy €M, since x — xvy. Likewise, if 1/ S M, then xvy Hence 
H(z) U H(2/) Q S{x V y). Conversely, if xGM &yGM, then xvy eM. Hence if xvy^M, 
then x^M or y^M. Therefore Bixvy) Qs.(x)UBly).) Thus H is an isomorphism of 
into the Boolean algebra ^(^) of all subsets of the set 3f of all maximal ideals. The range 
of H is a field of sets isomorphic to ► 

Corollary 5.31. For any sentence A of the theory of Boolean algebras, A holds for all 
Boolean algebras if and only if A holds for all fields of sets, 

{By a sentence of the theory of Boolean algebras we mean either an equality t = <r, where 
r and <r are Boolean expressions, or an expression obtained from such equalities by applying 
the logical connectives and the quantifiers "for all x" and "there exists an x'\) 



5^ INFINITE MEETS AND JOINS 

Given a Boolean algebra 9 = {B, a, v, 0, 1> and a subset A of B. If the least upper 
bound (lub) of A exists, it is denoted V z and called the join of A. Thus in order for y 

to be the join of A, it is necessary and sufficient that: 
(a) x=^y for all xGA. 

(6) For any v,if x^v for all x G A, then y ^v. 
If the greatest lower bound (gib) of A exists, it is denoted A x and called the meet of A. 
Notice that 

V X - 0, A X = 1 

V X = 1, A X = 0 

* e B X € B 

Definition. The Boolean algebra ^ is said to be complete if and only if V z and A z 

A X e A 

exist for all subsets A of B, i.e. every subset of B has both a lub and a gib. 
Example 5.13. 

In the field '^(K) of all subsets of a non-empty set K, 

V - = U * and A - = ~ 



Thus 'P{K) is & complete Boolean algebra. 
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Theorem 5^2. (De Morgan's Laws) 

(a) V 35 = ( A {x')) 

zSA \x G A / 

(Each equation is taken to mean that, if one side has meaninsT, then so does the other, and 
they are equaL) 

Proof, (a) Assume V * exists, and let y — ( V Now if u^A, then u — V 

xe A ^x^a' xga 

Hence y — u\ Thus 2^ is a lower bound of the set W of all x', where zGA. Now assume v 
is a lower bound of W, Thus v^x' for all xGA. Hence x^v' for all xGA. Thus 
V x^v\ Hence v — f V x)' = y. We have shown that y= A ix'). Hence V x = 

XGA ^z€A' xSA ' x€A 

2^'= (a (a;'))"' On the other hand, assume A (icO exists. Let b = ( A {x'))\ IfuGA, 

X G A aSA X ^ A 

then A {^') — Hence Thus & is an upper bound of A, If c is an upper bound 

xe A 

of A, then a? = c for all xEA; this implies that €' = x' for all xGA. Hence c' = A (a?')* 
and 6 = ( A {x'))' ^ c. Therefore b = V x. The proof of (6) is similar. ► 

X G A * e A 

Corollary 5,33, If all subsets of J? have a meet (respectively, a join), tKfen B is complete. 
Example 5.14. 

Let 9 be the Boolean algrebra of all finite and cofinite sets of positive integers. Let A be the set of all 
sets of the form {2n), where n is a positive integer, i.e. A is the set of singletons of the positive even integers. 

Then A has no join. For, if u were equal to V t*^en u would have to contain all positive even integers. 

X e A 

But, since u would be cofinite, u would also have to contain all but finitely many odd positive integers. 
Then any proper subset of u obtained by removing an odd integer also would be an upper bound of A, 
contradicting the assumption that u is the least upper bound of A. Thus 9 is not complete. 

Example 515. 

Let A be the field of sets consisting of all finite sets of positive integers and iJl sets W — where N 
is the set of all nori'neffative integers and X is any finite set of positive integers. A is a subfield of the 
field 'P{N) of all subsets of N> Let C be the set of all singletons of the form {n}, where n is a positive 
integer. Then the join of C in the Boolean algebra *P(iV) is N {0}. However, the join of C in the 
Boolean algebra A is (Notice that N ^ (0} does not belong to A.) This illustrates two facts: 

(1) The join of a set in a field of sets is not necessarily the union. (In Example 5.15, the union 
of C is -V - {0} but the join in A is AT.) 

(2) If A 1 is a Boolean subalgebra of a Boolean algebra A 9, and if 7 is a set of elements of A,, 
then the join of F in A^ (if it exists) is not necessarily the join of Y in A2 (if it exists). 

Of course the same facts hold for meets as well as joins. 

Because of the fact illustrated in (2), we shall, if necessary, designate the join in a Boolean algebra 
9 of a set y of elements by S/^ x, and the meet by A ^ 

I e y xGY 

Definition, By a complete field of sets we mean a field of sets such that, for any subset 
A of the field, the union and intersection of the sets in A are also in the field. The field 
*^iK) of all subsets of a non-empty set K is an example of a complete field of sets. Clearly, 
a complete field of sets is a complete Boolean algrebra, with union and intersection serving 
as join and meet. 
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5.9 DUALITY 

If S = (B, A, V, 0, 1) is a Boolean algebra, then its dual ^* = (B, v, a, \ 1, 0> is also 
a Boolean algebra. In fact, the function f{x) = x' is an isomorphism between *B and *B* 
cf. Problem 5,42). 

Theorem 5-34. (Duality Principle). For any Boolean sentence A, the dual formula A*, 
obtained from A by exchanging 0 and 1 and exchanging a and v, will be 
true for ^ if and only if A is true for *5. 

Proof. A is true for if and only if it is true for the isomorphic algebra *B*, But the 
interpretation of A with respect to the model *B* is the same as the interpretation of A* 

with respect to ®. ^ 

There are various extensions of the Duality Principle. The transformation from A to 
the dual A* exchanges ^ and — . (For, x^y XAy = x, and the dual of x/\y = x is 
* ' y = X, which is equivalent to x^ y.) In addition, the taking of duals interchanges the 
general notions of meet and join. 

Example 5.16. 

The second part of De Morgran's Laws (Theorem 5.32) 

W A ^ = ( V (^') ) 

ISA \XG A / 

is the dual of the first part: 

(o) V X = ( A (^V 
Hence our proof of (a) automatically is also a proof -of (6). 
Example 5.17. 

From V sc = 0, it follows by duality that /\ x = 1. Similarly, /\ x = 0 follows from 

X G 0 X & 0 x€B 

V « = 1- 

X € B 

5.10. INFINITE DISTRIBUTIVITY 
Theorem 5.35. (a) x a V w = V {xau). 

u € A u € A 

(6) ar V A w = A {xvu). 

« € A tt 6 A 

(These equations are intended to mean that, if the left side is meaningful, then the right 
side is also meaningful and the two sides are equal.) 

Proof, Since (6) is the dual of (a), it suffices to prove (a). As a preliminary, note that 

a/\h^c & =^a'vc (5.1) 

(For, if a/Kb^c, then b = (a' a 6) v (a a 6) ^ a'vc.) By taking the dual of (5.1) and 
changing a to a\ we obtain 

c^a'vb a/\c ^ b (5^) 
Assume now that V u exists. If vGA, then V u and therefore 

u e A u € A 

X /\v ^ X /\ V u 
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Thus a; A V m is an upper bound of the set Z of all rcAtt, where we A. Now assume w 

u € A 

is an upper bound of the set Z. Then for all we A, xr^u^w\ and therefore by (5.i), 
u — x'vw. Hence V u ^ x' v w. By (5.2), a? a V w — w. Thus a; a v « = 



USA 



Remark. If the right-hand side of (a) or (b) of Theorem 5.35 is meaningful, the left-hand 
side need not be. For example, if x = 0, then V (a; a m) = 0, but V u need not exist 
if "3 is not complete. " ^ ^ " ^ 

By means of the ordinary distributive laws, one obtains identities of the form 

(Xii V Xi2 V • • • V Xik^) A {X2\ V a;22 v • • • v aJzkg) a • • ■ a (iS^ml V 5Jm2 V - * • v Xmk^) 

= V (i^iii ^ ^2*2 A • • • A ) 

For example, 

{xii V a;i2) A {X2i V a;22 v 0:23) = {xn a aiai) v {xu a 0:22) v (xn a ^23) v (a;i2 a 2:21) 

V {xi2 a X2z) V (xia A a;23) 
One even can extend these identities to the following infinite case. 



( V Xii ) A { V a;2f ) A • • • A ( V Xki) 



= y (Xijj A X2i2 A ■ • * A Xkjj,) (5.5) 

where the join on the right is taken over all possible terms Xij, a xzj^ a • • • a Xkij^, with 
...^jkGAfc, and where we assume that all the joins on the left-hand side exist* 
This identity is proved by induction on k, using Theorem 5.35(a) (plus generalized associ- 
ativity; cf. Problem 5.37). 

For any sets S and W, let stand for the set of all functions from W into S. Assume 
given a function assigning to each wGW and s e S an element of a given Boolean 
algebra 'iB. Consider 

A I V 30v>.s I = V I A j (54) 

v>ew \»GS / /€sw\wew / 

where the join on the right extends over all functions fGS^. 



Definition. If m and n are cardinal numbers, the Boolean algebra is said to be 
(m, 's{)-distributive if and only if, whenever W has cardinal number rti and S has cardinal 
number n and Xv>,s is any assignment of elements of B such that the left-hand side of (5.^) 
makes sense and each term a *tr,/(w) on the right-hand side makes sense, then the right- 

10 € w 

hand side makes sense and the equation (S.i) holds. 

*B is said to be completely distributive if and only if S is (m, n)-distributive for all 
cardinals m and n. *B is said to be m-distributive if and only if *iB is (m, m)-distributive. 

We have seen above (equation (5.S)) that if m is finite every Boolean algebra is (m, n)- 
distributive, no matter what n is. Obviously (m, n)-distributivity also holds when n = 1. 
However, if m is infinite and n-2, then a Boolean algebra need not be (m, n)-distributive, 
even when n is finite. 
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It is easy to see that, if *B is (m, n) -distributive, then 
(a) }j ^ m *B is (t), n)-distributive; 
(6) tj ^ n -* *B is (m, }))-distributive. 

To verify (a), it suffices to choose a set W* such that Wr\W* = ^ and TFuTF* has cardi- 
nality m, and then to extend the given assignment by letting xw.s = 1 for all wSW*, To 
prove (6), we need only choose a set S* so that SnS* = 0 and SUS* has cardinality n, and 
then extend the given assignment by letting a;w.» = 0 for all 8 € S*. 

From (a) and (b) it follows that *B is completely distributive if and only if ^ is m-dis- 
tributive for all m. 

It can be shown that *B is m-distributive if and only if *B is (m, 2)-distributive (cf • [140] 
and [149]). 

Esasiple 5JS« 

The field 'PlK) of all subsets of a non-empty set K is completely distributive. This follows from the 
fact that 

n ( u = u ( n {5^) 

always holds for arbitrary sets x^^^. 

Remark, By the Duality Principle, it is not necessary to give separate consideration to 
the dual of (54): 

V { A Zu,.b) = '\u, ( V Xw^nwi) 



5.11 m-COMPLETENESS 

Let tn be an infinite cardinal number. A Boolean algebra ^ is said to be m-complete if 
and only if every subset of B having cardinal number possesses a least upper bound 
(lub) and a greatest lower bound (gib). 

By De Morgan's Laws (Theorem 5.32), for m-completeness it suffices to know only that 
€very subset of B having cardinal number = m possesses a lub (or that every subset of B 
having cardinal number possesses a gib). 

If Ko is the cardinal number of the set of integers, it is customary to use the term 

a^lgehra instead of ^.^cowjplete Boolean algebra. Thus is a «r-algebra if and only if every 
denumerable subset of B has a lub. 

We shall use the term m-eomplete field of sets for a field of sets f such that any subset 
of f of cardinality ^ m has its union in In addition, by a cr-field of sets we mean a field 
of sets closed under denumerable unions. 

Clearly, an m-complete field of sets is an nx-complete Boolean algebra, and a o-field of 
sets is a cr-algebra. 

Example 5.19. 

Let ^ be a non-denumerable set. The field 7* of all subsets of K which are either countable (i.e. either 
finite or denumerable) or co-countable (i.e. their complement is countable) is a ^-field, but not a complete 
field of sets (nor a complete Boolean algebra). For, let A be a subset of K such that both A and its 
complement are non-denumerable. Then for each xGA, the set {x)€y. However, the union of all the 
sets where a? €.4, is equal to A, which doss not belong: to 
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Example 5^. 

The field Q of all finite and cofinite subsets of an infinite set K is not a or-algebra. For, let A be an 
infinite subset of K whose complement is also infinite. Then the union of all sets {s}^ where sGA, is 
infinite but not cofinite. This shows that we do not have a cr-field. To see that Q is not even a a-algebra, 
observe that die same set ^ of all seta {x}, where xSA. cannot have a lub in Q, For, if C were such a 
set, then x € A -» {x}qC, Hence AqC, and so C would be infinite. Hence C must be cofinite, and 
therefore C must intersect the complement A of A. If we choose y^CnA^ then C*' {y} would be an 
upper bound of E in contradicting the assumption that C is the lub of E, 



Solved Problems 

LATTICES 

5.1- In each of the following diagrams, a partial order ^ of a set A is represented. For 
which of them is a lattice? A distributive lattice? A complemented lattice? 



lb) (c) 




Solution: 

(a) This is a distributive lattice with zero a and unit but it is not a complemented lattice. (For 
example, there is no y corresponding to c such that c v y = « and c a y = a.) 

(5) This is not a lattice. (For example, / and g have no lub.) 

(c) This is a complemented lattice with zero a and unit e, but it is not distributive. (For example, 
<iA(5vc) = d, while (d a 5) v (d a c) = 6.) 

{d) This is a lattice with zero a and unit but it is not complemented (c has no complement) and 
not distributive ( rf a (6 v e) = d a e = whfle (d a 6) v a c) = 6 v a = fc,) 
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5JL Prove that any finite lattice has a zero element and a unit element. 

Sclutica: 

Let au ..,,a^ be the elements of the lattice, and let 6 = aj v • • • v a„. Then & is a unit. 
For, ai — 6 for each u Similarly, ai a • — Aa„ is a zero. 



5*3, (a) Given a set A totally ordered by a binary relation Prove that {A, ^) is a dis- 
tributive lattice. When is (A,^> a com_plemented lattice? 

(b) Give an example of a distributive lattice lacking both zero and unit elements. 
Solntion; 

(a) For any x and y in A, either x - y or y ~ x. Then max(x, y), the larger of x and y, is 
obviously the lub xvy, while min(x»y), the smaller of x and y, is the gib x/\y. Thus {A,—) 
is a lattice. We must now prove the distributive law (L5) which becomes 

min (x, max («, *)) — max (min {x, y), min {£, x)) 

First, max {y, z) ^ z and max {y, z) — y. Hence min (x, max (y, z)) — min (x, r) and 
min (x, max (y, z)) = min (x, y). Therefore min (x, max (y, z)) - max (min (x, y), min (x, z)). Now 
assume min (x,max(y,z)) > max (min (x, y), min (x, z)), and we shall derive a contradiction. It 
follows from our assumption that x > max (min (x, «), min (x, z)). Therefore x > min(x,v) 
and X > min (x» z). Hence x > y and x > z. Consequently max (min (x, y), min (x, z)) = 
max {y,z) and min (x, max (v, z)) = max(2/,z), contradicting our assumption. The other dis- 
tributive law (L6) must hold by virtue of Theorem 5,2. 

For (A,—) to be complemented, there would have to be a least element 0 and a greatest ele- 
ment 1. Also, for any x in A, max (x^ x') — 1 and min (x.x') = 0. But either x = max (x,x') 
or X = min (x, x'). Hence x = 1 or x = 0. Therefore A would have to contain at most two 
elements. 

(b) By Part (a), such a lattice is given by where I is the set of all integers (positive, 
zero, and negative) and — is the usual order relation on integers* 



5.4. Show that lattices can be characterized by the six laws: 

(c) x\/y = y\/z'\ 

f commutative laws 
(6) x/\y = y/^xj 

(e) X V V 0) = V 2f) V z 1 

, _^ f associative laws 

id) X AiVAZ) = (a; A «) A 2 J 

{e) a? V (x A y) = x 

if) XA{xs/y) = X 

in the following sense: if (L, a, v> is a structure such that a and v are binary operation 
on the set L satisfying the laws (a)-(/), and if we define x^y by x/Ky = x, then 
(L, ^) is a lattice with lub ({x, y)) — x\/y and gib {{x, y}) — XA. y. 

Solution: 

We already know, by Theorem 6*1^ that any lattice satisfies (a)-(f). Conversely, assume that 
<L, A,v) is a structure satisfying (a)-(/) and define x~y by xAy = x. Notice that x — y^ 
x^y^y. (For, assume x-y, i.e. x a y = x. Then by (e) and (6), y = vv(yAx) = yvx = 
X V 3/. Conversely, if y = xvy, then, by (/), x = x a (x v y) = x a y, i,e. x — y.) Now, 

(i) X ^ X, i.e. X A X = X. (For, by (/) and («). x = x a (x v (x a x)) = x a x.) 

(ii) {x^y iiy^z) -* X — z. (For, we are given x a y = x and y a z = y. Then x a z = 

(a? A y) A z — X A (y a z) — x a y — x, i.e. x = z.) 



J absorption laws 
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(iii) (x ^ y & y - «) X = y. (For, a; = xAy = yAa5 = y.) Thus ^ is a partial order on L, 

(iv) X A y = g^lb ({x, y}). (For, («Ay)Ax = XAy implies « a y ^ x. Likewise, x/\y - y. Thus 
X A y is a lower bound of {x, y). Assume z is any lower bound of {x, y}, i.e. 

z /\ X = z & z Ay ^ z 

Then z a (x a y) = (z a x) a y = « a y = «, i,e. z ^ x a y.) 

(v) X V y = lub ({x, y}). This is proved in a manner simUar to that of (iv). 

Rema/rk. Since (a) and (b), (c) and (d), and (e) and (/) are duals of each other, the result 
we have just demonstrated yields a Duality Princij^e for lattices. 

5^ (a) Show that the following inequalities hold in any lattice. 

(i) (zAy) V {xAz) ^ XA{yvz) 

(ii) x\/(yAz) ^ lx\/y) a(zvz) 

(h) Show that each of the following inequalities is a necessary and sufficient condi- 
tion for a lattice to be distributive. 

(iii) X A {y V z) ^ {x/K y) v {x a z) 

(iv) {x\/y) j\{x\/z) ^ x\/{y/\z) 

(v) X A{y^/z) ^ {x/\y)\/ z 

Solution: 

(a) By duality, it sumces to prove (i). We have 

xAy ^ xA(yvz) and xaz — XA(yvz) 

Hence (x a y) v (x a z) ^ x a (y v z). 

(5) For (iii) we just use (i), and for (iv) we use (ii). For (v) we first assume distributivity. Then 

X A (y V z) — (x A y) V (X A z) — (x a y) v z 
Conversely, let us assume that (v) holds. Since a a (6 v c) - a, it follows by (v) that 
o A (6 V c) - a A ((o A 5) V c) = a a (c v (a a 5)) 

^ (a A c) V (a a 6) by (v) 
= (a A 6) V (a A c) 

Thus we have shown that (iii) holds and therefore that the lattice is distributive. 
Prove that, in any lattice, 

z^ X (a; A y) s/z ^ xa [y v z) 

SoluUon: 

Assume z ^ x. Hence z^XA(ys/z). Also, xAy^xA(yvz). Therefore 

(x A y) V z ^ X A (y V z) 

5.7* Let us call a lattice modular if and only if it obeys the following lav^: 

z^x XA{yvz)^{x/\y)\/z 
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(a) Show that a lattice L is modular if and only if it obeys the law 

z^x [x /\y) \/ z ^ X ^{y \/ z) 

(h) Prove that distributivity implies modularity. 
SohitKHi: 

(9) This follows immediately from Problem 5.6. 

^h) This is a direct consequence of Problem 5.5(6(v)). 

Determine which of the lattices appearing in Problems 5.1(c, d) and Example 5.2 are 
modular. 

Solntion; 

The lattice of Problem 5.1(c) is 




This is not modular, since h~d and 5 v (c a <2) ?^ (6 v c) a d. (Namely, &v(cA(2) = 6va = & 
and (6 V c) A d = « A d =s d.) 

The lattice of Problem 5.1(d) is 




This is not modular since it contains the lattice of Problem 5.5(c) as a sublatticet, and we have just 
seen that the latter is not modular. 

The lattice of Example 5.2 is 




•0 



This lattice is modular. To see this, we must verify 

z — X ac A (y V «) — (x A y) V « 



tBy a sublattiee of a lattice (o, — ) we mean a lattice determined by a subset of L closed under a and v. 



158 



TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS 



[CHAP. 5 



It is obvioiM that if 2 = the result « a (y v x) ^ (ac a y) v sc is an immediate conaequenee of the 
absorption laws. Therefore we may assume that z < z. It is obvious that this implies that z = 0 
or a; = 1. But if z = 0 the inequality reduces to xJ\y^XAy, and if x = 1 the inequality 
reduces to yvz^y^z. 



5.9. Show that a lattice is modular if and only if it satisfies the identity 
Solation: 

Assume L is modular. In the condition for modularity of Problem 6.7(a), substitute z for y, 
y for z and x v y for x. The antecedent then becomes the true statement y ^ x\/y, and we obtain 

(z A (x V if)) V y = (x V y) A (z V y) 

Conversely, assume that the indicated identity is true. Exchanging y and z, we obtain the 
identity 

(y A (x V z)) V z = (y V z) A (x v z) (1) 

Now* to prove modularity, we aasnme z — x and we have to prove that (y a x) v z = x a (y v z). 
But since z — x, z v x = x. Hence the identity (1) becomes (y a x) v z = (y v z) a x, which is 
precisely what is required. 



5*10. Prove that a lattice L is modular if and only if it does not contain a sublattice iso- 
morphic to the lattice of Problem 5.1(c), 




Solation: 

If L is modular, then L cannot contain such a sublattice, since the latter is not modular 
(ef. Problem 5.8). Conversely, assume L is not modular. Then there exist elements Xi y, z such 
that z — X and z v (y a x) < {z v y) a x. Now let a = y a x, 6 = z v a x), c = y, d = (z v y) a x, 
e = z V y. We leave it as an exercise for the reader to show that a, c, d and e are pairwise 
distinct and that dAc = OAc = a, ovd = d, and cvd = cvo = «. This shows that L has 
a sublattice isomorphic to the one in the diagram above. 



5.11. (a) Show that in any lattice the following inequality holds. 

(x A y) V {y A z) V (z A x) = (x V 2() A (2< V z) a (e v x) 

(b) Show that a lattice L is distributive if and only if the following identity holds. 

(x av) s/ (y /\z) \/ (z /\x) = (x V w) a ly v jj) a (jj v x) 

(c) Prove that a lattice is distributive if and only if it has no sublattice isomorphic 
with either the lattice of Problem 5.1(c), Fig. 5-4 below^ or the lattice of Example 

Fig. 6-5 below. 
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Solution: 

(a) From x /\y — y^/ z and acAy^zva:, we infer 

ae A « ^ (se V m) A {« V s) A (« V «) 

Similarly, we obtain y a z — {x v y) a (3/ v z) a (r v x) 

and TAX — (x V y) A V «) A (z V x) 

Hence (x a y) v (y a 2) v (z a x) =^ (x v y) a (y v z) a (z v x) 

(&) First, assume Uie lattice is distributive. Then 

(x V y) A (y V z) A (z V x) = ((x v y) a (y v z) a z) v ((x v y) a (y v z) a x) 

= ((x V y) A z) V ((y V z) A x) 

= ((X A z) V (y A z)) V ((y a «) v (z a »)) 

= (x A y) V (y A z) V (z A x) 

Conversely, assume the given identity holds. Now let us prove that the lattice is modular. 
Assume x^z. Then 

(x A y) V (y A z) V (z A x) = (x a y) v (y a z) v x = x v (y A z) 

and (x V y) A (y V z) A (2 V x) = (x v y) a (y v z) a » — (x v y) a 2 

Thus we have shown modularity. Hence 

X A (y V z) = X A (« V y) A (x V z) A (y V z) (by absorption) 

— X A ((y A z) V (z A x) V (x A y)) (by the assumed identity) 

= [ap A (y A z)] V ((z A x) V (x A y)) (by modularity and x — (z a x) v (x a y)) 

= [x A (y A z)] V [(x A y) V (x A z)] 

= (x A y) V (x A z) (since x a (y a z) ^ (x a y) v (x a z)) 
Thus the lattice is distributive. 

(c) Clearly, if a lattice is distributive it has no sublattices of either of the two indicated forms, 
since the latter are both non-distributive (cf. Example 5.2 and Problem 6.8)« Conversely, 
assume the lattice non-distributive. If it is not modular, then the result follows by Problem 
5.10. So we may assume modularity. By parts (a) and (h) of this problem, there exist ele- 
ments X, y, z such that 

(x A y) V (y A z) V (z A x) < (x v y) a (y v z) a (z v x) 

Let u — (x A y) V (y A z) V (z A x), 

i? = (x V y) A (y V z) a (z v x), 

d — U V (x A v) = (u V x) A V, 

h = tt V (y A v) = (u V y) A V, 

C — tt V (Z A V) = (U V Z) A V. 

We leave it as an exercise for the reader to show that v, d, b, e, u are all distinct and that 
dE A 6 — 5 A c = c A dl = u and d v 5 = d v c = c v d = v. 
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ATOMS 

5.12. In an atomic Boolean algebra % prove that every element x is the lub of the set ^{x) 
of all atoms b^x (but x is not the lub of any proper subset of *(a;)). 

Solntion- 

Clearly, x is an upper bound of "^(a;). Assume now that z is an upper bound of ^(x) such that 
X ^ z, and we shall obtain a contradiction, x ^ z implies x a 9^ 0. Since *B is atomic^ there 
is some atom 5 — x a z'. Hence 6 — x, i.e. 6 € *^(x). Also, 6 — z'. But since z is an upper 
bound of Sif(x)t b ^ z. Therefore 6 — zaz' = 0, contradicting the fact that h is an atom. Lastly, 
assume x is the lub of IF C *(x). Let 6 € *(x) W, Then for every cSW, c — x a 6' (since 
c A (x A 6') = (c A x) A 5' = c A 6' = c, by properties (ii)-(iii), page 135, of atoms). Hence x a &' is 
an upper bound of FT and therefore x — x a &'. But o — x. This implies h — b' and therefore 
6=0, which is a contradiction. 

5.13. (a) In an atomic Boolean algebra, show that 1 is the lub of the set of all atoms. 

In particular, when the algebra has a finite number of atoms ...» <^k, 
1 = Ci V • ' • V ak. 

(b) Prove that an atomic Boolean algebra is finite if and only if its set of atoms is 
finite. 

Solntion: 

(a) This is an immediate corollary of Problem 5.12. The additional remark follows from the fact 
that tti V • • • V ttfe is the lub of {ap .... a^}. 

(5) When an algrebra is finite, then its set of atoms must be finite. Conversely, assume that there 
are only finitely many atoms au . • ., ajg. By Problem 5.12, every element x of the algebra is the 
lub of all the atoms b^x, and therefore x is of the form a^^ v • ■ • v a^^ where ii < * ' • < ~ ^• 
But since there are only a finite number of joins of that form, there can be only a finite 
number of elements in the algebra. 

5.14. Show that any infinite Boolean algebra contains an infinite set of pairwise-disjoint 
elements. 

Solution: 

Case 1. Assume '3 is atomic. Then '3 has infinitely many atoms, by Problem 5.13(6). If x 
and y are distinct atoms, then x a y = 0 (by property (ii) of atoms). 

Case 2. 9 is not atomic. Then there is an element Xq^ 0 such that Xq contains no atom. 
Hence there is some xi such that 0 < xj < Xq. Similarly, there is some X2 such that 0 < X2 < xi. 
Proceeding in this manner, we obtain (using the axiom of choice) an infinite sequence Xo, x,, X2, ... 
such that Xq> Xi> X2> ^ Let = *o ^ *i» J^i = «i «2» ^2 = *2 * • * ■ • Then a = 0 
whenever t j, 

5.15. Exhibit a Boolean algebra which is not isomorphic to any Boolean algebra of the 

form 9>(A). 

Solution: 

Consider the Boolean algrebra ^ of statement bundles, based upon the propositional calculus 
(cf. Example 3.5). 9 is denumerable. For, since there are denumerably many statement forms, 
there can only be a countable number of statement bundles. However, distinct statement letters 
determine distinct statement bundles, since distinct statement letters are not logically equivalent. 
Hence there are denumerably many statement bundles. Assume 'B is isomorphic to some ^(A), 
Then A must be infinite, for otherwise ^{A) would be finite and so would Thus 9'(A) is 
denumerable (since it is isomorphic with 9) and A is infinite. By Cantor's Theorem (Problem 2.22), 
A must have smaller cardinality than ^{A). A is equinumerous with a subset of ?(A), and there- 
fore A must be denumerable. But then A would be equinumerous with <P(i4) (since both are denum- 
erable), contradicting Cantor's Theorem. (What we have shown, by means of Cantor's Theorem, 
is that no denumerable Boolean algebra can be isomorphic with any <P(il), and we also exhibited 
a particular denumerable Boolean algebra.) 
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Show that the Boolean algebra *S of statement bundles (cf. Example 3.5) ia atomless. 

Assume [A] is an atom. Then [A] ^ 0^ , and A cannot be a contradiction. Let Ai be any 
statement letter not occurring in A. Then A does not logically imply Ai, for we can assign A^ 
tike Taloe F and assign the statement letters in A suitable values so that A is T. In addition, 
A, & A is not a contradiction, since we can make A^ T and, at the same time, make A T. Also, A{ & A 
logicaily implies A. Thus 0^ < [Ai&A] < [A], contradicting the assumption that [A] is an atom. 

This problem provides another way of solving Problem 5.16, since any Boolean algebra ^(A) 
is atomic. 



SYMMETRIC DIFFERENCE. BOOLEAN RINGS. 
il7. In any Boolean algebra, prove 

(c) x + y - {x\fy) A (x/\yY 
(h) X {x V y) — x' A y 

(c) 2< + (x A y) = X' /\y 

(d) x\fy - a; + y + (x A 2^). 
Solution: 

(a) (xvy)A{xAy)' = (xvy) A (oc'vy') 

= (x A xO V (x A y') V (j^ A X') V A y') 

— (x A «') V (x' A y) ~ X ■\- y 
(&) X + (x V y) = (x V (X V y)) A (x A (x V y)Y (by (a)) 

= {x V A x' = (x A x') V (y A x') = y A x' = x' A y 

(c) y + (X A y) = (y v (x a y)) a (y a (x a y))' (by (a)) 

= y A (x A y)' = y A (x' V y') = (y a x') v (y a y') = x' a y 

(d) (« + y) + (xvy) = y + (x+(xvy)) = y + (x'Ay) (by (&)) 

= x"Ay (by(c)) 
= X A y 

Thus (« + y) + (x V y) = x a y . Hence x v y = x + y + (x a y), by Theorem 5.9(i). 

5.18. Given a Boolean algebra = {B, a, v, 0, 1), we have seen that ^ determines a 
Boolean ring with unit r(^) = {B, +, a, 0)* Theorem 5.11 tell us that, starting with 
a Boolean ring % = {R,+,x, 0) with unit element l¥^0, and defining a;' = l + x, 
XA.y = xxy, and x v y = x + y + {x x y), we obtain a Boolean algebra 

b{%) - {R, A, V, 0, 1> 

Show that these transformations are inverses of each other in the sense that 
b(r(«)) = ^ and r(b{%)) = ^. 

Solution: 

Start with a Boolean algebra = {B, Aq,, , 0^ , l<g>. Then rfB) = {B, +^ , a^ , 0^ ) with 
unit element 1^. Let C = Hri^)), By definition of C 

ap'c = x'm (by Theorem 5.9(A)) 

X A^ y = X A^ y 

X y = X +^ y +^ (x A^ y) = x y (by Problem 5.17(rf)) 
Thus 6(r(«)) = ®, 
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Now let us start with a Boolean ring ^ = <i2, X,^, 0,^) with unit element 1^ 0< 
Then in D = 6(90, 

x'd = 1 X 
X Aq^ y = X Xq^ y 
« v-2> y = X y (x Xq^ y) 

Let gT = ^K-^) = r(M%)h 

« +rf y = A^y'i>) (x'i> A,i,y) 

= (x X-jt (1 +-1^ y)) ((1 a;) y) 

= [x X* (1 +g? y)l [(1 X) X, y] [(X X« (1 +« y)) X« ((1 x) y)] 
= +<R (flf Xq^ y)] +^ [y +^ (X X^ y)] +^ {x X,^ y (1 +^ x) X^ (1 +q^y)) 

= « +^ If [(^^ ^% y) ^% +9t « +^ y (« x^t y))] 

= « +« y (« X« y) X X<R (x X« y) y (x X^ y) +qp (x X« y)2 
= X y (x Xq^ y) +^ (x X<j^ y) (x Xq^ y) +13^ (x X,^ y) 
= «+<ity 

Also, X X^- y = X A«v u = X X« y. Thus r<h(%)) = 



5.19. Solutions of Equations. 

(a) Show that any equation r = a is equivalent to an equation of the form p = 0. 

(b) Show that a finite system of eqiuitions r, = 0, . . . , = 0 is equivalent to a single 
equation a = 0. 

(c) Find necessary and sufficient conditions for the existence of a solution u of an 
equation t{u, ui, . . . , Uk) — 0, and, when there is a solution, find them alL 

(d) Show that t(m, Wi, . . . , «fc) = 0 has a unique solution in u if and only if t = w + p, 
where p does not contain u. 

Solution: 

(a) r = <r if and only if {t a a') v (t' a <r) = 0, by Theorem 5.9(j). 

(6) Ti = 0 & , . . & r,t = 0 Ti V • • • V T,t = 0. 

Write T in diajunctive normal form. Grouping those terms involving u and th<w involving u\ 
we obtain 

T = (U A V (tt' A ^2) 

Hence r = 0 «^ (it a * ,) v (tt' a = 0 

ttAor| = 0&tt'Aa2 = 0 
ffs ^ U ^ ff! 

Hence there is a solution if and only if ^2 ~ 't> solutions are all u such that 

e2 — u — er[. Hence the set of solutions condsts of all (^2 v w) a ^j, for all values of w. (For, if 
ffg — a — ffi', then (^2 v u) a = u a = u. Conversely, if ^2 — er{, then, for any w, 0^2 — 
(^2 V t&-) A e'l — &{.) If we wish to solve for the remaining variables, we then solve the inequality 
^2 ~ ^1* which is equivalent to the equality ^2 ^ '1 = 0- 

(d) By (c), if there is a unique solution, trj = (Otherwisej ^2 ^1 would be distinct solutions.) 
Hence 

T — (U A ffj) V (U' A e[) = U + = W + (1 + ffj) 



Conversely^ if t = u + p, then r = 0 u = p. 
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5.20. Find necessary and sufficient conditions for existence of a solution and find all 
solutions of the foUowinsr equations. 

{a) uv z = w, (6) tt A z = tt A -M?. 
Solution: 

(a) tt V z = W [(tt V z) A w'] V [(u V z)' A w] = 0 

^ (tt A W') V (z A W') V (U' A 2' A W) = 0 

^ (tt A W') V (tt A Z A W') V (U' A 2 A w') V (tt' A z' A w) = 0 
(tt A [W' V (Z A «?')]) V (W' A Kz A V (z' A «?)]) = 0 

(tt A w' ) V (tt' a(z + W)) = 0 

A solution esdats ^ '2 ~ 

z + w ^ w 

(Z + W) A W' = 0 

(Z A W') + (W A W') = 0 

Z A = 0 

When z A w' = 0, all solutions are of the form ((z •^w)v x) aw for arbitrary ac. But 

[(« + w) A w) V [ac A w] = (tt? A 2') V (r A w) = W A (» V z') 

The equation z a w' = 0 always has solutions z and the solutions are all elements y^w 
for arbitrary y. Thus 

z = y A lu 

u = w A (xvz') = w A (x V (y A tt;)') = wA(xvy'vtt?') 
= w A (x V y') for arbitrary x, y and w 

(6) tt A Z = tt A ttJ [(tt A Z) A (tt A tt*)' ■ V [(tt A U^) A (tt A z)'] = 0 

[(tt A z) A (u' V W')] V [(tt A tt;) A (tt' V z')] = 0 
(tt A Z A tt?') V (tt A W A Z') = 0 
tt A [(Z A tt;') V (tt; A z')] = 0 
^ tt A (W+Z) = 0 

A solution exists if and only if 0 — (tt; + z)'. Hence a solution always exists* The solutions 
are u = ac a («^ + z)' for all x, w, z. 

5*21. Find all solutions of the system 

u = {z/kW')^ V (a) 

0 = (v A w) V u (b) 

tVv V = vU (C) 



Solution: 

(a) is equivalent to 

(6) is equivalent to 

(c) is equivalent to 



(wa[(z'vm;) Av']) V (tt'A[(zAtt;')vv]) = 0 (a') 
z A [(v'vtt;')Att'] = 0 (6') 

[(«; V v) A Z A ?t'] V [tt*' A v' A (z' V tt)] — 0 (c') 
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Hence we must solve the system (a'), (&'), (c'). By Problem 5.19(b), this system is equivalent 
to the single equation 

(U A [{Z* V W) A v']) V (U' A [(* A w') v v]) V (z A [{v' V «?') A u']) 
V [(W V V) A Z A tt'] V [«?' A V' A (z' V tt)] =0 

which is equivalent to 

(U A {[(z' V w) A v'] V [w' A i/']}) V (U' A {[(» A w') V v] 

V A (r' V w')] V [{w vi;) A z] v [w' a t?' a z']}) = 0 
Hence cj is [{«' v w) a i?'] v [it;' a v'], and 0^2 is 

[(Z A W') VV] V [Z A (V' V W')] V [(«) V v) A z] V A A z'] 

By easy calculation, = v v z v zv' and = v\ Hence a solution exists if and only if 
vvzvw's^v. But the latter equation is equivalent to v'a(zvw') = 0. By Problem 5.20(6), 
substituting^ v* for te. z v for z, and 0 for w. we obtain the solution = x a (z v w'V = x a (z' a w). 
i.e* V = x' V z V w'. The solution for u is u = (erg v y) a or{ =1 (w z v «?' v y) a v = v. Thus the 
solutions are u = ii = x'vzvu7' for arbitrary x, z, w. 



AXIOMATIZATIONS 

SJ2Z» In our axiom system for Boolean algebra (cf , Section 3.2), prove the independence of 
each of Axioms (l)-(4) and (7)-{9). Show that each of Axioms (5)-(6) is not independent. 
(A member A of a system of axioms is said to be independent if and only if A 
is not provable from the set *TF {A) of the other axioms.) 



Selution: 

Axiom (1): x v y = v v x. Define a model <{0, 1), a, v, 0, 1) as follows: 
Complement: 0' = 1, 1' = 0. 



Join: 



0 1 



0 0 

1 1 



In the above table, the value of x v y is to be found at the intersection of the row to the right 
of X and the column under y. Thus 



Meet: 



Thus 



OvO = 0. Ovl = 0, lvO = l. 

0 1 



1 V 1 = 1 



OaO = 0, Oa1=0, 1aO = 0, 1a1 = 0 



Then Axioms (2)-(9) hold, but Axiom (1) is false. (1) fails because Iv0 = l740 = 0vl. To see 
that Axiom (2), x a y = y a x. holds, observe that all meets are 0. Verification of the other axioms 
is left as an exercise for the reader. 

For the independence of Axiom (2), use 0' = 1, 1' = 0, and the operations 
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For the independence of Axiom (3)» x a (y v z) = a y) v (ar a z), use 0' = 1, 1' = 0, and 



Note that 0 A (0 V 1) = 0 A 1 = 0, but (0 a 0) v (0 a 1) = 1 v 0 = 1, 

For the independence of Axiom (4), x v (y a z) = (x v y) a (x v z), use 0' = 1, 1' = 0, and 



For the independence of Axiom (7), xvx' = 0, let the domain of the model be *P{A)f where 
A is any non-empty set take a to be n, and v to be U, Let 0 be 0 and let 1 be A, However, let 
x' = 0 for all X. 

For the independence of Axiom (8)^ use the same model as for Axiom (7), except that 
X' = A = 1 for all x. 

For the independence of Axiom (9), use the model {0}, with a, v, ' as n, U, and ~ (0n0 = 
0U0 = 0 = 0); 0 = 1 = 0. 

To show that Axiom (5), x v 0 = x, is provable from the rest, note first that x v 1 = 1 for 
all X. For, 

1 = X V X' — X V (X' A 1) = (X V X') A (X V 1) = 1 A (X V 1) = X V 1 



Henee 



ac V 0 = X V (X A X') = (« A 1) V (« A = X A (1 V x') = X A 1 = « 



To show that Axiom (6), x a 1 = x, follows from the rest, ''dualize'' the proof juat s^ven for 

the axiom x v 0 — x. Thus, nrst, x a 0 = 0 for all x. For, 



Hence 



0 = X A X' = X A (X' V 0) = (X A X') V (X A 0) = 0 V (x A 0) = X A 0 
X A 1 = X A (X V X') — (X V 0) A (X V X') = X V (0 A x) — X V 0 = X 



Detailed verification that the examples in the independence proofs satisfy the remaining axioms 
is left to the reader. 



IDEALS 

5,23. If C is a subset of a Boolean algebra and if an ideal / contains C and is contained 
in every ideal containing C, show that J is the ideal Gen (C) generated by C. 

Solution: 

We have to show that J is equal to the intersection H of all ideals containing C. Since J is 
contained in every ideal containing C, it follows that J QH, On the other hand, since J is itself 
an ideal containing C, HqJ^ Therefore, J — H. 



5.24. If / is an ideal of a Boolean algebra *B and y^B, prove that Gen (/U {y}) is a proper 
ideal if and only if y' € /. 

Solution: 

Assume y'SJ, Hence 1 = y v v' € Gen (Ju and therefore Gen(Ju{y}) is not a proper 
ideal. Conversely, assume that Gen(jU{y}) is not a proper ideal. Then i € Gen (Ju {^}), and 
by Theorem 5.17 there exist z^B and x € J such that 1 = (z a y) v x. Hence 

y' = y' A 1 = y' A ((r A y) V r) = (y' a (z a y)) v (y' a x) = y' a x 

But since x€ /, y' ax € J and therefore y'€ J, 
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5J25. By a congruence relation £ on a Boolean algebra 9 we mean a binary relation R on B 
satisfying the following properties. 

(a) xRx (reflexivity) 

(b) zRy -> yRx (ajrmmetry) 

(c) (xRy&yRz) xRz (transitivity) 

(d) xRy (x'Ry & {x /,z)Riy AZ)), 

Define Jr — [x : xRO). Prove: (i) Jr is an ideal, (ii) Jr is a proper ideal if and 
only if 1 (QRl). {in) x y if and only if xRy. 

Solution: 

(i) By (a), O^Jj^. Assume xGJji and y^Jn- Hence xR\} and yRQ. By (d) x'Rl, and, again by 
(d), (x' /\y*)Ry\ But from (<£), ylJO implies y'Rl, Hence by (c), («' a y*)Rl, and, again by (d), 
{sc'a&'O'^O, i.e. scvyS/j^, Now assume that x^Jr and Then xRO and, by (d), 
(x A z)i20, i.e. X A « € /r, 

(ii) This follows inimediateiy from the fact that an ideal is proper if and only if it does not 
contain 1. 

(iii) Since + is definable in tenns of the meet and compl«nent, it follows by (d) that xRy 
(x-\-y)R{y-\-y), i,e, xRy (x -^^ y)RO, But (x + y)RO is equivalent to x + y€jR, which in 
turn is equivalent by definition to * sJ» 

A subset F of a Boolean algebra <3 is said to be a fiUer if and only if: (i) F is non- 
emptj^ (ii) (xGF &y^F) ^ XA.y ^ F; (in) xGF & y xs^y G F. By sm tdtra- 

filter we mean a proper filter which is contained in no other proper filter. Prove: 

(a) F is a filter if and only if F' = [x' : xGF} is an ideaL 

(b) F is an ultrafilter if and only if F' is a maximal ideal. 

(c) Assumption (iii) in the definition of filter may be replaced by 

(iii') xeF&x^y yGF 

Solution: 

(a) Assume F is a filter. Given x€F', yGF', zGB. Then x'€F and y'€F. Hence x' Ay' 
and x'vz'€F, Therefore xvy = (x'Ay')'eF' and xaz = (x'vz')'€F'. Thus F' is 
an ideal. The converse is left as an exercise for the reader. 

(b) This is an immediate consequence of (a). 

(c) The equivalence between (iii) and (iii') follows from the equivalence between x ~ y and 



5^7, Call a Boolean algebra 'B simple if and only if {0} is the only proper ideal. Prove 
that *B is simple if and only if B = {0, 1). 

Solution: 

Clearly, if B = {0. 1), then {0} is the only proper ideal. Conversely, assume 9 is simple. Let 
X be any element of B different from 1. Then the principal ideal is a proper ideal, since 1 4 x. 
Since « is simple, = {0}, But xSJ^ and therefore « = 0, i.e. B = {0, 1}. 

5^ In a Boolean algebra % a set C of ideals of 9 is said to be an C-ehain of ideals if and 
only if, for any Ji and /a in C, either J1QJ2 or J%QJi. (This amounts to saying that 
the relation Q totally orders C.) Prove that the union of an C -chain of ideals is 
again an ideal, and, if each ideal in C is proper, so is the union. 



CHAP. 5] 



TOPICS IN THE THEORY OP BOOLEAN ALGEBRAS 



167 



Solution: 

Let H = \J where C is an C -chain of ideals. Given z and y in H, and z in B, Then 
J e c 

x^Ji and y^Jz for some and Jz in C Since C is an C-chain, either J1QJ2 or J^QJi, say, 

C *^2* Hence r € ^2 and v E Since J 2 is an ideal, x v y € x a z E But since J2 C 

we obtain: x\/ y B H and x /\z^ H. Hence is an ideal. If each ideal in € is proper, then 1 € J 
for each / in C. Hence l^H and therefore H is also proper. 



5^. If = <i2, +, X, 0) is a commutative ring, then a non-empty subset J oi Rv& called 
a ring-theoretic ideal if and only if 

(i) {xGJ & yGJ) x-y^J; 

(ii) {xGJ & zGR) -* xx«€/. 

Prove that if / is a subset of a Boolean algebra *B = {B, a, v, 0, 1), and % = 
(B, +, A, 0> is the corresponding Boolean ring, then J is an ideal of ^ if and only if 
/ is a ring-theoretic ideal of %. 

Solution: 

Notice that, for Boolean rings, {—y) — y, and therefore we may replace x — y in condition (i) 
by « + V. Now assume that J is an ideal in 9. We already know that {xSJ & ySJ) x + y G J, 
which is condition (i), while condition (ii) reads {x^J & z^B) x /\z € J, which is part of the 
definition of an ideal. Conversely, assume that J is a rin^-theoretic ideal. By (ii), (xSJ & zSB) 
x/\zSJ, Now it remains to show that {x^J&ySJ)-*xvy^J. So assume x^J & ySJ, By 
(ii), x/\y G J, and, since sc v y = sc + y -h (or a y), we may conclude by (i) that xv y B J. 



5-30. Show that, if J is an ideal of a Boolean algebra *B, then x=jy if and only if there 
exists some element z in J such that xv z = yv z. 

Solution: 

Assume x y, i.e. * + y € J. Let z — x + y. Then 

xvz = xv(x4-y) = avy = y v (x + y) — y v z 
Conversely, assume x\/ z ^ y\f z for some z in J. Then 

« A y' — (x V 2) A y' = (y V z) a y' = 2 a - r 
Hence of a «' € J= Also, 

x' A y — x' A (y V z) = x' a (x v z) = x' a z — z 
Hence x' a y € y. Therefore x + y = (x a y') v (x' a y) e /. 



QUOTIENT ALGEBRAS 

SJL Let ^ be the Boolean algebra where A is some infinite non-empty set, and let 

/ be the ideal of finite subsets of A. Prove that the quotient algebra ^IJ is atomless. 

Solation: 

Given an element {X\ of ^IJ such that \X\ ^ [0]. Hence X is infinite. Then there is an 
infinite set Y such that Y and - K is infinite. (To see this, enumerate a subset of 
X ...}, and let Y = {01,03,05, ...}.) Since Y is infinite, ["] ^ Also, since * C"> 

[K] ^ [:^n- However, since AT - K is infinite, X-^Y^J, i.e. X Y, Hence [-^q ^ [Y]. Thus 
0«/j < [F] < [X], and therefore [X] cannot be an atom. 
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5^ Given Boolean algebras qA -{A, a^, /e^, 0^, 1^> and ^ = <J?, a^, , , 0^ , 1^ ), 
A function / from A into B is called a homomorphism from qA into 5 if and only if 

(i) f[x^^) = (f{x)Y^\ 

(ii) fi^^^y) = fw^mnV)' 

If such a function has its range equal t^ all of B, then it is called a homomorphism 
from c4 onto ^, and is called a homomorphic image of q4, A homomorphism / is 
an isomorphism of cA into *B if and only if / is one-one, and / is called an isomorphism 
of c4 onto *B if and only if / is an isomorphism of c4 into V and the range of / is B. 
We say that c4 and are isomorphic if and only if there is an isomorphism of c4 
onto *B. If / is any function from A into B, by the kernel Kf we mean the set 
{x : xEA & fix) = 0^}. Prove: 

(a) If / is a homomorphism from c4 into % then 

(1) fi^^^y) = m^<^f{yY 

(2) f(x+^y) = f(x)+^fiy); 

(3) fiO^) = 0, and /(l^) = 1^. 

(b) If / is a homomorphism from q4 into % the range f(A) determines a subalgebra 
of 

(c) If / is a homomorphism from q4 into 'S, and C determines a subalgebra of then 
/"HQ = xGA & flx)GC} determines a subalgebra of c4, 

{d) The identity mapping I a is an isomorphism from c4 onto c4. (Hence the relation 
"isomorphic" is reflexive/) 

(e) If / is an isomorphism from <i4 onto % then the inverse function /"^ from B onto 
A is an isomorphism from *B onto tyf. (Hence the relation "isomorphic" is 

symmetric) 

(/) If / is a homomorphism from c4 into % and is a homomorphism from *B into an 
algebra C = <C^» ^C' *^C' ^c)' then the composition ^iro/ is a homomorphism 
from c/^ into C- In particular, if / and g are isomorphisms onto, then so is gof. 
(Hence the relation "isomorphic" is transitive*) 

(g) A homomorphism / from g4 into *B is an isomorphism of c4 into *S if and only 
if the kernel Kf= {0^}. 

(h) If / is an ideal of c4, then the function f{x) = x-^J for all a; in A ia a homomor- 
phism from. q4 onto c4/J (called the natural homomorphism from cA onto c4/J), 

(z) If "3 is a homomorphic image of then there is an ideal J otcA such that <B and 
qA/J are isomorphic. 

Solution: 

(a) /(xv^^y) = /((X'c^ A^ 2/'^)'c^) 

= A, f{yY^Y<B = /(X) V« /(y) 

The proof for + is simiiar, aince + is deunable in terms of a, v , Now 

m^) = f(xA^x'c^) = fix) f{x'<^) = f(x)A.^f{xYm = 0^ 

Hence f{\^) = /(O^^) = /(Oe^)'« = = 1^. 
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(6) From now on we shall omit subscripts c4 and wherever this is not likely to cause confusion. 
Assume now that / is a homomorphism from e4 into 9. Assume v € /(A). Then it = f(x) 
and V = f(y) for some x, y in A, Hence u a v = f(x) a /(y) = f{x a y) € /(A). Similarly, 
tt' = /(x)' =s f{x')^f(A), Hence /(A) determines a subalgebra of 

(c) Assume € /-"(C). Then f{x/\y) = f(x)/\f{y) € C, since C is closed under a. Similarly, 
/(xO = /(«)' € C, since C is closed under complementation. Thus « a y € /"HQ and x' € /""'(O* 

((2) This is obvious. 

(e) Given v € Then 

/(/-S(UAv)) = «Av= /(/-l(n))A/(/-l(l^)) = /(/'-(«) A/- 8(1^)) 

Since / is one-one. /""(uav) = /-i(u) a /-i(v). Similarly. /(/->(«')) = u' = (//-!(«))' = 
/((/"*(«))'). Since / is one-one, /-i(tt') = (/-^u))', 

(/) (5'°/)(xAi/) = ginx^y)) = fir(/Cx) a /(y)) 

= aifix)) A. g(f{y)) = {g^fHx) Algof)(y) 

Similarly, (fi' *>/)(«') = g^f^x')) = ^^{/(x)') = {g{f(x))y = (too/)(x))' 

(ir) Assume / is one-one, and let x^Kf. Then /(«) = 0 = /(O). Since / is one-one, « = 0, Con- 
versely, assume Kf = {0}, and assume /(*) = /%). Then /(* -^y) = f(x) -h f{y) - /{*) + /(*) = 0, 
Thus x + y^Kf, but, since = {0}, x + y = 0, which is equivalent to x = y. 

W /(XAV) = (xAy) + J = [xAy] = [x] a [j,] = /(r) a /(y) 

Similarly, /(x') = x' -h 7 = [x'J = [x]' = /(x)' 

(t) Assume / is a homomorphism from c4 onto ^. Let j — rCy. J is wi ideal. (For, if x,y S J 
and z e A, then /(x v y) = /{x) v /(y) = O v 0 = 0, and f{x a r) = /(x) a /(z) = 0 a /(z) = 0.) For 
any x in A, we define F{[x]) = /(x). This definition is independent of the choice of tile particu- 
lar representative x in [x], since 

x-ry^J /(x-hi^) = 0 /(x)+/(y)=0 /(x) = /(y) 

Now F([x]A[t«]) = F([xA«;]) = /(xauO = /(*) a = F([x]) a F{[w]) 

Similarly, F([x]') = f'Cfx']) = fix') = /(x)' = F([x]Y 

To see that F is one-one, we check that the kernel of F is {0}. Assume F([x]) = 0. Then 
/(x) = 0. Hence x € a^, and therefore [x] = 0. That the range of F is B follows from the 
fact that the ran^ of / is B, 



5.33. (a) Let b be a nonzero element of a Boolean algebra 'B. Let Bb denote {x: b}. 

Define u^ = b^u for every u in Bb. Then show that (J?6, a, v, #, 0, 6> is a 
Boolean algebra (denoted ^ \ b), 

{b) Let & be a nonzero element of a Boolean algebra 9. Let / be the principal ideal 
Jb' generated by b% i.e. J = {x: x^b'}. Define ^(m) = for every 

u = b\ Prove that 4> ia an isomorphism of *iB | b onto ^//. 

Solution: 

(a) Since the operations a, v and # are closed in Bb, Axioms (l)-(4) are automatically satisfied. 
Axioms (5) and (9) are obvious. Axiom (6) becomes x a o = x which holds for all x in Bb- 
Axiom (7) reads x v (6 x) = 6 for all x in Bb» which is obvious. Finally, Axiom (8) becomes 
X A (6 — x) = 0 which holds for all x. 
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(5) ^(xAj/) = [xAy] = [«) A [ir] = 4»{x)/\4,(y) 

Since 6 + 1 = b'GJ, we have b + J =• [1]. Hence 

^(x#) = = ^(&Ax') = [61a[x'] = [1]a[x]' = [x]' = Mx)y 

Thus ^ is a homomorphism. To see that ^ is one-one, assume that u is in the kernel K^, Then 
[u]=0«/j=J, i.e. Hence u ^ b\ But u ^ b. Therefore it = 0. Hence K - {0}, 

and 0 is one-one. Assume now that [v] € S/J, Let u = v a 6. Then [u] =■ [v] a [b] = 
[v] A [1] = [v], and u G 'B | 6. Hence [v] is in the range of ^. Therefore ^ is an isomorphism 
of « I & onto "S/J, 

BOOLEAN REPRESENTATION THEOREM 

5 Show that every proper ideal / of a Boolean algebra is equal to the intersection 
H of all maximal ideals containing it. 

Solution ± 

By Theorem 5.26, there is a maximal ideal containing J. Novr JqH. We must shew that 
HQ J, Assume x€J. Then by Problem 5.24, Gen (J U {x'}) is a proper ideal. Hence by Theorem 
5.26 there is a maximal ideal M containing Gen (J U {x'}). Therefore JqM and x € ilf . Thus x^H, 
Hence H QJ, 



&35. (For those readers acquainted with elementary point^et topology.) Definitions: A 
clopen set of a topological space is a set which is both closed and open. A topological 
space X is totally disconnected if and only if, for any distinct points x and y of a, 
there exists a clopen set C such that xGC and y^C. A topological space which is 
both compact and totally disconnected is called a Boolean space. 

(a) Prove that the clopen subsets of a Boolean space X form a field of sets (called the 
dual algebra Bx). 

{b) Let ^ be the set of maximal ideals of a Boolean algebra "S. For any x in B, let 
S(fl;) = {M : M€:iM & x^M). Then if we take arbitrary unions of sets of the 
form S(^) to be open sets, show that iM becomes a Boolean space (called the 
Stone space of 'B). Prove also that the sets a{x) are the clopen subsets of (M^ and 
that the dual algebra %^ is isomorphic with the original Boolean algebra 

(e) If Z is a Boolean space, prove that the Stone space IM of the dual algebra Bx is 
homeomorphic with the original space X, 

Solution: 

(a) The complement of an open space is closed and vice versa. Hence the complement of a dopen 
set is clopen. In addition, the union and intersection of a finite number of closed (open) sets 
are also closed (open). 

(b) Any maxima! ideal is a proper ideal and therefore belongs to S(x) for some x. Now assume 

that Ml and "2 distinct maximal ideals* T hen there must be some element x^Mi ^ 

Hence MiGS{x') and Mz^Zix). Since S(x') = S(x), e^lf is a totally disconnected space. To 

prove compactiim, assume is covered by some collection {0-}^^- of open sets, i,e, 

e^if = U 0^. Let us assume is not covered by any finite subset of the collection {Ofg}^ e a* 
a e A 

ud let us show that this leads to a contradiction. Replace each by the sets ^(m) contained 
in it. Hence we obtain a covering of by a collection U of sets of the form S(»), where x 
ranges over some set €cB, It follows that no finite subset of U covers (Otherwise, 
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replaciner each Zix) by a corresponding 0^^ containing it, we would obtain a finite covering of 
by Oa's.) Hence S(Xi) v • • • v S(Xfc) ^ <^ for any Xj, . . x^ in C. But S(xi) v ■ • • v S{Xf,) - 
S(Xi V • • • V Xfe) (by the proof of Theorem 5,30). Hence 3(Xj v • ■ • v XyJ # sA/ for any x., . . x^. 
in C, Therefore Xj v • - • v Xjt # 1 for any Xj, . . ., x^^ in C. By Theorem 5.16 the ideal Gen (C) 
generated by C is a proper ideal, and therefore by Theorem 5.26 there is a maximal ideal M 
containing C. Hence for every x in C, M€a(x). This contradicts the fact that the set of 
all maximal ideals is covered by the collection U of open sets. Hence the space vif is compact. 

By definition, each a{x) is open, and, since Z{x) = r(x'), each Hfx) is also closed. Con- 
versely, assume that QJ is & clopen subset of c^T/. Since QJ is closed and zTiI is compact, Ql 
is itself compact. Since is open, is a union of sets of the form Z{x) and therefore, by 
compactness, Qj is a union of a finite number of such sets: ^{x{), . . .,S(x^). But 

S(Xi) V - • ■ V Z(x J = H(Xi V - • • V x,„) 

i.e. QJ is of the form X(y), 

The isomorphism between the dual algebra and ^ already has been established in the 
proof of Theorem 5.30. 

(c) Given a Boolean space A'. For each x in A, let G(x) be the set of all clopen sets A in the dual 
algebra Bx such that x€A. Let us show that G{x) is a maximal ideal in Bx- If and 
are in G(x), then x^A^ and x^A^, and therefore x S A^L}A2, i.e. Ai'JA^e (?(x). If, in addi- 
tion, AjGBx, then xCAjnAg, i.e, AinAgSGCx). Thus G(x) is an ideal. Clearly, tor any 
clopen set A, either x€A or x -X"- A. Hence G(x) is maximaL Thus Cf is a function from 
X into the Stone space M of the dual algebra Bx. To see that G is one-one, observe that if 
X and y are distinct points of X, then since X is totally disconnected, there is a clopen set 
containing x but not and therefore G(x) ^ G(i/). To see that the range of G is all of =.1/, 
assume M is any maximal ideal in the field of clopen sets and assume for the sake of contra- 
diction that M ¥^ G(x) for all xtX 

Case 1. For each x in X, there is a clopen set A in M'-G(x). Hence x€A. Thus the 
sets of M form a covering of X, and by compactness there must be finitely many sets of M 
whose union is X, But the union of a finite number of sets in an ideal must again be in the 
ideal. Therefore the unit element X of the field of clopen sets would have to be in M, and 
M would not be a proper ideal, contradicting the definition of maximal ideal. 

Case 2, There is some element x \t\ X such that there is no clopen set in M - Gix) but 
there is a clopen set A in G{x)'^M. So A^M, and therefore the clopen set X'^A^iM, 
since M is maximal. Since there is no clopen set in Af — G(x), X ^ A G G{x). Hence both A 
and A — A are in G(x), which is impossible. 

It remains to show that G is continuous. (That G~^ is also continuous then follows from 
the fact that caf and X are compact Hausdorff spaces.) Let x € X. Since the open sets of 
are unions of clopen sets of the form £(A), where A is some clopen set of X, it suffices to con- 
sider any clopen set Z{A) having G(x) as a member. We must show that there is some open 
set Y containing x as a member such that G[Y] Qa(A). Since 2;(A) is the set of all maximal 
ideals of the dual algebra not containing the clopen set A, it follows from the fact that 
G{x) S S(A) that x€ A. Then A is an open set such that x £ A and, for any y In A, G{y) e s:(A), 
Hence G is continuous. 

INFINITE MEETS AND JOINS 

3-36. Prove that a Boolean algebra is isomorphic to a Boolean algebra t(A) of all subsets 
of some non-empty set A if and only if *B is complete and atomic. 

Solution : 

We already know that any Boolean algebra <^P(A) is atomic and complete. Conversely, assume 
that *B is atomic and complete, and let A be the set of atoms of "S. For any element x in B, let 
*(x) = {h : bGA & h^x}. By Theorem 5.7, ^ is an isomorphism of ^ into 'P(A). Let C€^P(A), 
i.e. CqA. By the completeness of -B, C has a lub x. Hence by Problem 5.12, C = ^(x). Thus * 
is an isomorphism of ^ onto ^{A), 
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5^7. Associativity of Meets and Joins. If for each w in a set Xv> is a set of elements 
of a given Boolean algebra % and X = Xv>, prove: 

(a) y ( y u) = V tt 

(6) A f A = AW 

in tie sense that, if the left-hand sides exist, then so do the right-hand sides and they 
are equal 

Solution: 

Let z = V ( V «)• Assume xGJT. Then for some v€pr. Hence x ^ 

wew\«€X^ / 

V u — z. Thus z is an upper bound of X Assume now that y is any upper bound of X. For 
each V in TF, X^qX. Hence y is an upper bound of X^, and so y u ^ y. Since this holds 

U € Xv 

for each v in IF, z — y. Therefore r = y u. This proves (a). 

u € X 

Equation (6) follows from (a) by duality. 



5^. Prove that the following identities hold in any Boolean algebra, 

(a) a; V V « = y {x\/u) 

u £ A u £ A 

(b) a: A A w = A (a; a «) 

H G A u e A 

(in the sense that, if the left-hand sides exist, so do the right-hand sides, and they 

are equal). 

Solutien: 

Observe first that if a set X of elements of a Boolean al^rebra contains as a member an upper 
bound z cf X, then z is the lub of X. To prove (a), assume v^A. Then v ^ y u, and so 

u€ A 

xwv — xv y u. Thus XV V u is an upper bound of {xvu: uSA}, Assume now that y 

U € A U € A 

is any upper bound of {«vu: u€>4}. Then x\/u^y for all u€i4. We must show that 
« V V - y. which is equivalent to xv y ttvy = y. But the latter equation follows by 
USA u e A 

Problem 6.37(a) and the observation at the beginning of this proof. 
Equation (6) follows from (a) by duality. 



5^9. If G/f is a Boolean subalgebra of and Y is a set of elements of <yf such that y^ y 

exists and beloncrs to show that V'^ v exists and v*^ w = \/« w ^and similarlv. 
by duality, for meets). " ^ " ^ ^ * ^ ^ 

Solution: 

This is an obvious consequence of the fact that the partial order —^^ is the restricuon to c/f 
of the partial order — « on ^. (For, 

X W ^ XA^W = W, X—^W ^ XA^W = lt; 

and «A_^w = xAmW.) 
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5.40. If y is a set of elements of a field of sets F and if U yG f, show that U y = 
y (and, similarly, by duality, for intersections and meets). 

Solntioii: 

Clearly, U v is an upper bound in f of Y. Assume z is an upper bound in f of Y, Then 

» 6 Y 

y C z for all y in Y, Hence zD U Thus U w is the lub in T of Y, 

V 6 y V e y 

3^ Let ^ be a field of subsets of a set W such that, for every wGW, {w}Gf. Prove 

that joins (meets) coincide with unions (intersections), i,e. if 7 is a collection of sets 

in f, then y exists if and only if U yGT (and therefore by Problem 5.40, 
3f€y »ey ' ^ 

/' y = U y), 
«eY «ey ' 

Station: 

In one direction, if U V ^ T, then by Problem 5.40, U 3/ is the lub in f of Y, Conversely, 
« 6 y V € Y 

aasume that \/f y exists. Then y C V for all y in Y, Hence U y Q Let us assume 

Uiat equality does not hold and derive a contradiction. Then there is some u in W su2h that 

u e \/f y and u g IJ y. Sinee {u} belongrs to the field f , % = ( \/^ « ) - {u} also belong 

»ey Key \veY/ 

to and z < \/T y. But z is an upper bound of Y, contradicting the fact that V is the 

lub of r. * € y » e Y 



5.42. Is a complete field of subsets of a set X necessarily the field of all subsets of X? 
Solution: 

If X contains more than one element, then {0,^} is a complete field of subsets. More gen- 
erally, if A is any non-empty subset of X containing at least two elements, then the collection f 
of all subsets Y QX such that Fni4=0 or AcF is a complete field of subsets of X not con- 
taining any of the non-empty proper subsets of A. 



5*43. Prove that any complete field of sets T is atomic. 
Solution: 

Let A be any non-empty set belonging to 7, and let Xq be some element of A. Then the inter- 
section H of all sets in f which contain Xq is, by the completeness of also in 7, and it is an atom 
induded in A. To see that H is an atom, assume W QH and W€.f, 

Caae 1, XqG Then H C IF and therefore H^W, 

Case 2. «o ^ Then xq € H - IF € f. Hence H Q H --W and therefore W = 0. 



DUALITY 

(a) If *B = (B, a, v, 0, 1) is a Boolean algebra, show that *B** = (B, v, a, 1, 0> 
is also a Boolean algebra. 

(6) Prove that the function / such that f{z) = x' is an isomorphism of onto 'S''. 
Solution: 

(a) Verification of Axioms (l)-(9) for "B** is straightforward. Remember that O^j = 1^, 
l«d = 0^, A«^ = v«, and v^j, = a«. 

(6) / is one-one, since x' = x = y. The range of / is B, since x = (x')'. Also, f{x a = 
(x A yV = ar' v a?' = f{x) v /(v), and /(x') = x" = /(sr)'. 
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INFINITE DISTRIBUTIVITY 

5.45. Let A be the set of atoms of a Boolean algebra ^. Prove that ^ is atomic if and only 
if y X = 1. 

X € A 

Solution: 

By Problem 5.13(a), if is atomic, then \J x = 1. Conversely, assume V x = 1. 

a: G A « 6 A 

Given any nonzero y in B, we must show that there is an atom h — y. Let us assume not and 
derive a contradiction. Then for every atom %, x a y = 0. Hence y (* a y) = 0. But 

A 

y (x A y) = y A V X by Theorem 5.35(a). Since V x = 1, we have 0 = V (« a y) = y, 

«€A af€A x€A xSA 

contradictiner the fact that y 0. 



By complete distributivity, 



5.46. Prove that a Boolean algebra <S is isomorphic to a field ^{K) of all subsets of a non- 
empty set K if and only if *3B is complete and completely distributive. 

Solution: 

We already know that '^{K) is complete and completely distributive. Conversely, assume 9 is 
complete and completely distributive. Let 

fw, if e is 1 

W^B. S = {1.-1} and x.,, = ^ ^ ,^ 

A (wvw') = V ( A ^u>jiw>) 

Hence 1 = V ( A ^w.fiw,) 

/eSB XttGB / 

Now by Theorem 5.35(a), for any nonzero u^B, 

U = UAl - UA V ( A a^w,7CiCi) ~ V A afic.7(w)) 

Since u # 0, there must be some /cS- such that ua /\ *io,/(u» and ther^ore 

w e fl 

A ^ 

10 € B 

Now observe that if z = /\ x^j(^^^ ^ 0, then z is an atom. (To see this, assume 0 — v < 

10 6 B 

We must prove that v = 0. But v < r — Since x,,./(p) is v or v' and v < v is impossible, 

it follows that x^^c^) = v\ Hence < which implies t^iat v = 0.) Thus for any nonzero 
u€B there is an atom z such that z — u, i.e. <S is atomic. But we already have proved (cf. 
Problem 6.36) that a complete atomic Boolean algebra is isomorphic to some ^(A) where K is 
non-empty. 



.5,47. Regular Open Sets (For those readers acquainted with elementary point-set topology). 
Let W be a non-empty topological space. For any T C we use the notation Y"" for 
the closure of Y. Recall that T is the complement of Y. 

Definitions: Y' = Y^ = the com.plement of the closure of F. Y is regular if and 
only if Y=Y''. 

Prove the following assertions. 

(1) FMsopen. 

(2) r - Y'qX'. (Hence XqY X^-Q 7'*.) 
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fZ) If y is open, then Yc y« 
(4! If y is regular, Y is open. 
1*5 1 Y is open if and only if Y-Z'' for some Z. 

(6) If y is open, then y* is regular (i,e. if Y is open, y* = Y^^). 

(7) 0 and are regular. 

(8) If X and Y are open, then (XnYY' = X'^DY'^, 

(9) Let B be the set of regular sets of a topological space For any sets X and 
y in B, define 

A A y = A n y, a v y = (a u r)« X' = a* 

Then *B = (B, a, v, 0, t:J/> is a complete Boolean algebra (called the regular 
open algebra of Wj. 

Solution: 

(1) The complement of a closed set is open. 

(2) li XqY, then Q and therefore Y^qX^, 

(3) Since Y qY^, Y^=Y^qY. Taking closures, we obtain Kec q (y)c = since ? is closed. 
Hence F = F c = F*'. 

T4) This follows immediately from (1). 

(5) If F = Z*, then F is_open by (1). Conversely, if F is open, and if we let Z = F, then Z is 
closed. Hence = Z<^ = Z - Y, 

(6) Assume F open. Then by (3), F C Y^^. Hence by (2), F*« Q F*. On the other hand, since F« 
is open by virtue of (1), it follows by (3) that F« c Y**'. 

(7) 0* = 0^ = 0 = *T(^. Also, c)rj;« = ^ = tf]; = 0. Hence 0« = cjj/e = 0^ and ^Jl^" = 0* = cjj/. 

(8) Assume X and F open. First, let us prove 

XnY" Q (XnF)« (a) 

To see this, observe that XnY^Q (XnYr. (For, let x be any point of XnY^ and let N be 
any open set containing the point r. We must show that *V intersects X n F, But n -AT is an 
open set containing and therefore */ n X must intersect F.) Taking complonents, we obtain 
{XnF)« C XuY'. Taking closures, we have (XnF)« c X*^UF« = XuF« and, taking com- 
plements again, we obtain the inclusion (a). Now substituting X" for X in (a), we have 
X«nF« C(-y''nF)«. But exchanging X and F in (a), we also have (FnJST") Q (FnJ?)", 
and therefore by (2), (Fn;t«)'* c (FnX)"'*. But the last term, by (6), is (FnA)«. Hence 
X'^nY^^ Q (XnY)". Conversely, since XCiY Q X and XdYqY, two applications of (2) 
yield (-Xn F)« c F«. 

(9) By (7), 0 e J? and ^V^B, The operation a is closed in B, for, by (8), (Xn F)« = X«n F« = 

Xn F. The operation v is closed in S, sines, by (6), 

{X V F)« = {XU F)«« = (Xu F)" = X V F 

Similarly, the operation ' is closed in B, since = - X* - X\ Now we must show that 

all the axioms for Boolean algebras are satisfied. Axioms (i), (2), (6) and (3) are obvious. 



176 



TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS 



[CHAP. 5 



Let OS consider Axiom (3): 



JCa (FvZ) 



- X«n{yuZ)« 

= (Xn(YvZ))^ (by (8)) 

= ((XnY)u(XnZ))^ 

= (JifAr) v(ZaZ) 



For Axiom (4): 



X\/(Y/\Z) - {Xu(YnZ))^* = ((XuY)n(XuZ))^ 

= (Zur)«n (Xu^)« (by (8)) 



Axiom (6) is easy: X v 0 = {Jru0)« = Z« = jr. Axiom (8) is also easy: XqX^^. Hence 
jfe = Q X, Therefore Xn A> = 0. It remains to prove Axiom (7). First, l et us sho w that 
(XUX^)^ = 0. Assume, to the contrary, that some point u lies in (XuX^y = (XuX«)«, Thus 
It € (XvJZ>)-, which implies that there is an open set xV containing u and disjoint from 
XuX^ = XuX^._ Since NnX = ^, u^X^, i.e. « € contradicting: the fact that AT is dis- 
joint from X U Z*. Taking closures and complements, ws obtain X\/ X' = (Zu V*)ee — cni — i_ _ 
which is Axiom (7). Thus we have shown that 9 is a Boolean algebra. 

We still have to prove completeness. Note first that 

X^mY ^ XaY^X ^ XnY-X XqY 



Now let X be any collection of regular sets* Let us show that ( fl 3:^ ) is the gib of X. 



a lower bound of X. Assume that Z is a regular set which is a lower bound of X. Then ZqY 
for all ye X. Hence Zq n Y, and therefore 



This proves the completeness of 9. ( It may easily be checked that the lub of a collection X 



S.4S. Show that a complete Boolean subalgebra ^ of an algebra of the fom «P(a) need not 
be a complete field of sets (i.e. infinite joins and meets need not coincide with unions 
and intersections, respectively). 



Consider the regular open algebra of the real line (cf. Problem 6.47). It is easy to verify 
that every finite open interval is regular. Since every regular set must contain a finite open inter- 
val, it follows that the algebra 9 is atomless. Hence by Problem 6.43, S cannot be isomorphic to a 
complete field of sets. 



5.49. Give an exionple of a complete but not completely distributive Boolean algebra. 



First, for any YSX, n Y qY and therefore 
I ex 




vex 





Solatien: 



SoinUon: 



The regular open algebra of the real line is complete and atomless (cf. Problems 6.47-6.48). 
Hence by Problems 5,46 and 5^36, ^e algebra cannot be completely distributive. 
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m-COMPLETENESS. <7-ALGEBRAS 

5-S(L Given <r*^dgebras c/f and *3?. By a tr-mbalgehra of c/f we mean a subalgebra determined 
by a subset closed under denumerable joins and meets. By a a-homomorphism of cA 
into 9 we mean a homomorphiam g of q4 into preserving denumerable joins and 
meets i.e. such that g{f\ ici) = A g{Xi)\ the corresponding equality for joins follows 

1^ De Morgan's Laws). By a a-ideal of q4 we mean an ideal of closed under 
<iaiumerable joins. 

(«) If is a a-homomorphism of c4 into % then the range g[Q4] is a (r-subalgebra of 
the kernel Kg is a cF-ideal of c^, and c4/Kg is a-iscmorphic with g[c4], 

lb) If / is a o-ideal of c4, then c4/J is a <r-algebra ^where V (Xi-tJ) - (y 
and c/f// is a o-homomorphic image of c4 under the natural mapping. 

Solatio!!: 

(a) These are just obvious extensions of the results in Problem 5.32. 

(b) We must show that q4/J is closed under denumerable unions. To see this, we shall show that 
LY ~ Y ~ *^*J therefore j^y x^j is an upper bound. 

Assume now that [z] is an upper bound of the [x^j's. Note that, in general* [u] — [v] if and 
only if liAv'sjO. (For, [«] - W ^ [u/\v] = [v] uav^jV (ttAv)+vSjO 
(u A v) + (1 A v) =jO tt A (1 + v) 0 ^ u A 0.) Sincc [xj - [«], x^ a 0. Since J 

is a or-ideal, V *>, i.e. z'a y Sy 0, Hence |"y ~ W* "^^^ natural 

mapping 0(x) = x + y is a o-homomorphism of oA onto o/^/J is an easy consequence of the fact 



that j^t^B^J = yixj. 



551. For any subset C Q '^P(^f), the intersection of all o-subfields of ^(K) containing C is 
itself a o-subfield containing C. 

Solution: 

The intersection H clearly is closed under denumerable joins and complements. The cr^BUbfield 
H is called the sr-mbfield generated by C. 



552. Given a subset C of a iF-algebra a4. The intersection D of all «r-ideals containing C 
is itself a o-ideal containing C (called the o-ideal generated by C). The elements of 
D are all those x ^ y d for elements ci in C (l^i<<=e). 

Solution: 

That D is a ^ideal containing C is obvious. Let E be the set of all x ~ \/ Ci for some e.; € C. 

I 

First, if xj ^ v cy for C|j€C, then \/ Xj^ V Tl^^s J? is closed under denumerable joins. 

Also, if x€E and y - x, then x ^ y Ci for CjGC, and therefore y ~ \/ Ci, i.e. Thus ^ 

is a ff-ideal containing C. Hence DqE. On the other hand, for any 9-ideal J containing C» if 
« - V for CiSC, then \/ Ct^J and therefore x€ J. Hence EqD. 
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Also, S A /\ lz[) - 2 A ( y Z,] = £ A 2' = 0 

Hence t(z) n n t(z{) e A' and 



5»53. The Loomis Representation Theorem: Any a-ideal c/f is a cr-homomorphic image of a 
cr-field of sets, i.e. qA is <r-isomorphic with the quotient algebra of a o-field of sets by a 
<F-ideal. 

Sointion: 

Call y ^ 7(A) a selection if and only if, for any a€ A, F contains exactly one of a and a\ Let 
5 be the set of selections. Define a function r from qA into 7(5) by settiner r(a) equal to the set of 
all selections Y such that a € y. Let T be the range of r. Clearly, T is closed under complements: 
(r(a)) = T(a'). Let be the o-field of subsets of S ^nerated by T. Let N be the subset of F con- 
sisting of countable intersections fl r(a.^ such that /\ = 0. Let i be the or-ideal generated by 

i i 

N. Consider the mapping i^(a) = T(a) + / € F//. We now show that ^ is a o^-iBomorphism of cA 
onto F/J. 

Let z^syzi in cA, Then, z'AZi = 0. Hence T{z')nT{Zi) B N, Therefore 

i 

^WnyrUi) = t(z') n (^UT(Ci)) = u (r(z') n tCzJ) € / 
(5) n^y T(zi)J = t{z) n nrCzj)' = t(z) n nT(z;) € / 

Hence t(z) + U riz^) = ^TU) H UT(2ri)j U (t{z) n ''Wj j ^ ^ 

It follows that t(2) + y = U T(«i) + y. Therefore 

v&(2) = t(z) + / = Ur(z,) + J = U(T(2ri)+/) 
i i 

In addition, ^(z') = t(z') + / = (t(z) + /)' = (^(z))' 

Hence ^ is a or-homomorphism. It is readily seen that the range of ^ is F/J, (For, U is a 

ff-subfie!d of F containing T and is therefore equal to all of F. Hence ^[^i] = F/J,) It remains to 
show that ^ is one-one. To do this, we shall show that the kernel is {0}. Assume a € K^, So, 
tp(a) = Ojr/j. Therefore T(fl)G/. Note that 7 consists of all in F such that P Q \Jpi, where 

G N. Here = fl rCa^j) where A ^ii ~ Therefore r(a) C U ( O T(a,j) ) for some ay such 
^ i * \ ^ / 

that /\ Oy = 0. Hence 

^ r{a) Q yT(a(,,(o) 

where / is any function such that a(^/(i> is defined for all i Since we wish to prove that a = 0, 

let U3 assume the contrary, i.e. a 0, Hence 1 > a' = a' v 0 = a' v / A j = /\(a'\/ a„). There- 
fore some n'va.j^l: say, a' v a.^*/, j ^ 1. Then \^ / ^ 

1 > a'vai/d) = a'vai,(i)vO = a' v ai/(j) v A = A («' ^ ai,(,) v og;) 

i i 

Hence 1 > a' v ai,(,) v Og^g) for some j = /(2); etc. We obtain a sequence aj/d), 02/(2), .. . such 
that 

1 > a' V ai/(,) V a2/(2) v ■ • • v ak/(fc, for each k 

Therefore among a^f^ly, Og/cg)* - • • neither a nor a complement of any o^/tj) occura. Therefore there 
exists a selection Y containing a and all a^co* Thus YGria), but Y^rta^f^^), contradicting (2). 

Hemark: This result of Loomis fails to hold for non-denumerable cardinalities [125]. 
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Supplementary Problems 

LATTICES 

5.54. Which of the partially ordered sets given by the following: diasn^ams are lattices? Among the 

lattices, which (i) have a zero element, (ii) have a unit element, (iii) are complemented, (iv) are 
modular, (v) are distributive? 

(o) e . (6) 




i-M. Which of the following structures <L, — ) are partially ordered »ets, totally ordered sets, lattices, 
distributive lattices, lattices with a zero element, lattices with a unit element, complemented lat- 
tices? For those which are lattices, describe the operations a and v. 

(a) L is the set of all finite subsets of a set A and — is the inclusion relation C* 

• 6) Same as (a), except that A itself is also a member of L, 

(c) L is the set of complex numbers and a + bi — c + di ^ a ^ c. 

-d) L is the set of all complex numbers and a + 6i — c + di (a < c) v (a = c & 6 — if). 

' L is the set of all complex numbers and a + bi — e + di a - c & 6 — d. 

i/i L is the set of all subalgebras of a given Boolean algebra, and — is the inclusion relation C. 

3^ L is the set of all sublattices of a given lattice and - is the inclusion relation Q. 

hi L is the set of all polynomials with real coeiFicients and f — g means that / divides g. 

Same as (h), except that the coefficients of the polynomials must be integers. 

L is the set of all subsets of a set A, and - is C. 

c L is the set of positive integers and x — y if and only if y is an integral multiple of x (i.e. x 
divides y). 

r Assume (A, ^) is a given partially ordered set. Let C be a fixed set* Let L be the set of all 
functions from C into A, For any / and g in L, let f — g if and only if /(x) — g{x) for all 
z in C. 

« Assume <A, ^) is a given partially ordered set Let L = A. and x-y <^ y — x. 

•mt L :s the set of all infinite subsets of an infinite set A, and - is C. 

I* L is the set of all subsets of a set A containing a fixed subset C, i.e. L = {Y : CqY ZA], 
a=d ^ is r 
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(p) L consists of the empty set 0 and all points, lines and planes of three-dimensional Euclidean 
space » and — is 

(q) L is the set of all subgroups of a group G, and — is Q. (This exercise is for those readers 
acquainted with elementary group theory.) 

(r) L is the set of ail convex planar sets and — is C (By a convex set we mean a set such that, 
for any two points in the set, all the points on the line connecting the two given points are 

also in the set.) 

(s) L is the set of all functions from the unit interval [0,1] of the real line into the set of all 
real numbers, and f — g means that f(x) — g(x) for all x in [G, 1]. 

(£) L is the set of all functions from a fixed set A into a lattice (Lp and f — g means that 
fW — 9{^) for all x in a. 

5.58. in a lattice, prove that Uj v • ■ • v Ujt is the lub of {ui, ..,,Ufc} and UiA-- - auj^ is the gib of 

5.57. How many partial orders can be defined on a fixed set of two elements? Of three elements? 
(What is the largest number of mutually non-isomorphic partial orders in each case? We say 
that a partially ordered structure (A, is isomorphic to a partially ordered structure <B, — g) if 
and only if there is a one-one function / from A onto B such that x—aM^ fM ~b /(v) ^or all 
X and y in A.) Try to extend these results to more than three dements. 

5.58. How many (mutually non-isomorphic) lattices are there of two elements? Three elements? Four? 
Five? Six? Draw diagrams of the lattices. 

5.59. Given a lattice (L, — ). Show by an example that a substructure (Lj, — ), where Lj Q L, may be a 

lattice, but not a sublattice of {L, — ) (i,e= the operations a-^^ and V£^^ may not be the restrictions of 
the operations Aj^ and v^,). 

5.60. Let L be a lattice with zero 0 and unit 1. An element x in L is said to be complemented if and 
only if X has an inverse y (i.e. » a y = 0 and a: v y = 1). 

(a) If L is distributive, prove that the set of complemented elements is a Boolean algebra (under 
the operations a and v of L). 

(6) If L is modular (but not distributive), give an example containing six elements to show that 

the set of complemented elements need not form a sublattice^ 

(c) Show by an example that, if L is not distributive, an element can have more than one 
complement. 

5.61. Show that a lattice (L, —) is complemented if and only if L contains a zero element Q and there is a 
singulary operation x x' on JL such that: 

(i) X a = 0, (ii) x" = X, (iii) (x v yY = x' a ^' 

5.62. Finish the proof of Theorem 5.2, i.e. prove that (L6) implies (L5). 

5.63. Using Problem 5.4, state and prove a Duality Theorem for lattices. 

5.64. Show that the following properties of a distributive lattice 
(a) X A X = X 

(6) X A (y V «) = (x A y) V (x A z) 

(c) (y V z) A X — (y A x) V (z A X) 

(d) xvl = Ivx = 1 

(e) xa1 = 1ax = x 

serve to characterize distributive lattices with a unit element 1 in the sense that if the structure 
<A,A,v, 1) satisfies these laws then (>1,a,v> is a distributive lattice with unit element 1, and 
vice versa [99]. 
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5.65. Prove that the foUowingr ^^ws hold in any lattice. 

(o) XAy = xvy-» X — y 

(6) XAyAz = a5vyvz-» x = y= z 

1.66. Prove that the following inequalities hold in any lattice, 
(a) (r A v) V (tt A v) — (x V tt) A (y V v) 

(5) (x A y) V A jr) V (z A x) ^ (x v y) a (y v z) a (j? v x) 

5.67. Prove that each of the following conditions is equivalent to distributivity of a lattice. 

(ft) (x a w ^ z & « ^ M V 2) X ^ S 

(5) (xAz^yAZ&xvz^Syvz) x^y (Hwt: Use (a).) 

(c) (xAz = yAz&xvz = yvz)->x = y (jffint: In one direction, use Problem 5.11(c).) 

id) (x V y) A (y V z) A (X V z) ^ (x a y) v (y a z) v (x a z) 

5.68. Complete the proof of Problem 5.11(c). 

5.69. Give an example of a distributive lattice (L, ^) lacking both zero and unit elements such that - 
is not a total order on L, 

5.70^. If (L, — ) is a lattice, prove that — totally orders L if and only if all subsets of L are sublattices (i.e. 
are closed under a and v). 

5.71. Prove that any distributive (modular) lattice can be extended to a distributive (modular) lattice 
with zero and unit elements simply by adjoining such elements if they are not already present. 

5.72. Prove that a lattice is modular if and only if it satisfies the law 

(XAz = XAy & xvz = yvz & x — y) -* x = y 
[Hint: In one direction, use Problem 5.10.) 

5.73. A lattice (L, — ) is said to be complete if and only if every subset of L has a lub and a ^Ib. Prove 
that in order to verify completeness it suffices to show that every subset has a lub or that every 
subset has a gib. 

5.74. Given lattices (Li, — i) and (L,, —9) and a function / from L| into Lq. 
Deiinitioni, 

f is an erder-homomorphism if and only if » — 1 y -* /(») ^ifyy), 

/ is a meet^komomarphism if and only if f(x Aj y) = /(x) A2/(y). 

/ is a join-komomorpkism if and only if /(« vj y) = /(x) /(y). 

/ is a lattice-k&momorphism if and only if / is both a meet-homomorphism 
and a join-homomorphism. 

Prove: 

(o) Every meet-homomorphism is an order-homomorphism. 
(5> Every join-homomorphism is an order-homomorphism. 

(c) Every lattice homomorphism is a meet-homomorphism. 

(d) Every lattice homomorphism is a join-homomorphism. 

(e) The converses of (a)-(d) do not hold. (Counterexamples may be found using lattices of at 
most four elements.) 

if) For one-one functions / from L, onto L2, the notions of order-, meet-, join-, and lattice- 

horoomorphism are equivalent. 
(g) Any order-isomorphism from a Boolean algebra c4 onto a Boolean algebra « is a Boolean 

isomorphism, i.e. not only is it a lattice^homomorphism, but it also preserves complemerts 

fix') = ifijc)y. 
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5.75, A lattice {L, -) is said to be relatively p8€udo-e(ymplemented if and only if, for any x, y in .L. the 
set {z\ y /\z — x} has a lub. (Such a lub is denoted y 4> x.) By a pseudo-Boelean algebra, we 
mean a relatively pseudo-complemented lattice possessing a zero element 0. Prove ([142]): 



In a 


relatively pseudo-complemented lattice: 


(i) 


z — y ^ X if and only :f y a s — sc. 


(ii) 


The distributive laws hold. 


till) 


For any x, x =^ a: is a unit element 1. 


(iv) 


yi^x — X if and only if y — x. 


(v) 


= ?/ if and only if x:^y = y:7x = l. 


(vi) 


y =^ 1 = 1 


(vii) 


1 =P r = X 


(Vlll) 


jy A (y x) ^ X 


(ix) 


\tx-y, then y =^ c - x « and « x =^ r =^ w. 


M 


X — y =^ X 


(xl) 


=^ *) = y A X 


(xii) 


=^ X) A X = X 


(xiii) 


(X ^ 1/) A (x 2) = X A r) 


(xiv) 


(X z) A (w =r» r) = (y V x) =^ z 


(XV) 


a: 4> (y =^ 2) = (x a y) c = y (x =^ z) 


(xvi) 


(X ^ y) A (y :^ 2) ^ x 2 




y) - (y 4^ 2) (X z) 


• xviii 


X ^ y ^(jTA y). 



ih) In a pseudo-Boolean algebra, we define: =x — x ^ Then: 
li' -0 = 1 and -1 = 0 
iii X A {~x) — 0 
liiir X - 2/ — y - -X 
(iv! X X 

(v) X = — X 

(vi) -(xvy) = -XA-y 
(viij -(xAy) - -xv-y 
(viii) (-x) \/y - X 

fix) X 4> y ^ (-y) =^ (-x) 

(x) X ^ (-y) = -(x A y) = y ^ (-x) 

(xi) 0 => X = 1 

^xii.J A subset F is a filter if and only if 1 e F and 

(x^F & x^yB F) yBF 

(c) In a Boolean algrebra, show that y x = y' v x. 

(d) (For those readers acquainted with elementary point-set topology.) Show that the lattice of 

open sets of a topological space is a pseudo- Boolean algebra, where il B is the interior 
of A^B, By taking' the special case of the real line» show that the assertions x v (— x) = 1 
and X — X do not hold for all pseudo-Boolean algebras. 

{(i) By a Brouwcrian lattice we mean a lattice with a unit element such that, for any x^y in the 
lattice, the gib of the set {z : y — x v 2} exists (and is denoted y — x). Show that the notion 
of Brouwerian lattice is dual to the notion of pseudo-Boolean algebra in the sense that a lattice 
(B, -/ is a pseudo-Boolean algebra if and only if the lattice <L, is a Brouwerian lattice. 
(For a study of Brouwerian lattices, cf« [133].) 

(/) In the Boolean algebra of statement bundles (cf. Example 3.5), for any statement forms A and 

B, what is the interpretation of [A] ^ [B]? 
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ATOMS 

5,76. Prove that two finite Boolean algebras are isomorphic if and only if they have the same number 

of atoms, 

5.??. Show that there is no Boolean algebra containing 2S elements. 

9.78. In the Boolean algebra of all divisors of n, where n is a square-free integer > i (cf. Problem 3.3), 
what are the atoms? Note that x-y^x divides y. 

5.79. (a) How many subalgebras are there of the Boolean algebra of all subsets of a four-element set? 

(6) Given a Boolean algebra ^ with 2*^ elements, show that the number of subalgrebras of '3 is 
equal to the number of partitions of a set with k elements (where a partition is a division of 
the set into one or more disjoint non-empty sets). 

5.80. If G/f and ^ are Boolean algebras with Uie same finite number 2^ of elements, how many isomor- 
phisms are there from cA onto *Bt 

5.81. Consider the Boolean algebra given by the field of sets consisting of all finite unions of left-open 
intervals of real numbers (cf. Problem 2.68). What are the atoms of this algebra? 

5.82^. Does the set of atoms of a Boolean algebra always have a supremum? 

5.83. Show that every atomic, uniquely complemented lattice with zero and unit elements is isomorphic 
to a field of sets and is therefore a Boolean algebra. (Hintx Use the proof of Theorem 5.7.) 

SYMMETRIC DIFFERENCE. BOOLEAN RINGS 

5.84. In an arbitrary Boolean algebra: 

(a) Does the distributive relation x^{y /\z) = (x + Jta (x + z) hold? 
(5) Is (x^y &tt^v) -» x + tt - y + v valid? 

5.85. In the Boolean algebra of all divisors of n, where n is a square*free integer > 1 (cf. Problem 3.3), 
find an arithmetic formula for the symmetric difference x + y, 

5.86. In any Boolean algebra, prove: 

(a) X V (x + y) = X V V, (5) the **dual" of x + y is (x + y)'. 

5J7. In a- ring, « — « is defined to be x + (— «). In a Boolean ring, what is (— y)? Is there any difference 
between x — v in the ring-theoretic sense and x » y as defined in Problem 3.1 ? 

5.88. Prove that the uniqueness of (— x) in Axiom (4) for rings need not be assumed (i.e. it can be proved 

from the other axioms). 

5.89. (a) Give an ^Lample of a Boolean ring without a unit element (&) Show that every Boolean ring 
without a unit element can be extended (by addition of new elements and extension of the ring 
operations to the enlarged set) to a Boolean ring with unit element Prove that the original ring 
is a maximal ideal of the extension. 

5.90. In the axioms for Boolean rings, show that x + v = v + x is not independent 

531. Let % = X,0) be a commutative ring with unit element 1. We say that an element x \n R 

is i£fe?apo4en« if and only if x^ = x. Let R* be the set of idempotent elements of R. For sny 
and y in R*, define x @ y = x -h y -2xy, Prove that (fi*, ©►X,0) is a Boolean ring with unit 
element 1. Express the Boolean operations a, v,' in terms of the original ring operations +, X, 
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5.92. For any Boolean expression t(u), prove that 

t{u) = 5o + {^1 
where bi and &o <^3:e fixed elements of the Boolean aigrebra. 

6.93. Solve the following equations. 
(a) u A w = 0 

(6) u A z = 

(c) It + w = T (for tt and w in terms of t) 

(d) (p A tt) V (or A w) = T (for tt and w in terms of p, a, t) 

6.94. Solve the simultaneous equations 

X V d = c 
ac A 5 = 0 

for X in terms of b and c. What further conclusion follows if b — c? 

5.95. Solve the following system of equations. 

tt — V V w 

V = z A w' 

u' A « — w' 

5.96. ^ If r(u) ia a Boolean expression and 6 is an element of a Boolean algebra and if r(0) Ar(l) — 

b ^ t(0) V t(1), prove: 

(a) r(u) = b has a solution. Find all solutions. 

(5) If r(u) = & has a unique solution, then, for any c, r(u) = e has a unique solution (namely, 
(c) If '5 is finite and there are k atoms which are — t(0)' + t(1), then t{u) — b has 2^ solutions. 

AXI0MATI2ATI0NS 

5.97^. In our axiom system for Boolean algebras, determine whether Axiom (5) can be proved from 

Axioms (i)-(4), (7).(3). (See Problem 5.22.) 

5.98. Determine whether or not each of the axioms (B1)-(B5) for Byrne algebras (cf. Section 5.4) is 
independent. 

5.99. Show that the following variation of the axioms for Byrne algebras (cf. Section 5.4) also may serve 
as an axiom system for Boolean algebras. Consider structures {B, a/> satiafsring (Bl), (B2), (B5), and 

(C) X A = z A z' <-> X A y = ac 

(Hint: Prove that z a z' = w a for all z and w, and introduce 0 by definition as being equal 
to this common value of all z a z\) 

5.100. (a) Prove that the fdlowing is a system of axioms for Boolean algebras. 

(Dl) X A y = y A X 
(D2) X A (y A z) = (x A y) A z 
{D3) (x'AyO' A(x'Ay)' = x 
(h) Investigate the independence of Axioms (D1)-(D3). 

5.101. Prove the independence of Axioms (a)-(f) for lattices in Problem 5.4. 

5.102. [121 ]« Let L be a complemented lattice. Show that L is a Boolean algebra if and only if, for any 
X and y in L and for any complement z of y, x a y = 0 ^ £ — z. 
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5.103. [lOr. Given a structure *B = (B, a/). Prove that ^ determines a Boolean algebra if and only 
if the following two laws are satisfied. 

(a) X = X A y ^ x A = z A 2' 

ib) fx A y) A z = (y A 2) A X 

122;. Prove that a structure ^ = (B,v, '> determines a Bo^ean algebra if and only if the 
following three laws are satisfied. 

(a) X V y = y V X 

(6) {xvy)\/z = xv{yvz) 



5.105. If A is an infinite set, prove that the ideal of all finite subsets of A is not a principal ideal in the 
field of sets 'P(A). 

3.106. Prove that a non-empty subset J of a Boolean algebra is an ideal if and only if the condition 
xvyGJ (xGJ&yej) is satisfied. 

5.107. What is the ideal erenerated by the empty subset 0 of a Boolean algebra? 

5.108. Given a Boolean algebra ^. For any ideals J and I of ^, let 

yv7 = {x\/ y : x€J & y^I) 

(o) Prove that / v 7 is an ideal. 

(6) Show that the set of ideals of ^ forms a distributive lattice^ under the operations of n and v. 

Are there zero and unit elements? Is the lattice complemeiited? 

5,103. A non'trivial finiteiy-additive measure on a Boolean algebra ^ is a function /i from B into the set 
of non-negative real numbers such that 

(1) ti(x V y) = ti{x) 4- /i(y) if X A y = 0. 

(2) fi is not a constant function. 

(a) If /A is a non-trivial finiteiy-additive measure on a Boolean algrebra ^, prove: 

(i) m(0) = 0 

(ii) fiixi V • • • V Xfc) = ^(xi) 4- • • ■ + /i(xfc) if x^ a Xj = 0 for i ^ 

(iii) x^y fi{x):£ft{y) 

(iv) fiixi V • • • V Xfc) ^ + • • • + )u(Xfc) 

(v) Jfi = {x: fi{x) = 0} is a proper ideal of *B. 

(vi) If /i is 2-vaiued, i.e. if the range of n consists of two numbers (one of which, by (i), must 
be 0), then is a maximal ideal. 

(vii) If fi is bounded, i.e. the range of n is bounded above, and if we define p(x) = /i(x)//i(l), 
then r is a non-trivial finiteiy-additive measure such that 0 — r(x) — 1 and = 1. 

(b) If M is a maximal ideal of 9, and if we define 



for any x in B, show that n is z non-trivial 2-valued finiteiy-additive measure on 

(c) If 'B is the Boolean algebra *P{K), where is a finite set, and if we define ti{A) = the number 
of elements in A, prove that ^ is a non-trivial finiteiy-additive measure on 'S. 

id) Prove that every Boolean algebra admits a non-trivial 2-valued finiteiy-additive measure. 



(c) (x'vyyv {x'y/yY = x 



IDEALS 
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5.110. Given a subset Z) of a Boolean algebra 9, recall (cf. Problem 3.5) that the intersection of all sub- 
algrebras containing D is a subalgebra G^t called the subalgebra ffenerated by D. 

(a) Prove that the elements of Gp are all elements of the form C| v • - • v cjic, where each 
Cf = d^^ A • • ' A dj^ and either dj^ S P or d/^ G D, i.e. the elements of are finite joins of 

finite meets of elements of D and complements of elements of D. 

(b) Show that the subalgebra Gp of 'PiK) generated by the set D of all singletons consists of all 
finite and cofinite sets. Prove that Gr> is complete if and only if K is finite. 

(e) We say that a set D is a set of generators of the Boolean algebra <S if and only if the sub- 
algebra Go generated by D is the whole set B, We say that 9 is finitely generated if and only 
if there is a finite set of generators of ^. Prove that every finitely generated Boolean algebra 
is finite. 

(d) We say that a set D of generators of a Boolean algebra S is a free set of generators of *B if 
and only if, for every function h from D into a Boolean algebra C* there is an extension g 
of h which is a Boolean homomorphism of 9 into C- '^^^ Boolean algebra 9 is said to be free 
if and only if there is a free set of generators of 9. 

(i) For any non-negative integer k, if 9 is a Boolean algebra having a free set of k gen- 
erators, prove that 'B has 2^2*) elements. 

(ii) Is every subalgebra of a free Boolean algebra also free? 

(iii) Show that the cardinal number of any infinite free Boolean algebra 9 is equal to the 
cardinal number of any free set of generators of ^. 

(i3^ Show that if and Z>2 are free sets of generators of the same Boolean algebra 'S, then 
Di and 2>2 have the same cardinal number. 

(v) If ^ is a function from a free set D of generators of a Boolean algebra ^ into a Boolean 
algebra C* show that there is a unique homomorphism g from into C such that g is an 
extension of h. 

If Di is a free set of generators of and is a free set of generators of ^2 ^1 
and Z>2 ^^^'6 the same cardinal number, then 'Bj and 'B^ are isomorphic. 

Let D be a set of generators of a Boolean algebra '5. Show that D is a free set of 
generators of ^ if and only if, for any Wi, . . in B, if U;€Z) or Ui'SD for each Ui, 
then «! A • ' * A M„ 0. 

For any cardinal number m, prove that there is a Boolean algebra having a free set of 
generators of cardinality m. (Hint: Generalize the Boolean algebra of statement bundles 
(Example 3.5) by using a set of statement letters of cardinality m instead of a denumer- 
able set of statement letters.) 

(ix)^ When is 'P{K) a free Boolean algebra? 



(vi) 
(vii) 

(viii) 



QUOTIENT ALGEBRAS 

5.111. Lst J be a proper ideal of a Boolean algebra S and let K be a proper ideal of the quotient algebra 

= *B/J. Let = {x : x^B & x-^J G K). Prove that ^ is a proper ideal in *B and that 
the function from *B/^ onto ^^^/K defined by 

^(a; + JO) - (r4- J) + K 

is an isomorphism. 

3.112. In a Boolean algebra S is an ideal. What is ^/B? V/hy isn't it a Boolean algebra? 

5.113. (For those readers acquainted with elementary point-set topology.) Let JC be a topological space, 
(a) Prove that the set F of subsets of 3[ having nowhere dense boundary is a field of sets. 

(6) Prove that the set N of nowhere dense sets of is an ideal of F, 

(c) Show that the quotient algebra F/N is isomorphic to the algebra of regular open sets of 
(cf. Problem 5.47). {Hint: If ABF, show that there is a unique regular set A| such that 
A + Alls nowhere dense.) 
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BOOLEAN REPRESENTATION THEOREM 

5.114. Prove that every ideal of a Boolean algebra is principal if and only if *B is finite. 

5.115. For each $ in a set S assume that there is an associated Boolean algebra By the Cartesian 

product n ^» we mean the set of all functions / defined on S such that, for each s€5, f{s)^Sg. 

s GS 

We define Boolean operations on the Cartesian product in componentwise fashion, e.g. if / and ff 
are in the Cartesian product, let / a ^ be the function defined on S such that (/ a g)(8) - /(«) a^ g(9) 
for each s^S* 

(a) Prove that the Cartesian product of Boolean algebras is a Boolean algebra. 

(6) Prove that a finite Boolean algebra of cardinality 2" is isomorphie to a Cartesian product of 
n copies of the Boolean algebra {0, 1}. 

(e) If the cardinal number of a set A is m, prove that the Boolean algebra ?(A) is isomorphic to 
a Cartesian product of m copies of {0, 1). 

(d) Show that every Boolean algebra is isomorphic to a subalgebra of a Cartesian product of 
copies of {0, 1). 

5.116. (a) Prove that if x and y are distinct elements of a distributive lattice, then there is a prime ideal 

containing one of x and y but not the other. (The notion of prime ideal, although 
originally defined for Boolean algebras, also makes sense for lattices. Hint for the proof: 
Since x^y, we may assume y ^ x. Let Z be the set of all ideals containing x but not y, 
and apply Zom's Lemma.) 

(&) Prove that any distributive lattice is lattice-isomorphic to a lattice of sets. (Hint: To each 
element x of the lattice associate the set of proper prime ideals not containing x,) 

ic) Prove the converse of (a), i.e. a lattice is distributive if, for any two distinct elements of the 
lattice, there is a prime ideal containing one of the elements but not the other. 

5.117. Although every Boolean algebra is, by Theorem 5.30, isomorphic to a field of sets, show that there 
are Boolean algebras *3 for which there is no isomorphism a field of sets preserving infinite 
joins and meets. (Hint: Consider the regular open algebra of the real line (Problem 5.47).) 

5.118^. [137]. Prove that a distributive lattice is a Boolean algebra if and only if every proper prime 
ideal is maximal. 

INFINITE MEETS AND JOINS 

5.119. Give an example of a Boolean subalgebra C of a Boolean algebra <S such that some subset E of C 
has a lub in C but not in 

5.120. In any lattice, prove (assuming that all the indicated lub's and gib's exist): 

(a) If x„^y^ for ail vfGW, then /\ x^ - /\ y^ and V — V 

(&) V A fi^s.w - A V 

(c) A V A - A (*wVtf«,). 

(«0 V («wAy„) - V ^ V 

w € w to € W we iv 

(e) None of the inequalities in (a)-(d) can be changed into equalities valid for all lattices. 

5.U1. An ideal / of a Boolean algebra is said to be aymplete if and only if J is closed under arbitrary 
joins of its elements. 

(a) Prove that every complete ideal is a principal ideal. 

(6) If J is a complete ideal of a complete Boolean algebra 'B, prove that the quotient algebra 
^/J is complete. 
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5.122. (a) Prove that the set of sublattices of a lattice is a complete lattice with respect to the inclusion 
relation C. What are the operations of join and meet? 

(b) Prove that the set of subalgebras of a Boolean algebra is a complete lattice with respect to 
the inclusion relation C* Describe the join and meet operations. 

5.128. (a) Assume that ^ is a closure operation on a set L partially ordered by ^, i.e. ^ is a function 
from L into L such that* 

(1) X^y ^ g(x)^g{y) 

(2) X ^ fflx) 

(3) g(am = gix) 

An element x in L is said to be g-cloaed if and only if ff{x) = x. Prove: 

(i) X is ir-closed if and only if x = ff(y) for some y. 

(ii) If 1 is a maximum element of L, then 1 is y-cSosed. 

(iii) A grlb of a set of ^^-closed elements is also ^-closed. In particular, if x and y are (r-dosed, 
so is X A V (if it exists). 

(iv) If {L, — ) is a complete lattice, then the set C of ^-closed elements is a complete lattice with 
respect to the original ordering — on L, and, for any subset Y of L, 

y = A- y s"" V- y - y{ y\ 

(d) Let — be a partial order on L. For any T C L, let = the set of upper bounds of Y and 
y* = the set of lower bounds of Y. We say that F is a cui if and only if F = Y^», Prove: 

(i) YqY^' 

(ii) FcF'** 

(iii) XqY ^ (Ffc^*'& F'CXO -» [X^^QY^»iiX»^QY^^) 

(iv) JP> - X^»^ & = JIT*" 

(v) Z*>* = & Z"** = Z»*»* 

(vi) Every set JT** is a cut, 

(vii) The function g(X) — X?^ is a closure operation on <'P(L), £>. The ^r-closed elements are 
the cuts. 

(viii) The set C of all cuts is a complete lattice with respect to C. Meets are intersections and 

\/ y = / y y Y' . The function /, such that /(x) = {x}*w for any x in L, is an 
vex \^vex y 

order-isomorphism of (L, — } into the complete lattice (C, C); / preserves all meets and 
joins ^ready existing in {L, — >, i.e. if z = V in L, then f(z) = N/ ^' 
and similarly for meets. « ^ ^ « ^ ii 

(ix) Let Ji = (L, — ) determine a Boolean algebra, i.e. it is a distributive, complemented lat- 
tice. Define, for any XqL, X* = {y : y a x = 0}. Then 

(1) XnX* = {0} = Oc 

(2) IXuX^)^ = {1} 

(3) (ZuA'*)f» = L = Ic 

(4) Z** = 

(5) {x'}»« = {x)*«* 

(6) Z** is an ideal of L. 

(7) The function F such that F(J) = .T** for any ideal J of is a lattice-homomerphism 
from the distributive lattice of all ideals of JH onto the lattice of cuts. 

(8) Hence C fonoM a cwnplete Boolean algebra, and the lattice-isomorphism / of (viii) « 
a Boolean isomorphism. Thus every Boolean algebra is embeddable in a complete 
Boole^Ln adgebra in such a way that unions and meets are preserved [131]. 
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5.124. In Example 5.19, prove that the collection of all singrletons {x}, where K, has no lub in f (in 
addition to not having its union in f). 



m-COMPLETENESS. <r-ALGEBRAS 

5.125. Let f be the collection of all subsets il of a given set K such that the cardinality of A or the 
cardinality of A is — a given infinite cardinal number m« Prove that T is an m-complete field of 
sets. What happens if we change — to < ? If ^ has cardinal number R > m and m < p — n, 
is 7 a ^-complete field of sets? 

5.12S. If f is an m-complete field of subsets of a set ^ and A € f, prove that f\A = {Y : F€y&rcA} 
is also an m-complete field of sets. 

5.127. Prove that an infinite cr^algebra must have at least 2*o elements. (Hint: Problem 6.14.) 

5.128. By a free tr^lgehra with m generators we mean a or-algebra ^ having a subset D of cardinality 
m such that any function from D into a o^algebra C can be extended to a or-homomorphism h from 
•5 into C* 

(a)° For every cardinal number m, show that there is a free d^-algebra with m generators. 
(&) Prove the analogues of Problem 5.110(<2)(iv)-(vi) for free s^-algebras. 

(e) Prove that any free (r*algebra with m generators is isomorphic to a a-iield of sets. (Hint: 
Use Problem 5.53.) 

5.129. We say that a Boolean algebra '3 satisfies the countable chain condition (CCC) if and only if every 
pairwise-disjoint set of nonzero elements of B is countable. (A set Y is said to be pairwise-dis- 
joint if and only if, for any distinct elements y and z in r , y a « = 0.) 

(a) Prove that a Boolean algebra 'S satisfies (CCC) if and only if every subset ZQB has a count- 
able subset Y such that Y and Z have the same set of upper bounds. 

(6) Prove that any a-algebra satisfying (CCC) is complete. 

(c) Show that the regular open algebra of a topological space with a countable base satisfies (CCC). 
(Cf. Problem 5.47.) 
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More extensive conventions for eliminating parentheses than those given in Section 

1,4, page 5, will be presented here= 

(I) We assign a rank to the connectives as follows: 



The rank of a statement form A will be 
(a) Oj if A is a statement letter; 

(6) the rank of the principal connective of A, otherwise. 

We shall describe our procedure for eliminating parentheses by induction on the number 
of occurrences of connectives in the statement form. (The description will appear com- 
plicated» but the simplicity of the procedure will become apparent after a few examples.) 

Clearly, if A has no connectives, it is a statement letter and has no parentiieses. Assume 
that we have described the procedure for all statement forms having fewer than k 
occurrences of connectives, and assume that A has k occurrences of connectives. 

Case(i): A is a denial (TB). If B itself is of the form (TC), then we apply our 
procedure to (~IC) and omit the outer parentheses (if any) of the resulting expression, 
obtaining some expression D. The final result is taken to be ("I D). If B is not of the form 
(~IC), and the application of our procedure to B yields E, then the final result is (IE). 

Case (ii): A is (BaC), where a is v or &, We apply the procedure for eliminating 
parentheses to B and C, obtaining B* and C*. At this stage we have (B*aC*). We drop 
the outermost pair of parentheses (if any) from B* if the rank of a is greater than or equal 
to the rank of B. We drop the outermost pair of parentheses (if any) from C* if the rank 
of a is greater than the rank of C. 

(H) After completion of (I), we omit the outermost pair of parentheses (if any). 



A.L (n(li4)). 

Applying (I), Case twice, we obtain (11 A). Then by (II) we have 11 A, In general* no 
parentheses are needed to separate successive negations. 

A^. ((i4vB)-*C). 

The principal connective is of rank 4. Since (A v B) has rank 3, we obtain, by (I), Case (ii), 
(A V B C), and finaUy by (II), A v B C. 



& 
1 



V 



5 
4 
3 
2 
1 



Examples. 
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A^. (Av(B-^C)). 

The principal connective is v, of rank 3. Since {B-^Q has rank 4, we do not drop the parentheses 
from (o-*C). Thus in this example (i) allows no elimination of parentheses, and by (II) we obtain 

A.4. (HB y Af<^B)-*i{lB)&C)). 

- is the principal connective. Application of (I) to ((B v A) ^-►B) yields (Bv A B), and application 
of I to 1 B - & O yields (IB&C), Since the rank of ^ is greater than that of -»•, we leave the outermost 
pair of parenth^s of (S v A ^ S). However, since the rank of & is less than that of we omit the 
outermost pair of parentheses from (iB&C), The final result is (Bv A ^ B) ^ IB &C. 

A-5. <<A ^ B) V (7). 

Tt-e right-most v is the principal connective. Since (A v B) has rank equal to that of v, we may drop 
the parentheses, obtaining {A^ B\/ C), and finally by (II), A v 5 v C. 

JUL fA V {B V O). 

The left-most v is the principal connective. Since {B v C) has rank equal to that of v, we cannot drop 
the parentheses. Thus (I) yields no elimination of parentheses, and by (II) we obtain Av(BvO. 

The results given in Examples A,5 and A.6 illustrate the principle of association to the 
left. Thus A V B V C stands for ((A v B) v C). Likewise A^B-*C stands for ({A -^B)^ C), 
and the same holds for the other binary connectives. Association to the left is due to our 
agreemen • that in (B a C), we omit outer parentheses from B if rank (B) ^ rank (a), but from 
C if rank(C) < rank (a). 

A.7. ((A V (B V O) V (B & (-1 ( 1 Q))). 

Application of (I) to (Av(BvO) yields no elimination of parentheses, while (B&(l("lC))) becomes 
(B& Tl O. Then by (I) we obtain {A v (B v C) v 5 & T T C), and finally A v {B v C) v B & T T C. 

The rough idea of convention (I) is that connectives of higher rank are to have greater 
scope than those of lower rank. Thus if elimination of parentheses yields AvB^ C, this 
stands for ((A v J?) - C), The connective ^, being of higher rank than v, must "connect" 
the longest possible statement forms to the left and right. Thus has (A v B) as its ante- 
cedent rather than just B. Similarly, in A^ B&B ^ D\/B, ^ is the connective of highest 
rank. Hence the left side of ^ should be (A B&B) and the right side should be DvB. 
Thus we have (A ->B&B) (DvB). Within [A^ B&B), is stronger, and we obtain 
((A-^(B&B)) ^ (DvB)). 

In ordinary arithmetic, without realizing it we already have been taught an analogous 
ranking of arithmetic operations. Addition is strongest, then comes multiplication, and 
finally exponentiation. For example, 4 + 2*5 stands for 4 + (2-5), and not for (4 + 2) • 5, 
while 5 ' 23 stands for 5 • (2^), not for (5 • 2)-. 

Sometimes, especially in long statement forms, for the sake of clarity we can keep 
some parentheses which could be omitted according to our conventions. For example, in 
A.7 above we might write A v (B v C) v (B & "! "I C) instead of Av(Bv(7)vB&T"IC, 
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Solved Problems 

A.l. Describe an algorithm (i.e* effective procedure) for determining whether a given 
expression is a statement form, and for determining the principal connective when 
the expression is a statement form. 

Solution: 

The description is given by induction on the number of oecurrencM of connectives. If there are 
no connectives, then the expression is a statement form if and only if it is a statement letter. 
Assume now that an expression A has k connectives, where k>0, and that our algorithm already 
has been defined for expressions with fewer than k occurrences of connectives. If A does not 
begin with a left parenthesis and end with a right parenthesis, then A is not a statement form. 
If A does have the appropriate initial left and terminal right parentheses, omit them, obtaining an 
expression B. 

Case 1. B has the form IC. If C is a statement form, then A is a statement form and its 
principal connective is l. If C is not a statement form, then neither is A. 

Case 2. B is not of the form 1 C. For each of the binary connectives □ in B, if B is C □ D 
and if C and D are statement forms, then A is also a statement form with principal connective □. 
On the other hand, if the indicated condition does not hold for any of the binary connectives □ in 
B, then A is not a statement form. 



A*2. Eliminate as many parentheses as possible from: 

(a) (X(AvB)^nC))v(nB)&C) 

(b) ((A&(n(TB)))«(B«(CvB))) 

(c) {{B^{C.B))^{A&nnB)))) 

Solution: 

(a) The second v is the principal connective. Since v has higher rank than &, we can omit the 
outer parentheses from ((nB) &C). Since has higher rank than v, we cannot drop the outer 
parentheses from ((A v ^) (IC)), But within ((As/ B)~* (IQ) we can drop the outer paren- 
theses from (i4 V B), since -*' has higher rank than v: 

(AvB-*(TO) V (nB)&C 

Finally, we can drop the parentheses around the denials: 

(A vB-^ TO V IB&C 

(b) is the priricipal connective. We can omit the outer parentheses of (A & ("("B))), since ^ 
has higher rank than &: 

A&(n(nB)) ^ (S<-i^(CvB)) 

However, we cannot omit the outer parentheses of (B ^ (C v B)), since the latter has the same 
rank as ^ and appears on the right hand side of the foiconditionaJ. WiUiin (B ^ (C v B)) we 
can drop the parentheses of (C v B), and, on the other side, we can drop the parentheses around 

the denials: 

A& TiB (B+*CvB) 

(e) This is the same as (6) except that the two sides of the biconditional have been reversed. Since 
(B ^ (C V B)) now appears on the left hand side of the biconditional, we can drop the outer 

parentheses: 

B<->(CvB) ^ A&(T(nB)) 

As before, we then obtain 

B CvB A & nnB 

In practice, we would never eliminate all the parentheses in part (c), since their complete 
elimination will not facilitate the interpretation of the original statement form. 
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AA Describe an algorithm for determining whether a given expression A has been 
obtained from a statement form as a result of applying our conventions for elimi- 
nating parentheses (and, if it has, find the statement form). 

So! alien: 

We shall describe, by induction on the number of symbols of A, a procedure which either will 
find the statement form abbreviated by A or will eventually tell us that there is no such statement 
form. Clearly, if A has one symbol, then A abbreviates a statement form (A itself) if and only if 
A is a statement letter. Now assume that A has k symbols (where k>V\ and that our algorithm 
has been defined for all expressions with fewer than k symbols. 

Case 1. A either does not begin with a left parenthesis or does not end with a rigrht paren- 
thesis. (Hence if A does abbreviate a statement form P, then the outer parentheses of P were 

omitted.} 

Case la. A is of the form 11 ... 1 (B). If B abbreviates a statement form G (and hence B does 
not have the outer parentheses of G), then A abbreviates (1( 1(. . .(IG). . .))). Otherwise, A is not 
an abbreviation of a statement form. 

Case lb. A is of the form 11 ...IB, where B is a statement letter. Then A abbreviates 
(1(1(.. .(IB). 

Case Ic. A is not of the form 11 . . . 1(B), and not of the form 11 ... IB (where B is a 
statement letter). For each occurrence of a binary connective # in A, represent A as C # D. If 

(i) C abbreviates a statement form H, 

(ii) D abbreviates a statement form J, 

(iii) C contains the outer parentheses of H (if any) if the rank of H is greater than or equal to 
that of #, 

(iv) D contains the outer parentheses of J (if any) if the rank of J is grreater than the rank of 
#, then A abbreviates (H#J). 

If no occurrence of a binary connective in A satisfies (i)-(iv), then A does not abbreviate 
a statement form. 

Case 2. A is of the form (B). 

Case 2a. Omit the initial left and terminal right parentheses, and then apply Case 1 to B. 
If B abbreviates a statement form C, then A abbreviates C also. 

Case 2b- If Case 2a does not show A to be an abbreviation of a statement form, apply the 
procedure of Case Ic. If we obtain a statement form D, then A abbreviates D. 

Examples. 

(a) B^CvB, Case Ic applies. First, we try as principal connective. The left side is B, 
and the right side CvB, which abbreviates [CvB). Since (CvB) has rank less than that of 
the outer parentheses around CvB have been legitimately omitted. Thus we obtain 

{B^{Cs/B)), 

(6) A & 1B & A. Case Ic applies. First, we consider the left-most &. The left side is A and 
the right side is 'IB&A. Hence we must consider iB&A. Again, Case Ic applies and we 
consider &. The left side is iB (which is an abbreviation of (IB)) and the right side is A. 
Thus 1B& A abbreviates ((1H)&a), but, since ((lB)&A) has rank equal to that of &, clause 
(iv) has been violated. Next, we try the second &. The left side is A & 1 B, which is easily 
seen to abbreviate (A&{lB)). Kence the original statement form is ((A & ( IB)) & A). 

(c) ilAvB. Case Ic applies. The left side of v is liA, which by Case lb abbreviates 
(1(1A)), Hence we obtain ((l(lA))vB), 

(d) A V 1 (A V C). Case Ic applies and we look at the first v. The right side is 1 (A v C). To 
the latter. Case lb applies and we see immediately that A v C is a statement form. Hence the 
original statement form is (A v ( i(A v C))). 
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Supplementary Problems 

A.4. Find the ranks of the following statement forms. 

(a) A; (6) (nB); (c) (T(BvC)); (d) ((A - (nB)) & A); (c) (A - ((-.5) & A)). 

A^. Eliminate as many parentheses as possible from the following:, 
(a) (({nA)v(R&C))-* (A«^(nS))) 

(5) ((A-»(T(nB)))v(n(A&C))) 

(c) (((A-»(lA))H.B)^(A-5)) 

(d) ((nA)-*(A-^B)) 

A.6. Determine whether each of the following expressions is an abbreviation of a statement form, and, 
if so, construct the statement form. 

(a) A V {B<->C)&A 

(6) A-*B^ ITA vS 

(c) T(AvB)vA&B 

(d) AvBv(C-*Z>) 

A.7. Show that if A is a statement form, then there is at most one connective □ such that A is of the 
form (B □ C), where B and C are statement forms. 

A.8. Show that the algorithm of Problem A.3 is correct, i.e. when B is an abbreviation of a statement 
form A, then the algorithm applied to B yields A as its only answer, and when B is not an abbrevia- 
tion of a statement form, then the algorithm says so. 
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Parenthesis -free Notation 

We may avoid the use of parentheses if we redefine the notion of statement form as 
follows: (i) every statement letter is a statement form; (ii) if A and B are statement forms, 
so are lA, &AB, vAB, AB, ^AB. 

Examples. 

The statement form ((nA) & (R v A)) would be rewritten as A tAvSA, The statement form 
(A-*((nB) ^ (A vQ)) would be rewritten as -^A ^ TBvAC. 

This v/ay of writing statement forms is sometimes called Polish nGtation (in honor of its 
inventor J. Lukasiewicz). 

Elxamples. 

-*\/ ABv -}€& -iBC is Polish notation for the statem_ent form {(A v S) (( T C) v {( n B) & Q)), Sim- 
i larly, & An B *^ B v CB is Polish notation for ((A & ( 1 ( "1 B))) (B (C v B))). 



Solved Problems 

B.l. Write the following statement forms in Polish notation. 
(a) (((nA)v(B&0)-(A«pB))) 
(6) {{A-*n{-lB)))v{-liA&0)) 
(c) {{{A-*nA))-*B)^{A^B)) 

Solution: 

(a) - v -|A&BC^AnB 
(6) v-AlTBT&AC 

(c) A TAB -►AB 

Find the statement forms whose transcriptions into Polish notation are 

(a) -^vAlB&i^BCA (c) vTvAB&AB 

(b) -^^ABv-MAB (d) vvABh-cZ) 

Solution: 

(a) ((Av(TB))-*((B<->C)&A)) 
(6) ((A-^B)-*((T(lA))vB)) 
ic) (n{AvB))v(A&B)) 

(d) ((AvB) v(Ch.Z?)) 
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BJS. Describe an algorithm for determining whether a given expression is a statement 
form in Polish notation and for constructing the corresponding statement form in its 
original notation. 

Solution: 

Assign the integer —1 to statement letters, 0 to 1. and 4-1 to the binary connectives 
Then we have 

Theorem: An expression A is a statement form in Polish notation if and only if 

(I) the sum #(A) of the integers assigned to all the occurrences of ssrmbols in A is —1; 

(II) the sum #(■) of the integers assigned to all the occurrences of s3rmbols in every 
proper initial segment B''' of A is non-negative. 

Example. v-^\/ABiB&^BC 

2 

a 

2 

1 

1 

0 

I 



0 



Proof of the Theorem, First, we shall prove that any statement form in Polish notation satisfies 
conditions (I) and (II). This is shown by induction on Uie number k of occurrences of connectives 
in A. If there are no connectives, A is a statement letter and conditions (I)-(II) are obvious. 
(In this case there are no proper initial segments of A.) Now assume that the result has been 
established for all statement forms having fewer than k occurrences of connectives (k — 1). By our 
new definition of statement form, A is of one of the forms 1 B, & BC, v BC, BC. ^ BC, where 
B and C are statement forms (having fewer than k occurrences of connectives). Use of the induc- 
tive hypothesis now yields (I)-(II). (For instance, if A is &BC, then #(A) = 1 + #(B) + #(C) = 
1 + (—1) + (—1) = —1, yielding (I). If D is a proper initial segment of A, then either D is & and 
#(D) is +1 - 0; or D is & D, (where Dj is a proper initial segment of B) and #(D) = 1 + #(Dj) ^ 
i + 0 = i > 0; or D is & B and #(D) = i + ^{B) = 1 + (-1) = 0; or D is & BCj (where C, is a proper 
initial segment of C) and #(D) = 1 + #(B) + #(Ci) = 1 + (-1) + #(C,) = 0 + #(C,) = #(C,) ^ 0.) 

Conversely, let us assume now that an expression A satisfies (I)-(II). We prove that A is a 
statement form in Polish notation by induction on the number k of symbols in A. k = 1: then 
by (I), A is a statement letter. Induction step: assume that ac > 1 and that the result holds for 
all expressions having fewer than k symbols. Case 1: A is of the form IB. It is then easy to 
show that the truth of (I)-(II) for A implies the truth of (I)-(II) for B, and hence, by inductive 
hypothesis, B is a statement form. Therefore T B is a statement form. Case 2: A is of the form 
BC, where B is a statement letter. This contradicts (II), since B is a proper initial segment of A. 
Case 3: A is of the form DC, where □ is one of the binary connectives &, v, There must 

be a shortest proper initial segment B of C such that #(B) = —1. For, as we move from left to 
right in A, the sum of the symbols begins at +1 (the integer for □) and ends with -1 (= #(A)), 
and moving from one symbol to the next either leaves the sum unchanged or changes it by +1 or —1. 
Hence we must nnally arrive at the first proper initial segment of A whose sum is 0. This proper 
initial segment is of the form □ B, where B is the shortest proper initial segment of C such that 
#(B) = —1, Then B satisfies (I), As for (II), consider any proper initial segment D of B. Then 



ia a proper initial segment of A if and only if A is of the form BC, where C contains at least one symbol. 
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since □ D is a shorter proper initial segment of A than □ B, #(□ D) is > 0, and #(D) — 0. Hence 
(II) holds for B, and, by inductive hypothesis, B is a statement form in Polish notation. Let C be 
BE. Thus A is □ Bt Since -1 = #(A) = 1 + #(B) + = 1 + (-1) + #(E) = #(E). E satisfies (I). 
As for (II), let F be any proper initial segment of E. Then □ BF is a proper initial segment of A. 
By (II) for A. 0 ^ #(□ BF) = 1 + #(B) + #(F) = 1 + (-1) + #(F) = #(F). Thus (II) holds for E, and, 
by inductive hypothesis, E is a statement form in Polish notation, and therefore so is □ BE. 

Notice that the second part of the proof of the theorem gives a method for constructing the 
corresponding statement form in our original notation (since it locates the statement forms out of 
which our given statement form is constructed). 

Example. ^&A'{-iB<r^B>/CB 

The first proper initial segment whose sum is 0 is A m B. Thus we have (& A T"IB) <-> 
(^BvCB). In &AnnB, the first proper initial segment whose sum is 0 is &A. Hence we 
obtain A&mB. In<->fiv CB, the first proper initial segment whose sum is 0 is ^ and we 
obtain B<->(vCB). Thus, so far, (A & T t B) (B (v CB)). Finally, v CB corresponds to 

C V B, and the statement form in our original notation is (A & B) ^ {B-^ (C v B)). 



Supplementary Problems 

B.4. Write the following statement forms in Polish notation, 
(o) B& l(AvB) 

(6) [(A -* B) T (B -•^ A)l ^ (A ^ B) 

(e) [(A-»B)-^(C->D)] -* [ff-*{(D-*A)-^(C-^A)}] 

B.5. Determine whether each of the following expressions is a statement form in Polish notation, and, 
if it is, find the corresponding statement form in our original notation. 

(a) -* is/ AB^C& -{AB 

(b) T&A-B-s-A 

(c) s/sz-^-^AB -lAA & BA 
(di ^-*A-^BC-^&.ABC 
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The Axiom of Choice 
implies Zorn's Lemma 



By the axiom of choice we mean the assertion that, for any set x, there is a function / 
(called a choice function for x), defined on ^(x)'^ {0), such that, for any non-empty subset 
u of X, f{u) € u. 

We shall say that a collection A of sets is weU-ordered by inclusion if and only if A is 
an C -chain and every non-empty subset C of A has a least element b (i.e. it uGC, then 
bQu). Given a collection A well-ordered by inclusion, and given any set y in A, the segment 
determined by y (denoted Seg(A, y)) is defined to be the set of all a; in A such that xCy. 
Notice that, if <S is a section of A (i.e. if is a subset of A such that (y G S & xQy) ^ x G S)) 
and if S ¥^ A, then S = Seg (A, u), where u is the least element of A S. 

Theorem. The axiom of choice implies Zom's Lemma. 

Proof, Assume that a set Z of sets has the property that, for every C -chain C in Z, the 
union u A is also in Z. Let F be a choice function for Z. Thus if 0¥^DQZ, then 



Let us assume that Z has no C -maximal element. We shall derive a contradiction from 
this assumption. 

For any y in Z, the set Y of all elements a: of Z such that yCx is non-empty (since there 
are no C-maximal elements). Let f(y) = F[Y). Thus for any y in Z, f{y) is an element of 
Z such that ycfly)^ 

By a ladder we mean any subset L of Z such that L is well-ordered by inclusion, and, 
for any x GL, /( U u) = ar. (By hypothesis, we know that U uGZ, since 

Seg {L, x) is an C -chain.) 

Let L be the set of all ladders. 

(1) Given two different ladders Li and L2, we shall show that one of them is a segment of 
the other. Let K be the set of all uGLiCiLz such that Seg(Li,w) = Seg(ir2, »)* 
Clearly, JSC is a section of both Li and L2. Hence if K — Lv or K = L2, then one of In 
or L2 is a segment of the other. Thus we must show that KcLi and KC.L2 do not 
simultaneously hold. To this end, assume KcLi and KcLa. Let Ui be the least element 
of Li ^ K, and let U2 be the least element of L2 ^ K, Then Seg (Lu u{) — K and 
Seg(i2,zt2) = By definition of ladder. 



A € C 



F{D)GD, 




and 
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Hence Ui = u2 and Seg{Li,Ui) = K = Seg{L2,U2), Thus uiGK, which contradicts the 
fact that Ut G Li'^ K. 



(2) The union of all ladders H = U Li is again a ladder. For, by (1) it is clear that H 

is an C -chain. H is well-ordered by inclusion. (In fact, if 0¥'WqH and uGW, then 
uGLi for some Li e L and the least element of Wn Li must be the least element of W.) 
Finally, for any xGH, xGLi for some LiGL, and, by (1), Seg(ff,x) = Seg(Li, a;). 
Hence x = f( u «) = /( U u). 

Since H is an C -chain, the union v= U tt € Z, by hjrpothesis. Hence HU{f{v)} 
is a ladder, and therefore f{v) GH, " ^ ^ 

It follows that f{v)Qv, contradicting vCf{v).y 



ppendix D 



A Lattice-Theoretic Proof 

of the Schrdder-Bernstein Theorem 



Lemma. Let (L, ^} be a complete lattice and let be a function from L into L such that 
^ is order-preserving, i.e. x^y ^ ^{x) ^ 4>{y), Then ^ has a fixed point b in 
L, i.e. ^(b) = &. 

Proof. Let W =^ [x: x^L &x^4>{x)), and let b = V We shall show that 

^(6) = b. First, ^(b) is an upper bound of TF, For, if a: e W^, x ^ b, and therefore </>(a;) ^ ^(b). 
But since xGW^ il>{x). Hence x ^ ^(b). Thus ^(b) is an upper bound of W, and so 
b = V a? - ^(b). On the other hand, since b ^ i^^(b), it follows that ^(b) ^ </>(^{b)), i.e. 

^(b) € IF, Hence ^(b) ^ v * = b. From b =^ ^(b) & ^{b) ^ b we obtain ^(b) = b. ► 

Schroder-Bernstein Theorem. If there is a one-one correspondence / between X and a 
subset of Y and a one-one correspondence g between Y and a subset of X, then 
there is a one-one correspondence between X and Y. (In terms of cardinal num- 
bers m and n, if m — n and n — m, then m = n.) 

Proof. For every subset ZC-y, let ^(Z) = (Fig. D-1). (Recall that, 

for any function A, h[C] = {h{u):u&C}.) 






Fig. D-2 



Now, 



ZiQZ.^ f[Zi]rf[z.] y-/[Z2] c r-/[Zi] 

X g[Y ^ f[Zi]] Q X^g[Y^f[Z2]] 



Hence ^ is an order=preserying function from the complete lattice (^(-Y), C> into iteelf. 
Hence by the lemma above* ^ has a fixed point Z*, i.e. 

Z* = ^(Z*) = X^g[Y^f[Z-]] 
rneref ore g[Y ^ /[Z*]] - X Z* 

It is easy now to verify, using Fig. D-2 as a guide, that the following function h, 

' f{x) if xGZ* 
g'\x) if xGX^Z* 

is a one-one correspondence between X and Y. ^ 
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